Go ogle 



This is a digital copy of a book that was preserved for generations on Hbrary shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non- commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 



Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at http : / /books . google . com/ 



Go ogle 



9to ij,H(J)poBaH KOHHH KHHrH, xpaHHii],eHca ^jiH HOTOMKOB Ha 6H6jiHOTeHHbix HOJiKax, iipeyKjie Heu ee OTCKaHnpoBajiH coxpy^i^HHKH 
KOMHaHHH Google B paMKax HpoeKTa, u^ejib KOToporo - c^ejiaxb KHnrn co Bcero MHpa ^ocxyHHbiMH nepes HnTepneT. 

Hponijio ;],0CTaT0^H0 MHoro BpeMGHH ^jiH Toro, ^To6bi cpoK ;],eHCTBHH aBTopcKHx HpaB Ha 3Ty KHHry HCTGK, H OHa Hepenijia B CBo6o;],Hbm 
;],0CTyH. KHHra Hepexo;],HT b CBo6o^Hbm ;],0CTyH, ecjiH na nee ne 6bijiH HO^i^anbi aBTopcKHe npaBa hjih cpoK ;],eHCTBHH aBxopcKHx HpaB 
HCxeK. riepexo;], KHHrH b CBo6o;],HbiH ;],0CTyH B pasHbix cxpanax ocym^ecTBjiaeTCH no-pasnoMy. Khhfh, nepeme^i^niHe b CBo6o;],HbiH ^ocxyn, 
3T0 nam kjiioh k HponijiOMy, k 6oraTCTBaM hctophh h Kyjibxypbi, a TaK:a<:e k 3HaHH:aM, KOTopbie nacTO xpy^i^HO HaHTH. 

B 3TOM 4)aHJie coxpaHHTCH Bce homgtkh, HpHMenanHH h ^i^pyrne saHHCH, cyii],ecTByioii],He b opHrHHajibHOM msj^aHim, Kax HaHOMHnaHHe 
o TOM ji(jjiTOM HyTH, KOTopbiH KHHra HpoHijia OT nsfl^djieji^ GhGjihotgkh h b kohg^hom HTore ;i,o Bac. 



IIpaBHJia HcnojiB30BanH5i 

KoMHaHHH Google rop;],HTCH xeM, ^to coTpy;i,HH^aeT c GnGjinoxeKaMH, htoGbi nepebecTH KHnrn, nepenie/i^niHe b CBo6o;],Hbm /i^ocxyH, b 
D,H4)poBOH 4)opMaT H c/i^ejiaxb Hx niHpoKO/i^ocTyHHbiMH. KHHrH, Hepeme;],mHe b CBo6o;],HbiH /i^ocTyn, HpHHa;i,jie:a<:aT o6nj,ecTBy, a mm jinrub 
xpaHHTejiH 3Toro ;],ocTOHHHH. TeM He Menee, 3th KHnrn /i^ocTaxoHHO ^i^oporo cto^ht, H03T0My, HTo6bi h b /i^ajibHeHmeM npe/i^ocTaBjiHTb 
3T0T pecypc, Mbi Hpe^i^HpHHHjiH HeKOTopbie /i^eHCTBHH, Hpe;],OTBpan],aK)H],He KOMMepnecKoe HCHOJibsOBanHe Knnr, b tom HHCJie ycxanoBMB 
TexHH^ecKHe orpanHHenHH na aBTOMaxH^ecKHe sanpocbi. 

Mbi TaK:a<:e HpocHM Bac o cjie;],yion],eM. 

• He HCHOJibsyHTe 4)aHJibi b KOMMep^ecKHx n^ejiax. 

Mbi pa3pa6oTajiH HporpaMMy IIohck KHHr Google ^jih Bcex HOJibsOBaxejieH, H03T0My HCHOJibsyHTe 3th 4)aHJibi TOJibKO b jih^hbix, 
HeKOMMepnecKHx ii,ejiHx. 

• He OTHpaBjiHHxe aBTOMaxHHecKHe sanpocbi. 

He OTHpaBjiHHxe b CHCxeMy Google aBTOMaxHHecKHe sanpocbi jiK)6oro BH^i^a. Ecjih Bbi saHHMaexecb HsynenHeM CHCxeM ManiHHHoro 
HepeBO^a, onxH^ecKoro pacHOSHaBanHH chmbojiob hjih ^i^pyrnx o6jiacTeii, rj^e ;],0CTyn k 6ojibmoMy KOJiH^ecTBy xeKCxa MO^^ex 
OKasaxbCH HOJiesHbiM, CBH:a<:nTecb c HaMH. /^jih 3thx D,ejieii mm peKOMen^i^yeM ncnojib30BaTb Maxepnajibi, nepeme^mne b cboGo^i^hmii 

• He y;],ajiHHTe axpnGyTM Google. 

B Ka:a<:;],OM 4)aHJie ecTb "bo^i^shoh snaK" Google. Oh HOSBOJiaeT HOJibsOBaxejiaM ysnaxb 06 3tom upoeKxe h noMoraex hm naHTu 
;],OHOJiHHTejibHbie Maxepnajibi npn HOMon],n uporpaMMbi Hohck KHur Google. He y;i,ajiHHTe ero. 

• /^ejiaHxe 3to saKOHHO. 

HesaBHCHMO ot Toro, hto Bm ncnojibsyiiTe, ne 3a6y;],bTe upoBepHTb saKOHHOCTb cbohx ;],eHCTBHH, 3a KOTopbie Bm necexe HOJinyio 
OTBexcTBeHHOCTb. He AyMaHxe, hto ecjin KHura nepenijia b cboGo^i^hmh ^i^ocTyn b GUI A, to ee na 3tom ocHOBaHHH Moryx 
HCHOJib30BaTb HHTaTejiH H3 ^pymx CTpan. YcjiOBHa j^ji^ Hepexo;],a KHurn b CBo6o;],Hbm j^octjh b pa3Hbix cxpanax pa3JiH^Hbi, 
H03T0My Hex e^HHMx upaBHji, H03B0JiHK)ii],Hx oupe^i^ejiHTb, mo:^^<:ho jih b oupe^ejieHHOM cjiy^ae HCnojib30BaTb oupe^i^ejieHHyio 
KHury. He ^i^yMaHxe, ^to ecjin KHura noHBUjiacb b HoncKe KHur Google, to ee mo:h<:ho ncH0Jib30BaTb KaK yro^HO h rj^e yro;],HO. 
HaKa3aHHe 3a HapymeHne aBTopcKnx upaB Mo:aceT 6biTb onenb cepbe3HbiM. 

O nporpaMMe IIohck Knnr Google 

Mhcchh Google coctoht b tom, mtoGm opraHH30BaTb MnpoByio HH4)opMaD,HK) H c;i,ejiaTb ee BcecTopoHHe ^ocTynHOH h HOJie3HOH. 
HporpaMMa Hohck Knnr Google noMoracT HOJib30BaTeji:aM naHTu KHnrn co Bcero MHpa, a aBTopaM h H3^aTejiHM - hobmx HHTaTejien. 



HojIHOTeKCTOBMH HOHCK HO 3T0H KHHTC MO:a<:HO BblHOJIHHTb Ha CTpaHHH,e http I / /books . gOOgle . COIIl/ 
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B B E ;^ E H I E. 

1. Hnacenep^ oStiKHOBeHHO ne HMto'B BpeMesn ji,m 06- 
maro MaxeMaTH^iecKaro ofipaaoBama, ^T0 Konerao acajiKO, ho 
H xi MOJio^iHe HHacenepH, KOTopne nojiy^HjiH laKoe o6pa30Ba- 
Hie, He Bcer;i,a HaxoA^T'L noMoni,b otb cBoero waTeMaTHqecKaro 
o6pa30BaHia b^ cBoefi npo^eccin. Tame mjiji, a Ha;i,tK)Cb, 
HaflAyTTb 3TJ KHHry xoth 6h nojiesHofl, ecm tojibko ohh 6jiaro- 
ii,apH cBOHM-b noaHaHiaMTj npH^yi'B k-l BHBOAy, ^to, xaK'L KaKx 
oHa ajieMeHTapHa, to ohh yace anaioT'L Bce, ^eMy ona MoaceT'L 
HayiHTb. 

Ho H HKHiy 6oji'ke Bcero ji^jisi HHTaxeJiefi, KoxopBie nojiy- 
HHJiH BecbMa cKpoMHoe MaxeMaxH'iecKoe o6pa30BaHie h koxo- 
pbie roxoBH nopafioxaxb, jiHuib-6bi HaynnxbCH, KaK-L npHMt3- 
HHXb Bbicfflifi AnajHS'b wh HHHceHepHHM'B 3a;i;aqaM'b. SI noja- 
raio, nw xopomeMy HHacenepy nyacHO 3Haxb xojibKO ocHOBHbie 
npHHii,HnH, HO 3a xo SHaxb hxi* yace nyacHO o'leHb xopomo. 

2. npeji,noJiaraexca, ^xo Mofl qnxaxejib HMiexi, ajcMeHxap 
HHH no3HaHia b^ ofijiacxH MexannKH, a ecjiH owb naMtpe- 
Baexca 3aHHMaTbca h sa^aqaMH no BjieKxpniecxBy, xo npeji;- 
nojiaraexca, hxo ohx, HMtex'b ajieMeHxapHHa nosHania h Bt 
oojiacxH 9jieKxpHHecxBa. OcMHCjieHHoe 3HaHie HeaiHorHx-b 
ocHOBHbtx'L nojioacenift — 3xo Bce, ^xo xpefiyexca. 9xo 3HaHie 
^lacxo npiofipixaexca npocxHM'L HxenieM'L hjih cjiyniaHieM'L 
.leKiyfl, HyacHo j^tjiaxb iipocxbie onbixbi h pimaxb npocxbia 
HHCjeHHbia sa^aqH. 
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Hto KacaeTca ao MexanaKH, to c^iiiTaio ce6fl bx npaB-fe 
/i,yMaTb, ^TO HHaceHepbi MexaHHKH, KOTopne ^HxaioT'L aiy khh- 
ry, SHaioT-b to, 'ito noMimeno bT) aieMeHTapHhixt oTjttjiax^ 
Moiixi> pyKOBoj^cTBT) Jio IIpHKJiaji;Hofi MexaHHK'b H HapOBHM'b H 
raaoBbiMT) ManiimaM'L. To ecTb, a npe^oJiaraK), hto ohh HMt- 
roTi) ajieMeHTapHoe noH^Tie o6i> nsrHCaioiii.eM'L MOMeHTift b^ 6aji- 
Kaxi), pa6oTt chjix h K09(J)(|^HuieHTt nojiesHaro aMctbis. Ma- 
inHHTb. BbTTb MOiKeTT, 3Ta KHiira nooy^HT-b Hxt TOjibKO noiy- 
HijTb 8T11 3HaHm. a depy ho^th Bci moh npHMipbi H3'b hh- 
jKenepHofi npaKiiiKii, h, kto npo^ijiaeT'b dm Jierm ynpasK- 
Heniff, TOTT* Hafiji,eT'b, ^to oht^ anaeTi) caMoe cymecTBeflHoe n3T> 
Toro, ^To HaabieaeTCH Teopiefi HHaceiaepHaro ^^m. 

3. JI 3Haio JiioAefl, c^tjiaBmffX'b BbiAaiomijica H3CJitA0BaHiH 
Bi> oSjiacTH MaTOMaTHKH, KOTopwe B-b npaKTHqecKofl paSoT'b 
oupamaiOTca o^enb ocTopoiKHO cb oSmenpHH^THMH $opMyjiaMn, 
noMimaeMbiMH bi> KapMaHHbiX'b KHiiacKax'b HHSKenepoB-b. 

KaKHM-b-Sbl XOpOlUHM'b MaTOMaTHKOMT) HH CHKTdbJl'b 0603 CTy- 

jieHTT), OH'b jiomeRi> ynpaacHaxbca bt* p-femeniH ^HCJienHbixt 
iipHMipoBT>, — HaflTH, HanpHM'fep'b, a* npH noMomH JiorapHOMH- 
qecKuxx Ta6jiHix^, a r h Kaixia: HH6y;i;b qncjia. Hanpn- 

M'tpi), HaMTH j/ 0.014, HafiTH 2.365-^*2^ h npo^., B3HTb 
KaKyK) HH6yAb (})opMyjiy ii3'b KapMaHHoft khhhckh h Bocnojib- 
soBaibca em. Oh^ ne ^oJi/KeH'b ycnoKaHBaxb ce6ji Tlm>, qxo 

OH-b SHaeTT), KaK'b 3T0 CA^JiaTb, OWh JI.pJIHCeH'b JI,McTBHTe.IbHO 

BbinojiHHTb qHCJieHHyio padory. Ori> .n.o.iiKen'b 3HaTb, ^ito, ecjH 
pa3CT0flHie onpe/iijieHO bi> 2.454, n ec.iH h^t^ yBtpeHHOCTH 
B-b ToqnocTH noaiiAHefl i;H(J)pbi, to ji,0B0JibH0 rjyno 6HJio-6bi 
npH yMHOHceniH hjih A'fe-'i^HiH Ha aio ^mcjio nojyqaTb OTBiTi) 

Cb MHOniMH 3HaMamHMH II,H(|)paMH, HJIH, HanpHiMtp-b, cKasaTb, 
njo HHAHKaTopnaH ciijia napoBofl MaiuHHU paBHa 324.65 
jiomaji.HHbTX'b cEJii>, Kor^a nHjiHKaTopT> MomeTTi A^BaTb ouindKy 
Bx 5*^/0 H 6ojrke. Owb Aomeniy 3HaTb KpaTqafluiifl cnoco6':b 
jlJia HaxoHC/i;eHia npoH3Beji,eHifl: 3.216 X 4571 cb ^eTbipbMa 
3Haqairi,HMH UH^paMH. Ohx j^ojisKen^ ynpaacHHTbca b^ ^op- 
Myjit npiidjiHaceHifl: 

(l-l-af =.1-U;?a, 
HJIH (1 + y:f (1 + ^3)"' 1 4- 1?« + W1|3, 

ecjiH a II j3 Majibi, h npoBipiiTb iipii a —0.01 hjih — 0.01, \im 
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[:! = i 0.025 H n = 2, iiMi V2, HJIH— P/3 H m = 4, H.IH 2, 
iLiH ^/3, HJiH npH KaKHX'L m6y]\h jJipyrnx-L SHaqeniax'b, Ka- 
Kan norpiuiHOCTb nojiy^HTca ottj npHMtHema axiixi) ^opmyji^. 

t Mto KacaeTca ao TpHroHOMexpiH, to onpeT^ijiesia ji,0Jiac- 
HH 6biTB naBtcTHBi. HanpHMtpT), HaqepTHM^ yrojiTj BJ.(7, nd- 
jioacHM-b, BTi. 35^. BoacTaBHMt tohk* B . nepneH;i;HKy.iap'b. 
HsM'fcpaeM'b caMtiM^ Tiii;aTeJiLHBTMT> o6pa30M'L cxopoHH AB, 
BC, AC. B'tpna jih $opMyjia ^C^-L^C^^^B^? npoBipb- 

jBC iAC 
Te ee na HHCJiax'b. Tenept = sin 35^, = cos 35^, 

-^^ = tg 35^. CpaBHHTe OTBtXH CL itMH, KOTOpHO ^aHM B^ 

TagjiHuaxx. HyacHO HayTiHXbca, KaKt naxoAHTb APyria cTopoHH 
TpeyrojibHiiKa ABC, KorAa mh snaeM'b o^ny cxopony h OAHH-b 
113^ ocxpbix'b yrjiOBTj. HysKHo nonaxb xaitace, Tro sin 130" — 
no.iojKHxe.ieH'b, a cos 130^ — oxpnn.axejieH'b. CjiiAyex'b xaitace 
yStAHXbca npn noMomn xa6jiHn,'h, B'fepno-JiH paBencxBo 

sin (A + ^) — sin A. cos J? -f - cos J. . sin B, 

Tji'k 3di A .11 B citAyexX) Bsaxb KaKHxij HHoyAb ABa yrjia. 
Ecxb xpii Apyrifl noAoCnbia 3xofl ^opMym. Ecxb eme qexbipe 
<})opMyjibi noAo6Haro-jKe xapaKxepa, nojiy^aeMHa m-h Bbiiue- 
yKasaHHbixTj (j)opMyji'b qepeax. cjioacenie hxX) h BbiqHxame. 

BOXX) OAHa H3X> HHX'b: 

2sina . coSi3 = sin(a -)- p) -|- sin(a — ,3); 
xaKHce cos2 J. = 1 — 2^m'^A ~ 2cosM — 1. 

a HaAiiocb, Hxo MOH ^iixaxejiH, npeacAe q'bMTb noflAyTb 
Aajibine btj axofl KHnri, H3yqaxx> no.iie3Hyio (ajeMeHxapHyio jl 
HHxepecHyro) qacxb TparoHOMexpiH h caMH cA'h'^aiox'b BbiBOAbi 
BC'bxx. (j)opMyji^, ecjiH xo-UbKo ohh ne CA'feJiajiH 3xoro yace 
paHbiue. 

BnqncjiHxe yrorb=1.6 paAianob^ (1 paAian^ = 57^296); 
nocMoxpHxe, HacKOJibKO oxjiH^iaexca sinus h tangens sxoro 
yr.ia oxT) Be.iiiqHHbi cawaro yrjia. IIoMHHxe, 4x0, KOXAa bx. 
MaxeMaxHivt Mbi roBopHMi> sin xo x npeAnojiaraexca bh- 
pameHHbiM^ Bi. paAiaaaxTj. 

JI He OiKHAaio, qxo6bi qiixaxejib 3Hajix> xopomo ajireopy, 
HO H npeAnojiaraio, ^ixo om» yM'bexX) AaTb KopnH BbTpaacenia, 

1* 



— 4 - 



HanpHM'tpTb x^-\-lx-{-l2 hjih x^—a^] si npe^nojiaraio tuk- 
me, ^T0 OH'b yMieT-L ynpomaTt Btipaacema. HHaienepy He 
Tpe6yeTCfl SHaiB nepecTaHOBOKt h coqexamfi, xeopifi ypaBHe- 
Hifl, KOHHqecKHX'L ciqenift b-l FeoMeTpiH hjih njocKOcxefi, Ka- 
caTejibHMXT) ki> EOBepxHocTSM.'b. CMacTjiHBT) HHacenep^, Koro- 
pwfi Taoce H xopofflifi MaxeMaTHKi), ho BCxpiHaerca HeMHoro 
m^elk, BHOJiHt oji;apeHHHXi> axHMii AByMH cxojib pasjH'iHHMH 

CnoCOfiHOCXflMH. 

HpofliOJiaKHxejibHBifi oriHxx bi nacxepcKHX'L, HHacenepbi h 
cxy^iieHXH yS'feAHJiH mchh, ^xo, eciiH HHaceHep'b nyxeeniTj h nyac- 
jiaexcff j^JiH CBOHXT) HSHCKanifi b^ yiiiHiH ptmaxb xpeyrojib- 
hhkh, xo 3X0 h MHorie ;^py^ie oxj^i-ibi o6H^Haro MaxeMaxH- 
uecKaro ofipaaoBania HHrnenepa na npaKtHK* OesnojiesHH ji,jisi 
HHacenepa MexaHHKa hjih ojieKxpHKa. 8xo Kaacexca napaji.oKcoM'b, 
HO a oxBamHBaiocb BHCKaaaxb axo. Mojoj^oS HHateHepx* ne mo 
acexX) nocBan];axb cjiHniKOM'b mhofo BpeMenn na npocxoe ynpo- 
H^eH-ie ajireSpaHqecKHxx h xpHroHOMexpHHecKHXTb BbipaaceHifi, 
BKjmaa h Bbipaaceme ]/— 1, h canaa 6ojibmaa ycjiyra, oKa- 
3biBaeMaa pa6oxaMH no ajieMenxapHbiM'b pacqexaatt, saKJiio- 
qaexca b^ xom-b, qxo ont noSyacAaiox'b cxy;i;eHX0BT, CHOBa npn- 
Hflxbca 3a axo. 

Ho HHacenepTb ne Hyacfljaexca B-b HCKyccxBeHHOfi yMcxBen- 
Hofi ^^HMHacxHKi, KoxopyK), HaopHM'hp'b, MoacHO cefii sa^axb, 
ynpajKHaacb bi> KOHHqecKHX'b chqeniaxTb, hjih aa^anaa cefit 
6o3KOfleqHyio boshh) cl BbiBo;i;aMH ^opMyjiij Bbicniaro AnajiHsa 
iiOMoni;bK) BJieMeHxapHofi MaxeMaxHKH. PeayjibxaxoMx, nenpa- 
BHJibHOCxH CHcxeMH o6pa30BaHia MoacHO cqnxaxb xoxa yace xo, 
qxo MHorie xopomie HHacenepbi He Bipaxx. btj xo, qxo oShkho- 
BeHHO yKasbiBaexTb RWb xeopia. 

4. il npejiinojiapaK), qxo BcaKifi h3t» mohxtb qnxaxejiefi y/K6 
ocHOBaxejibHo 3HaK0M'b Cb rjiaBHMuiHMH ocHOBaMH AnajiH- 
3a, xojibKO OH'b He 3Haer'b hxX) B^ ajireSpanqecKofi (|)opx\i'L 
Owb HMiexX) oxjiH^Hoe noHHXie o CKopocxH, ho xojibKo eMy ne 

dy „ 

npHXo;i,HJiocb nncaxb ^ ; oH'b HMtexX) oxjinqnoe nonaxie o 
iMoni,aji,H, HO He HsynHJiX) eni;e CHMBOJia, ynoxpefijiaeMaro naMH, 
J f{x),dx. Qwh SHaexX) HAero, ho ne yMtex^ ee Bbipa3HXb bi> 
oxofi ^opMi. 



a npej^nojiaraio, qio HtoiopHe h3^ mohx'l MHTaxejieft 
3HaK0Mi>i CL Tpyji;HHMH H3CJiiji,0BaHiaMH AHajiH3aj qro ohh mo- 
ryrb ji.H(p(|)epeHii.HpoBaTi> HiKOTopbia (J)yHKuiH x'r h MHoriff 
HHTerpHpoBaTL; ^to ohh anaioTT), KaKT, npoj^iJiHsaTB paano- 
o6pa3HHfl xpy^HHa saAa^H na paajHqHBia kphbhh, nanpn- 
Mipx, pyjieTH H Ha 3JiJiHnTflqecKie HHTerpajibi, ho h ji,m khxi* 
H Haji.'hiocb 6KiTb nojie3HHMi). Saxpy^HHTeJibHocTb hxi. nojio- 
'jK^nm 3aKJiK)qaeTca b^ tomT), ^to hm^ Kamexca, ^to MaxeMa- 
xH^ecKia hx-b noBHania ne npHHocax'b KWb nojib3H b-b npaK- 
xH^ecKHxi) HHa^enepHbixi. 3a;i;aHax'b. Cxohx'b xojibKo ^axb hx'b 
a:'mio h y'siwb (j)H3HqecKoe ana^eflie hjth nasBaxb hx'b bm*- 
0X0 npemnaro p v, KaKX) y^ce xo, ^ijo 6ujio caMbiMX> Jier- 
muTy ynpaacHeHieMB b-b KHHrh, cxanoBHxca ajir hexX) xpyji;- 
Hofi sa^anefi. SI anaio xaKHx-B juo^efi, KoxopHe nocn'hfflHO npo- 
nycKaK)xx> npn qxenin KHHrn xh Micxa, rji^k ohh yBH^axB 
dp 

, hjih 3HaK'B HHierpajia. 

5. Korjija a na^ajix nncaxb 3xy KHHry, a AJMajH) H3jro5KHXb 
npej^MexTb nepe^^Tj mohmh qnxaxeMMH nacxoibKO ace, nacKOjrb- 
Ko MHt y;i;aBaJiocb, h ;^a»ce noBHAHMOMy, cb fiojiBniHM'B ycni- 
xoMx*, H3Jiaraxb ere nepeji.'b cxyji,eHxaMH na Beqepnnx'B KJiac- 
caxT.; HO MHoroe mokho c;i;ijiaxb na jreKii.iax'B, qero ne 
c;i;tjiaemb, xjia;iiHOKpoBHO CH;i;a AOMa 3a cbohm'b cxo-iomX). TaM'B 
BHAHHib nepeA'B cofiofi ycxpcMJieHHbie co BHHManieM'B B3opbT 
cjiymaxejiefi, no koxophmT) cpasy saMixHHib, Korfl;a Heo6xo- 
ji,HM0 eme H^Koxopoe noacHenie npcAMexa, hjih Kor^a H;i;ea 
yaie cxBaqena. H^eH) mohcho npeAcxaBHXB, Ha^epxHBX) KpHByio, 
HJIH iioacHHXB ee xaMX) ace na npejiiMexaxX), Haxo;i;aiii,Hxca bt* 
ayj^HxopiH. 

IlycxB qnxaxejib ;i;'fejiaex'B nponycKH co caiHCJiOM'b. Ilycxb 
OHt He ji.'fejiaex'B saj^aqn, Koxopaa ne npejijcxaBJiaex'B ji,Jia nero 
HHxepeca no ero npo(j)ecciH. Saj^a^x* mhoxo, ho cawHfi Jiy^mift 
cnoco6x oCyqenia — axo xni;axeJibHoe Hsynenie xoJibKO neaiHO- 

THXTb H3T, HnX-B. 

Ha ^Hxaxejia BOSJiaraexca najiieac^^a, qxo oh'b qacxo 6yji;exT> 
B03BpaHiiaxbca npeji;'bHji;yHiiHM'b ox^iJiaMX). 

KHHXa BHIHJia 6bl CJIHrnKOMl) oCfflHpHOfi, CCJIhSh a BKJIK)- 

miii B-b nee eme niiKOxopbia, xoxa h onenb HBxepecHHa h 
noyMHxejbHbia, HHacenepHbia 3aji;aqH. 
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fl OTKJaj^HBaK) ;i,o 6yAyniiaro ciyqaa to, qxo a-ia MHoraxi* 
cTyAeHTOBTj Moacexx 6biti» 6u.w 6u 6ojte HHTepecHOio qacibio 
Moero npe^MeTa, a HMenHo, npiiMipw wh HHacenepHofi HayKt 
(HHorj^a HaatiBaeMofl „^pHKJa;^Hofi $H3HKofi") pimema ^acx- 
HMXi) AH$(J)epeHi;iajbHBix'L ypaBHesifl. MHorie c^HxaiOT^ 3X0xt> 
Bonpocx OAHHMT> H3i> tItl, KOXopHO HC Moryxi) obixb xopomo 
H3JioaceHbi ojieMeHxapHO, ho jop;^^ Kelvin a^^bho noKaaajt 
MHt, qxo Htxx HH o;i,Hpro nojeanaro MaxeMaxH^ecKaro opy- 
^ifl, noJib30Baxbca KoxopHM'b ne mn 6h Haymxbca nnace- 
nepx. HejioBiKi) yqnxca nojibsoBaxbca anajiHsoM'L xaK'b ace, 
KaKt OHT) yqHTCfl Bja^ixB ^iiojoxom'l H.IH nHJofl npH o6pa- 
SoxKi XBepAbixx KycKOBi) Maxepiaja, ii axy Hce H;i;eK) a npe- 
cjiiAyio ^npn ofiyqeniH HHaceaepoBX) xoMy, KaKt nojibsoBaxbca 

BHCniHMT, aHaJIHSOMl). 

Bxa KHHra ae HM'feexi) cBoefl ii'kibK) oxBepraxb o6iij,enpn- 
aaxHa aayqabia noJiosKeaia, ho OHa CKopbe aBJaexca BBe;ie- 
HicMt KT> HEMt. Biy oepBofi oaBt a HO nuxaiocb ;^H(J)(J)epeH- 
n,HpoBaTb HJiH HHxerpnpoBaxb Kama -ih6o Apyria ^yHKiuH x'cx, 
KpoM* Bo Bxopoft r.iafit a hm^k) ^kio cb e""^, h 
sin (ax + c), Tpexba rjiaBa Cojite xpyAHa. 

^Jia ynpaacaeHia bt> ajieMeaxapHott aareSpi h i^jik nojh- 
30BaHia eio b^ HHaceHepHHXTj 3aAaMax'b a noMicxHJTj paAx> 
ynpaacflenifi na AH^^^epeHUHpoBanie h HHxerpnpoBanie. 

OxfltjiH, Hane^axaHHbie MejiKHMT* mpH(J)X0M'b; h npHMtqa- 
Hia HtKOXopHMH cxyAeHxaMH npH n( pBonaqaabHOMx, qxeaiH 
KHHra MoryxT. 6bixb HafiACHbi cjiHrnKOMt xpyAHbiMH. HfeKOxo- 
pwa ynpaacHenia Moryxi) HHorAa noxpeooBaxb SojbniHxi) 3Ha- 
Hifi, qiM'b xt, KoxopbiMH ofijiaAaexTj cxyAenxi. xaKHXx cay- 
Haax^ OHt CB060AH0 Moacex'L CA'fejaxb iiponycKT*. 



rJABA I. 



6. BcflKifi HM'teiTb yjKe noHKTie o reoMeipMHecKHxt Koop- 
AMHaiaxt If K/itmaiKt. KiiT^iaTKy moskho Kynnxb no ccmh 
neHcoB'L 3a jiecih: li, kto He anaioT'L oioro h njaxaT'L no 
ceMH HwiH ^exbipHaOT^TH nencoBTj sa .ihcttj HMiioT'L aiaui- 
KOMt npeyBejiH^eHHoe iipeACTaBjenie o ctohmocth 3Tofi 6yMarif, 
wi:o6u noJihsoBaibca eio. ^ ' 

Kor;i;a Kynen'b mvlerb ki> cBonwb ycjyraMi. jhct'l latT- 
HaxKH CL TO^KaMH, JieaiaiiXHMH na KpHBofi, KOTopyio oht, y;i.JiH- 
HaeT^ CO jtHfl Ha aghb, npaqeM'B Kaac;i,aH lo^Ka noKaawBaeTt 
uiny acejifea, hih Mt;i,H, hjh 6yMaa:Hofi npaaiH, hjih mejiKa 
Ha KaHtAwfi jijeHb, to OHt no.ib3yeTCH reoMexpHHecKHMH Koop- 
AHHaxaMH. Tenepb, ji^jia. KaKHxX) ace iiijiefi oh^ fiyAexX) nojib- 

30BaXbCK nOJ^OGHOfi KpHBOfi? 1. OhX) BHJI,HX'b, KaKOBa 6bija 

uina BT, JiioCoe ^hcjio ro^a. 2. Oh^ BH^HX'b no yKJtony CBoefi 
KpHBofi 6ucmpomy noAHHiia hjih naji;eHiH uiiHbi. 3. EcmohX) 
Ha xoMX) caMOMX) jiHcxi BX) npo;i,ojaceHie xoro ace npoMeacyxKa 
BpeMOHH fiy^exTj cxponxb kphbhh j^jih jipyrHxx> npej^MexoBx., xo 
OHTb saMixHxx, KaKoe A^ScxBie npoHSBo^HXT) noAHHxie hjih na- 
j^enie hxX) u^hh Ha uiny ero Maiepiajia, h 3xo MoacexX) cAijaxb 
ero cnoco6HbiM'b npejiyraj^HBaxb u'tny h xaKHJi^ o6pa30MX> na- 
aiHBaxb j^CHbrn. 4. Il3CJii;i,oBaHie ero KpHBofi 3a npome;iniee 
BpeMH j^aexX) eMy B03MoacHOCXb j^tjiaxb npeACKa3aHiH 6o.ib- 
Hiefi cxeneHbK) BipoaxHocxH, ^i^mx, 3xo Moacexx* c^iJiaiXb mcjio- 
BiKij, Koxopbifi He HMtexX) HHRaKHXT) saHHcefi no axoMy 
Bonpocy. 

3aMtxHMx., qxo jiK)6aH TOMKa npeACTaBJifleii* ABt BejiMMMHw; 

en ropH30HxajibHoe pa3CX0HHie oxt* niKOxopofi onpeA'feJieHHofi 

JIHHiH, HJIH OCH Ha3bIBaeXCa O^HOfl KOOpAHHaXOfl, Mbl' oSblKHO- 
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beHHo HasbiBaeMTj ee KoopAHHaiofl h ona HSM'fepaeTca no 
ropnaoHTajibHOMy HanpaBJieniB? Hanpaeo ort och y\ MHorie na- 
sbiBaioT'L ee a6cuuccou\ bt> HamCM'L cjiyHat ona npe^CTaBJiaeTx 
BpeMff. ^pyraa Koop;i;HHaTa (mba ofiHKHOBeHHo Ha3HBaeMT> ee 
KOop;^HHaToft 2/> kjih npocTO opdunamou) ecxb BepraKajibHoe 
paacTOHHie ^aHHofi ToqKH otI) HteoTopofi onpeA^jieHHofi npa:- 
Mofi .iHHiH, HJifl och; 3T0 paacTOflHie npe^cTaBJifleTb u.'feHy. BTb 
raaerax'b bh HafiA^Te kphbha:, noKasbiBaiomiH, icaKi) no^HH- 
Maexca hjih naj^aen* lepMOMexpT) hih fiapojieTp'b. Oji;Ha3KAbr 
BTb Aoporh K ^HTaji'b oji;Hy ^OBOjibHO HHTepecHyio cxaTbio, xpaK- 
xyiomyK) nocxeneHHOM'b xo^t npiipocxa anrjiificKaro Hapo;i,o- 
HacejieHia, ero fijiarococxoHHia h Ha-ioroB-b; 3a xcjiiOMii pascyjK- 
jaienifi Shjio o^enb xpyj^Ho cji^t;i;HXb, Meac^y xiMt, ccjihSh BsaXb 
ii,H(J)poBbia A^HKbia, npHBOAHMbia aBxcpoM^, H HaaecxH Hxt na 
laixqaxK'Vxo Bcaidfi bhboa'b, o6TE>acHHXb, KoxopHfi cxohjio eny 
xaKT> MHoro xpyAa, Skji, 6h xaKi) acenii, 6jiaro;i;apa kphbhm'b, 
Hxo ;i,a3Ke MaJIbqHK^ Mon> 6bi nonaxb ero. Box'b npHqana, b*- 
poaxHO, noqeMy nteoxopbie nncaxejiH ne nojibsyioxca bt> ne- 
qaxn KpHBbiMH: ecjiH6bi ohh ji;ijiajiH axo, xo HM'b o^enb ae- 
MHoro npamjiocb 6h nacaxb. 

7. JIhi^o, npoH3BOj^ani;ee onbiibi, o6HKHOBeaBO cxapaexca 
yaaaxb, KaKX) o^na Bejianaaa, Koxopyio a aasoBy y, saBHcax'b 
oxT, niKoxopoft flpyrofi Beraqaabi, Koxopyio aasoBy x. TaKHM^ 
o6pa30M'b, aanpHMtp'b, ^aBJeaie p aacbimeaaaro napa (ao^a 
a napi) Baxojijaxca b-b cocyji;*, a ae aa Bosj^yxi hjih bt. Ka- 
Kofi Jia6o Apyrofi acH;^KOcxH) nocxoaaao npa xofi ace xeMae- 
paxypt. KpHBaa, aaqepqeaaaa aa KJitxqaxKi Aaexx> aaMi 
B03Moacaocxb jiJia jno6ofi ;i;aBaofi xeMnepaxypw aafixa ^aajieaie, 
HJia o6paxBo, oaa aoKa3biBaex'b oxaomeaie Meacjiiy npapani,^- 
aiaMB xoro a Apyroro a Maoroe Apyroe. H ae roBopio, qxo 
AJia nojiyqeaia cnpaBOKX) Kpaaaa yjiiofiaie, qiMi xa6jiai];a; ai- 
Koxopbia capaBKH Jiyqme nojryqaxb mi> KpaawxT), aiKoxopbia 
Hsi) xaSjiaa,!). SaMtxbxe, qxo, Korji;a mh H3o6paHcaeM'L aiKO- 
xopyio Bejiaqaay ji;.iaaoBO Jiaaia, xo mh a3o6paacaeM'b ee wh 
xoMX) ajiH ApyroM'b Macmxa6'fe; 1 AK)fiMi> MOJKex-b upeACxasjiaxb 
10 (j|)yaxoB'b aa KBa^p. A^fiMi), ajia 20 rpaAycoBT> cxorpaj^yc- 
aaro xet)M0Mexpa a qxo jm6o Apyroe, ao Bcer^a axo osaaqaexx, 
ycjioBaoe cpaaaeaie, h6o, Koaeqao, 1 AK)fiMT> ecxb aen^b co- 
Bepnieaao oxjiaqaaa oxtj 20 ipaAycoBX) xepMOMexpa. 



Kor^a KTO m6o iiMtext ;i,Ba pa^a HadJnoAeHHHXTj n,H(|)p'L 
c% HaMipenieM-b HanecTH hx^ Ha KJiixHaTKi, to oh'b A't^iaeT'L 
8T0, BO nepBHx-L, ;i;jiH Toro, qTo6H BHA'i^Tb, He Jieacaxii Jin 
TO^KH Ha KaKofi jih6o npaBHJIbHOfi KpHBOfi. ECJIH laK-L, TO, 
^'hwb npome KpHBaa, xiM-L npome tottb saKOHi), KOTopBifi mli 

XOTHMt HafiTH. Bo BTOpHXl*, qT06bI HCHpaBHTL OmH6KH Ha- 

6m]iem&. JI^McxBHTeJibHo, eaiH toikh Ji03KaTca noTrrn na 
npocTofe npaBHJibHofi KpHBofi, TO, ecjiH Mbi HaqepTHM-b Kpn- 
Byio, KOTopaa jeo^htcs fijiHace Bcero Kb TOiKaMi), npn noMoiD,H 
xopomaro ;i;epeBflHHaro jieKajia, mh MomoM^ Tor^a CKaaaxb, 
iiTO OHa MoaceT^ 6biTb npHHSTa KaK'b caMaa no^xoAHmaa, 
TaKT) KaK'b, ecjiHfibi He 6hiJio HHKaKHx^ oninOoK'b B-b naOjiio- 
Aeniax'b, tomkh jierjiH 6bi npaMo na TaKofi KpHBofi. SaMtTiiMi), 
^TO, Kor^a MH roBopHMT), wro TOiKa jiemLTb na paacxoHHiH 
—5 (J)yT., HanpaBo orb jiHHiH, mh npeAnojiaraeM-b, ito ona Jie- 
^httj Ha paacTOHHin 5 (J)yT. BJitoo orb JiHHiii. nocjii ;i;ojiraro 
OHHTa H y6iAHjiCH, ™ BnojiH't ctoht'b norpaTHTb nopaAO^Ho 
BpeiieHH Ha BH^HTanie h nepeMHoacenie paajiH^nHxi) kojih- 
^ecTB-b, hto6h npHcnoco6HTbCH kt> cwy KBaj^paTHKOB-b, npe- 
acje qiMTj npHCTynaTb kt> BHqep*iHBaHiK) (nycTb na 3to yfi^eTii 
xoTb i^ijiHfl jTHCTi) 6yMarH),. 

Tenepb nycTb qaTarejib KynHTi) no6oJibme KJiixqaTKH h, 
He npocH on Koro jih6o noMoniiH, HaneceT-b na nee peayjib- 
TaTH KaKHXT> HH6yAb Hafiwiio^eHifi. IlycTb, nanpHMtp'b, ohi* 
B03bMerb AjEbManaxTi Whitaker'a h naneceT'b H3^ Hero nt- 
cKOJibKO pflAOBi> HHceji); cpe;i,HK)K) TCMnepaTypy Kaac;i;aro Mi- 
cflua npoffljiaro roji,a; Han^OHajibHbifi rocy;i,apcTBeHHHfi AOJm 
cb 1688 roAa; cTOHMOCTb 40/0-fi peHTH 3a H'feKOTopoe ^hcjio 
jrhTiy; KanHTajiTj, 3aTpaHeHHHfi na nocxpofiKy }Kejii3HHX'b ji,o- 
pori) Cb 1849 ro^a; KaK'b 6h TaM'b hh 6hjio, ho Jiyqnie, ecm 

OH'b B03bMeT'b BOJIHHHHH, KOTOpblH ;i;JIH Hero HHTepeCHbl. ECJTH 

OH-b npoH3Bo;i,HTT> jia6opaTopHHH HaoJnoAemH, to ohtj cb sa- 

XBaTHBaiDmHMT> HHTepPCOM'b fiyACT'b CMOTp^Tb, KaKOTO BHAa 

aaKOHT) ;i,aeTi> eMy KJi'hTqaTKa. 

8. TaK'b KaK'b HafijuoAeniji MoryT'b npoH3Boj^HTbca Ha^i* 
j^aBJienieM'b p h TeMneparypofi t, nm p h oG-beMOMi* i\ hjih 

V \l t, HJIH HaA'b HH;i,HKaTOpHHMH H HOJieSHHMH JIOniajI,HHbIMH CH- 

jiaMM napoBofi hjih ra30Bofl MamHHbi, hjih na;!;!) aMnepaMH h 
BOJibTaMH B'b ojieKTpH^ecTB'fe, a Mbi ffiejiacM'b roBopHTb BOo6me 
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(/fh KaKoM HH6yAb napt BejiH^HH^, to a 6jAy noJibSOBaTLca 
jr'aMH H y'aMH BMicTO t Yi ^^pyrnxTj paa.iHqHux'L 6yKBX. 
CaMoe KopoTKoe o6o3HaqeHie saKona, cBHSMBaiomaro ^B'fe nepe- 
ntflHUXt BejiHqHHH X in y ecTb F(x, y) = 0...(l), hjlh Ha 
cjoBaxT* „ecTb HtaoTopoe ypaBneaie, cBaabiBaiomee x m y'\ 
HtKOTopoe Bbipaacenie, coAepacamee x n y (oho MoacerL co- 
;iepacaTb TaKHce h MHoria Apyria 6yKBbi h ^HCJia), HasHBaexca 
0yumieu ott> ^'a h t/*a, h mh nojibsyeMca TaKHMH cHMBOJia- 
MH, KaK'L F{x, y), f(x, y), Q{x, y) h np. ;^JIa Toro, ^To6u 
npe^cTaBHTb $yHKn,iH b^ o6meMT> bhaL, Korji,a mh He 3HaeM'b, 

KaKOBTi HXT* AtfiCTBHTCJIbHblii BHJ^X, H ^laCTO, K0r;iia MH SHaeMTj, 

HO acejiaeM'b HanHcaxb hxi. bT) KpaxKofi (})opMt. SartMii mh 
nojibsyeMca F(x), f(x) hjh ApyrHM-L KaKHMT, HH8yAb no^xo- 
jifluiflwh CHMBOJiOMT), qTo6H o6o3Ha^HTb jjHiKOTopoe MaieMa- 
TH^iecKoe Bbipaacenie, coAepa[ani,fee x'\ h roBopHMi) „nycTb 
f(a.) ecTb HtKOTopaa (j)yHKii,ia a;'a". TaKHM-b oOpaaoM'b 
y = f{x)...(2) o6o3HaqaeTT, niKOxopoe ypaBHenie, Koxopoe 
^OwiacHO AaBaxb naMi) B03MoacHocxb BHUHCJHXb y no ;i;aH- 

HOMy X, 

SaKOH'b — + = ^ HMtex-b BHA1> (|)opMyjiH (1), ^aHHOfi BH- 
J. u 

me, Meac^y x^mT), KaKi) ecjiH BbiqECJuiMi) y btb 3aBHCHM0CTH 
oxi) X, xo nojiyqHM'b y = + ^U]/2b — x^ — (|)opMyjia (2). Ho 
H Bi) xoM'b, H ApyroMi) ciyqat mh HMieMi* xy ace caMyio sa- 
BHCHMOCXb, CBa3HBaK)myK) y 11 X. Bt> qacxofi MaxeMaxHKt x 
H y aBJiaioxca A'tficxBHxejibHHMH ^JiHHaMH; btj npHKjiaj];Hofi 
MaxeMaxHK'h x n y npe;i,cxaBJiaK)XT> co6ofi onpeA'feJieHHHa Be- 
jHqHHH, KOTopna mh cpaBHHBaeM'L, h Koxopna H3o6paacaH)xca 
Bi) Macmxa6'fe. 

P. rpa4)MHecKifl ynpawHeHifl. 

I. HaqepxHTB KpHByio y = 2 + ^l2ox\ 

BoSbMeM-b X = H HaXO^HM'b y = 2; BOSbMOM'L x=l, 

Torj^a ?/ = 2*0333; BOSbMeMi, x = 2] xor^a i/ = 2 + 0-133 = 
= 2*133 H X. ja,. ^ajrbe HaneceM'L 3xh 3Hauema ^c'ob'b h yvwh 
Ha Hamx* jihcxt> otaaxKH. KpHBaa — napa6ojia. 

II. HaqepxHTb KpHByio y = 2 — ^Ux + ^hox^, Koxopaa 
ecxb xaiuKe napa6ojia, rtM'b ace caMbiMT> cnoco6oM'L aa xoMt 
ate ;iHcxi oyMarn. 
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III. HaqepTMTB KpHByK) xy= 120. Ecjih x = 1, y= 120; 
ecjiH x=2, y = 60; ecjiH = 3, = 40; ecjTH a; = 4, 
2/ = 30 H T. A- 9Ta KpHBaa — npoioyrojibHaa rnnepfiojia. 

IV. HanepTHTi, yx^-^^^ = lQO mh ^ = lOOa?-^-^'*. Ecm 
cxyjiieHT'B He cyMiexi) bhihcjihtb t/ JiioSoro BHa^enia to 
CTa.io 6LiTb ohtj He yMiexi) nojii>30BaTbca JiorapHeMaMH h liMt 
CKop'te ohtj ^^OJiaceHT) nayiHTbCfl KaK'L mohcho Jiy^nie yarfeib 

nOJIb30BaTbCfl HMH. 

Y. HaqepiHTb y — ax^, r^i a — Htoiopoe ^hcjo. il co- 
Bixyio cTy^eHTy notpaxHib nopflji,OHHO BpeMenn na BHuepMH- 
Banie q-ieHOBij 3xott dojibmofi ceubH noJiesHbix'b kphbhx^. 
Ilycxb oHi* nonpoSyexi) n = — 1 (ohT) yace lepxHJi'b axo b^ 
III BbiHie), n = — 2, w = — 1^2. n = — ^2, w = — O'l, 
w = 0, n = ^l2, n = ^U, w=l, w=l^/2, n = 2 (axo Bt J6 1 
BHine), w = 3, ^i = 4 H X. 

VI. Ha^epxHXb y = a sin (bx + c), 6epfl no;^xoAHni.ia qncja 

CoBixt. TaKT* KaKTb bx+c BHpasKeHO BX) padiauaooh (oAHWb 
paj^iaHX) = 5 7 • 2 9 5 8 rpajr y coBTb) , a xafijiH n,bi ofibiKHOBeHHO 
^aioxxi yrJiH bx> rpa;i,ycaxx>, xo noj^finpaeMX) jiiJia b r c qncjia, 
Koxopbia cii.ijiaioT'b apneMexEqecKyio pafioxy 6ojrhe JierKoil. 

IIxaKX) 6epeMx> b paBHWM'b -ttVtt > ^ ^ 6epeMx> paBHHMX) hhc- 

114*o 

cjy paji,iaHOB^, Koxopoe cooxBixcxByex'b yrjiy bx> 30^ 
^3X0 ^ MH 0*5236^ . 

Ilycxb a = 5. Tenepb nycxb ^ = 0,10, 20 h x. a-, h bh- 
qHCJiaeMX) 

TaKHM-bofipasoMX), Korj^a ir=6, y=b sin ^ ^^^^^ +0*5236^; 

HO ecjTH yrcjEX) BbipasHXb bX) zpadycaxz, xo HMteMi> 

iy=5 sin (V26 + 3O rpa^ycoBT,) = 5 sin 33^ = 2*723. 
HaqepxHBX) BbimeyKasaHHyro KpHByio, saMixbxe, Kanaa 

nepoMiHa npoH3ofiAexx>, ecjiH c Sy^exx* saMineno 0, hjih 

HJH — , HJH - . SaxiMX), eaiH a 6y;^exX) HSMineflo. C'b 6ojibinofi 
nojib3ofi MoatHo HcxpaxHXb na oxh KpHBbia 6ojL'ke He;i,'LiH. 
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TIL HaqepTHTb y = ae . npHHHMaeMT> a=l h ft = l; 
npo6yeMt Apyria anaqeHia Am a vl b; BoabMeMt, HaKOHem>, 
jifidL cjryqaa oxpnuaTeJibHaro aHaqesia ;i,Jia h. 

B^B BbimeyKaaaHHofi pa6oTi cjitjuyext, nacKOJibKO bo3- 
M03KH0, ofixoAHTbca 6e^'h noMomH yqHiejiefi, ho noMomb co 
^CTopoHH TOBapHma cTyACHTa Cy^eTX oqenb uojieana, oco6eHHO, 
ecjH B03HHKaioTi> CHopbi HO 3T0My Bonpocy. 

HpHTOHa, noieMy a ^oJiro ocTanaBJTHBajica aa B^menpa- 
Bej^enabJX'L cbmh cjyqaaxT), cjii;i;yH)maa: cTyj,eHTbi oShkho- 
Beaao yqaxca AHWepeHi],HpoBaTb a aaTerpapoBaTb caMbia 
cioacHbia Bbipaaceaia, ao, Kor^a caMbia npocTwa h3i> 3thxi> 
Bbipaaceaifi aajiaioTca nepe^ij rbmh bt* ^ificTBHTejibaofi aaace- 
aepaofi 3a;^aii, oaa qyacTayiorb nepe^i) brmh cxpax'b. ^ajite 
o^eab pi^KO 6biBaeTi>, ^To6u aanceaep'b ;i,aHce b^ caMbix-b 
TpyAabIX^ cjiyqaaxx cBoefi TeopeTaqecKofl pafiora cTOJiKayjica 
cb 3aAaqefi, KOTopaa Tpe6oBajia 6u 3HaHia dojite, ^iMi, cji- 
AyioniiHX'b TpexT) (j)yBKi],ifi. 

y = ax^, y = a sin + y = ae^^, 

HO 3TH Tpa j^ojiatHbi 6biTb oco6eaBo xopomo ycBoeaw, a cxy- 
AeHTT* TexaaKi) ^^ojiaceai) cMOTpixb aa aayqeaie axx*, i{am> aa 
caMyK) Baacayio qacxb CBoefi xeopexa^ecKofi noAroxoBKH. 

H3CJitji;oBaaie bxhx'l xpex^b Baji.oB'b Bbipaaceaifi — aecbMa 
Baacaaa aea^b ^Jia cxyAeaxa. fl o;^aaKO ae aaacy npaiaa^, 
noHemy 6u pa^a MajieabKaro pasBJieaeaia eMy ae 3aBaxbca 
BbiqepqaBaaieM-b a xaKHXi* KpaBbiXT), KaKX) 

x'^ + tf = 2b (Kpyr-b), 25 "^le^^ (aJJiancb), 
x^ ti^ 

2^-[g = l (raaepeojia), 

a xaKace a aiKoxopbiXT, Apyraxi), yKa3HBaeMHX'b btj rjiaat III, 
HO Cb aaaceaepaofi xoHKa 3p'hBia 3xa Kpaabia cpaaaaxejibao 
He aaxepecHbi. 

10. Hsyma^ y = e-^ h t/ = 6 sin (ca;-f^), cxyji,eaxx 
Hafiji;exi», qxo ohi* MoatexT* yace jierKo cnpaBaxbca c^ oja;aofi 
ii3'b caMbiXT* aaacabix'b b^ aaaceaepaoM-b j^ijii KpaBbixij, a 
HMcaao 

y = be-'''' sin (cx + g). 
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Oh'l ;!i,ojr3KeH'b cnaqajia Baaxb laKyio KpHByio, KOTopyro oht> 
yate H3yqajn>, y=h sin {cx + g)\ HaiepxHTb Ha tom'l 3Ke jih- 
cxi KjiiqaTKH y^e-"^ h, nepeMHoacHBt op;i,HHaTLi ^yxi. 

lipHBHX'L OAHy Ha JipyryH) ^liJia HiCKOJIbKHXTb 3HaqeHifi X, HafiTH 
OpAHHaXbl HOBOfi KpHBOfi. KpHBaH, O'leBflAHO, B0JlH006pa3Ha, 

TaKi> KaK'B y HM'teTi* MaKCHMajibHHa h MHHHMajibHHH 3Haqe- 
Hifl; y npej^cTaBJiHeT'b oxKJioHeHie qaniKH MaaxHHKa hjih cxptji- 
KH KaKoro HH6yjiib HSMtpHxejibHaro npH6opa, ;i,BHaceHie koxo- 
pofi aaxpyAHsexca acH;i;KOcxbK) hjih ApyrHMx, hoaoShhm'b xpe- 
HieMi>, npH qeMX) x npe^cxaBJiaex'b BpeMH, h cxyAenx'b nofl- 
MexT> KpHByio ropaaj^o Jiyqnie, ecjiH SyAexx* npoHSBOAHXb na- 
6jriofl,eHia na^x* no;i;o6HbiM'b ABH^KenieM'b, naupHMtpx., cx> cbhh- 
i;oBbiMx> ;i,HCKOMx, HorpymeHHbiM'L bx> Macjio, K0jie6jiH)ffl,HMca 
xaKX) Me;i;jieHHo no;i,i> BJiiHHieMx> BpaHi,'aH)ni,Hxx> ycHJiifi bx> npo- 
BOJioKt, Hxo MoacHO Bx> o^Ho Ka^aHie c^tJiaxb mhofo Hafijuo- 
ACHifi Haji,x> ero yriioBbiM'b nojioacenieMX*, Koxopoe HaabiBaexcH 
y, HpH HeMX) X npeAcxaBJiaexX) BpeMa (HBMtpenie npoHSBO- 
AHXCH npn HOMOH^H cxpiiKH H HiKajibi rpaj^ycoBX)). Pa3cxofl- 
Hie hjh' yroJiT) Meac;i;y KpaflHHMH nojioaceHiHMH cxpijiKH cX) oji;Hofi 
H ;ipyrofl cxopoHH oxx nyjiH Ha3bTBaexca a-ihhoh) oahoxo Ka- 
tianm. HenepoBX) jrorapneM'h oTHomeniH a^hhh o^Horo KaqaHia 
KX> AJiHH'b cjii^yioiniaro hjih o;i;Ha ^ecaxa^ jiorapneMa oxho- 
mema nepnaro Kaqania o;i.HHaAii;axoMy, oneBHjiHO, paBHa 
a, yMHOiKGHHOMy Ha nojiOBHHy 
npojloj/KHxejibHocxH uepioji,a, hjih 
a, yMHOJKeHHOMy he Bpena odno- 
to KaHauiH. 3x0 /lorapMeMimecKoe 
npMpaiueHie AOBOJibHO BaacHo Am 

HtKOXO})LIXX» H3M'bpeHifi. 



11. Kor;^a nocpeACiBOMi qep- 
Teaca hjih Mo;^ejiii mm MosceMi) HaSxH 

TpaSKTOpiK) HiKOTOpOM TOMKM H Olipe- 

;iiuiHTi>, r;^ife ona Haxo^^aica aa neft 
m> JHoOott MOMenrL, Ko^;^a HaMt h3- 
BtCTHo nojioateHie HtKOTopoS j^py- 

roft TOMKH, TO MH MOateitft nOJiyMHTb 

Tt ace peayjibxaTu aJireSpaaqecKi!. 

^pn^mp^ {1). Jlmu lo^Ka F ^epx. 1. 

H npflMaa jiHHia Dl); KaKOBa Tpa- 

BKTopia TOHKH P, ecjiH ea ;;BHaeHie xaKOBO, qio paacioflHie ea 
OTT> TOMKH F Haxo;^HTC^^ b^ nocroaBHOMi oTHOineHiH ea paacToa- 
HiK) OTi npaMoft jibhIh DB? 




MiaKi Ha 'lepTeat PF= e y PD . . . (1), r^t e— nocTOSHHO. 
npHBOAHMi EFX noA'L npaMMMi yooMi DD. IlycTb paacToa- 



Hie PJ) HaawBaeTOfl a nepneH^HKyjiflpT) PG HaauBaeToa y- Hama 
saAaia cjitj^yiomaa: KaKOBo ypaBHCHie, CBaawBaiomee j: n y? Mu , . 
3KHU Tenepb BupasuTb (1) nepeai x e y. 06o3HaMHM'B nepesi a. 



PF = yPG^ + FG' — + (;r - a)^ 

TaKl MTO, B03B0AH BT. KBaApaTT), MU HMteMT) 

?/2 + (^~a)2 = eV (2) 

3to h ecTb OTBin,. Ecjh c = 1, KpHsaa Gy^eTL napa6o;ioM. Ecjh e 
6oibrae eAHHHUbi, KpjjBaa — mnepdofla. Ecjih 6 MeHbiue eAHHHUM, KpH- 
Baa — diiJiHncb. 

ffptiMtbpi (2), Kpyn APQ KaiHTca no npawoft .iHHiH OX. 

KaKOBa xpaaKTOpia HtKOTOpofi TOHKH OKpyXHOCIH? nOJIO«HMT>, ^TO, 




Kor^aTOMKa P Kacajiacb jiHaia OX, oua 6Mjia bi 0, nycTb OX e OY 
6yAyTT) KoopAHHaTHua och, h nycTL SP 6yAeTT» x a PT GyACTi i/. 

Yroji'b PCQ o6o3HaMHMi) Hepes^ IIpoBeAeMT) CB nepneaAHKy- 
jiapao Kb PT. 

PB = a sin PGB = a sin ('J'. — 90) = — a cos ^, 
BC = a cos PCB — a sin '{^ 
Aaj-fee, Ayra $P=:a^ = 0(?. OTCioAa x—OQ — BC a y = 

;rr=a';>-a sin ^ ( 

2/ = a — a cos I ^ ' 

Ecjih mu hs-l BupaateHia (3) acKJUoqaMi) mu uoiyHHMi oaho 
ypaBHeHic, CBasuBarontee a Ho Jiy^nie coxpanHTb tj^ a HMtib ABa 
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ypaBHeHia BCJIt;^CTBie Toro, mto Hxt jierie ptaaxb. JI,Ba ypaBHenm (3) 
;^tftCTBHTeJIbHO MoiyT'b cqHiaTbCfl ypaBHeHieMT, KpaBofi. KpHsaa aia 
HaauBaeica umkjiomaom, KaKT> 3to HaBtpHoe SHaiOTb Bcife moh MHTaxeJiH. 

IIpiiMrhpTf (3). MoTbiiib M uiaryH-b aacTaBJiaiOTT) ;^BH^aTBca nojiayHt 
no npHMoS JHHiH. F^'fe Haxo^HTca nojiayH'b npa HtKoiopoMi* nojioaeHiH 




^epi. 3. 

MOTUJia? IlycTb TpasKTopia nojiayHa jieatHTb Ha o^^Hofl npawofi Cb i^eH- 
TpoMT) BpameHia MOTUJia. Ecjih A Koaeai xpaaKTopiH noiayHa, to, 
o^ieBHAHo, AO paBHO ^ + tj[,^ r — ;^JIHHa MOTUJia. 

He M-feniaerb noMHHTb bo Bctxi no;iio6Hux'b, aa^anaxT), hto, ecjiH 
MU npoeKTHpyoMt Bcfe CTOpOHbi saMKHyTofi (()Hrypu na HtKoiopua^uB't 
npaMwa jiHHiH, to mu uojiy^aeMi ;^Ba HeaaBUCHMux^ ypaBHeijia. 

UpoeKTHpya aa ropHSOHTaJibHyK) JTHHiio, mu bhj^hmi, hio 

s-\-l COS + r cos = Z -|- r ( 
UpoeKTHpya Ha BepTHKajib Z sin = r sin • • v ; 

EcjiH MU HCKJiioMHMi m% aTBXT> j^Byxi> ypaBHOHifl, to mu mo- 
TRewh BUHHCJiHTb s ;^JIa JiK)6oro 3HaHeHia 9. CTy^eHrb ;^0JI«eH•b 6ujii 
6bi CA'feJiaTb aTOTb BUBo;^'b caMi, ho a no caadocTH xapaKTopa npHBO- 
«y ero aj^icb 

cos — ^ I — ^ sin^ 9, 
TaKi HTO nepBoe paBeacTBO npHHHMaeTb BHj^'b 

s — l\l—^l-^j, sin^ 9 j + r (] — CQs 9) * (2) 



*) 3aMtTHMl, MTO, eCJIB, KaKl> 3T0 6UBaerb OdUKHOBOHHO, 

-p OHGHb Majafl APo6b, to TO^;^a i/ 1 — 2 = 1 — V2 «, Ko^;^a a— Ma- 

JIO, H MU MOaKGMl HaftTH npH6jIH3HTeJIbHyiO BeJHHHHy 5, KOTOpaa MO- 

aceTi> 6uTb Bupaatena repeat 9 h 29. Btoti Bonpoci Baace-fee, MtMi 
ohtj KaaeTca a^tcb. Ko^;^a npaMaa TpaaKTopia to^kh Q oepaayeT-b 
yroji^ at ct JiHHieS, coejiHHaiomeft ea cepe^HHy cb tomkoH 0, to, ocjih 
yroji'b a HO BejiHK'b, oqeBH;^HO, qxo S ho^ith Toate caMoe, ^to h bl 
npeAiaj^ymeMi cjiy^a-fe, TOJibKO ;^'feJIeHHoe na cos or. Kor;^a yroji^ a— bg- 
jiHKT>, aJire6paHMecK06 Bupaaenie ;^JIa S ;^1>JIaeTca ^opa3;^o cjiOKHie, ho 
Bce^;^a mojkho HafixH ji;ocTaTOHHO yAoCnua npH6j[H»GHia, KOTopua cna- 
cyrb OTi 3Ha^HTejibHux'b Tpy;^H0CTett BUHHCJieHift. 
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CiyAeHTU J^0JlJKHu ^po;^ifeJ[aTB H-fecKOJibKO ynpaxHeniS, noAOlJHMXt 
CJitAyiomHMi.:— 1. KoHiiH A n B ciepacHa HanpaBiaiOTca AByara npa- 
MUMH nonepcHHHaMH 0£ h OA, KOTopua pacnoioseau noAi» npaMUMi 
ynoM^ oaaa Kb j^pyroft* aaftTH ypaBaeaie ipaaKoropiH HtKOTopoS 
TOMKH P Ha CTepxai. 2. IlpH ABHweHiN napaJiJiejiorpaMa yarra aa aesrb 
ecTb TOHRa, KOTopaa ^BnxoTca domth do npaaiofi TpaaKTopiH. HafiTH 
ypaBHeaie ea cjosKHofi TpaaKTopia. 

Ha »iepT. 4 noKasano cpe;nHee nojoaeaie OABC. CaMoe JiyMuiee 
MtcTo jijia. P TaKoe, upa KoxopoMi BP : FA — OA : CB. HanepTHM^ 
coe;^HBeHia bi atKoiopoM^ ;^pyroMT) nojioaeHia. Cjoisaaa ipaaKTopia 




AOJSXHa npe;(CTaBaTbca bi bha'^^ UH(t)pu 8. 3. Hafiia ypaBHeaie ipaaK- 
Topia TOMKH. Jieaamefi no cpeAaa* oCbiKHOBeaaaro maTYHa. 4. OabhT) ko- 
aejvh cTepaaa A ABaaeica no npaMoft ipaaKTopia COC, rji 0— cpe- 
AHHa ipaaKTopia; no aaKoay npocroro rapMoaaHecKaro ABaaeaia 
OA = a sin pt, r^i t — speMa, Apyrott Koaem B ABBaexca no npa- 
MOMy nyxB GBD, Koiopufi cocxaBJiaeT^ npawott yroni COO. Ka- 
KOBO ABaaeaie tohkh B^ IIoKaaaTb, hto oho npH6jiH3HTejibao npocioe 
rapMOBBHecKoe aboAhmmI) hbcjomi nepio;;oBT> cpaBaaxejibao A. 
5. H-feKOTopbift napopacnpeAiiBTeJibHuft MexaaasMi coctobtb aai* pa3- 
jaMHuxi CBaaefi a t. a-, npaBOABMuxi bi ABaaeaie paBHOM^pao apa- 
maH3mHMca MOTUJieMi; saMtTbie lorb (j)aKTi, hto ABHsenie bi atKo- 
TopoMT> aanpaBieaia Kanofi jia6o tohkh, Jieaamefi aa oahom asi csa- 
3ett, cocToarb ast ocaoBaoro npocToro rapMona^iecKaro ABnaeaia 
OABBaKOBaro lacjia nepiOAOBi MOTWieMi', coeAHaeaaaro ci oKiaBott. 
IloApooaoe aayMeaie Cb axott tohkb apifeaia ABwrneHla CBRaeii m paAiajis- 
Hbixi) napopacnpeAt^MTe;ibHbixi> MexaHHSMOB'b ctobti atcKOJibKO Mtcauenii 
TpyAa, TaKb Kani bi aioM-b aaicjiioqaeTca ceKpexl), noneMy oaho abb- 
acHie aojioTHBKa Aaeii jryqrayio AiarpawMy, ^imi Apyroe. BoabMean. 
HanpHMtp'b MexaHB3MTi Hackworth'a ct> KpaBott nonepeqaaofl b cb 
npaMoft. KaKaa 6yAeTT> paaaniia? Cm. nyaKTb 122. 
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12. Ciiynati, KorAa tohkm jiomarcfl Ha oahoR npnMoA. JH^O" 
Kaaaie^ibCTBa 6y;i;yrL npe;i,cTaBJieHH nocjit; cnaMajia CTy^eHT'B 
AOJiaceHX xopomo oanaKOMHTbca cl TtM-L, ^to ohi> AOJi^eH-L 
ji;0Ka3aTB. SI anaio Majib^HKOBij, KOTopne yiitioTX donctsmamh 
MaieMara^iecKifl noJioaceHia, ho ne ctyMtion) ofi'LacHHTb to, 
qxo OHH jioKaaajH, noKa ne npofi^ex-B nicKOJibKO JitrB! 

Bo3i»MeMi> HiKOTopoe BHpaacenie, noAofinoe y = a + Ix, r^'fe 
a H 6 KaKia HH6y;^i> iHCJia. IlycTb ?/==2 + lV2a:. Tenept 

BOSbMeM'B X = 0, X—\, X = 2, X=^ H A. H BT) KaJKAOM'L 

cjyMai BHTHCJEHM'L cooTBiTCTByiomyio BeJiHqHHy y, HaHeceifL na 

KJltiqaiKy COOTBiTCTBeHHWa BeJIHqHHH X IS. y, KaKt KOOpAH- 

HaTH ToqeKt. Bh HafiAeie, hto ohh jieacai'L to^ho Ha npa- 
MOfl JiHHiH. ^ajiie, 6y;^eTT> jh t/==2 + 3x, hjih 2 + ^2^^?, hjih 
2 — 3^, HJIH 2 — ^2^, bo Bcixi. cjiyqaaxx Bbi dy^exe HMixb 
nijio CB npaMofi jHHiefi. Ti, kto yace anaiorL Eoe qxo oSii 
aioM-b npeji.MeT'h, He CTaHyTi> sthm'b cMyni;aTbca, h BaMT>, 
ecjiH Bbi He npHHaj^jieffiHTe ki> hemtb, Toae ne coB'feTyio cwy- 
niiaTbca axHM'b, xoxa h coanaio, ixo bh HMiexe na 3to npano. 
SaMixbxe noKa, qxo bi> Kaac^OM'L cjiyqat a ;^aBaJI•b BaMi> xy- 
ace caMyio BeanqHHy a, h, cjitji;oBaxejibHO, Bct BaniH jiHHiH 
HMtroxi) Htqxo o6mee. Bt qeMt ace oho aaiuioqaexca? Haxo- 
;^HM'B, qxo a ecxb BeJHMHHa y npn .^'=0. 
SaxiMXi SepeMx 

y = 2 + V\^, y=l + V\^, y = + V\2x, y=. — iJ^iu^^^ 
y = — 2 + l'Ux, 

H xaKace nocMOxpHMX, mxo oanaqaexx., KOXAa b o;i;HHaKOBO bo 
BcixX) cjiyqaaxi.. Bh nafi^exe, qxo Bci jiHHiH ct o^HHaKo- 

EHMT* b HMtlOXX) OAHHT) H XOXX, ace yKJIOH'B, H BX) CaMOMT> 

jii a oSbiKHOBeHHO HasHBaro 6 yiuoHOMx* MHin. 

EcjiH y=a + bx, xo npn x = Xi, onpe;^'bJiHMX> y h o6o- 
SHa^HM'b ero t/i, Kor;i,a x — Xi + 1, Haxoj^HMX) h HasHBaeMx* 
ero t/2. 

JlerKO noKaaaxb, qxo i/2 — yi — b. HxaKi, xo, qxo a Ha- 
3HBaio yooHOMT, npHMoft jihhIh, ecxb ea noj^^eM^ na ropii- 
30HxajibH0MT> npoxaaceniH paBHOMx> 1. (SaM-fcxHMx,, qxo, Kor;i,a 
MH roBopHMT), 1X0 j^opora Hj^ext no^XieMOMX) bX) ^'20 hjih 1 Ha 
20, xo MH HOjiipaayMtBaeMX,, qxo 1 $yxx> noji,'LeMa npHxoj^Hxca 
Ha 20 (J)yx. npoxaacenia noj^HHMaiomefica ;i;oporH. TaKHMX) 
o6pa30MX V20 ecxb CHnycb yrjia HaKjioHCHia ^oporH kX) ro- 

2 



pH30HTy, Torj^a KaK'L muvh yooHt naMtpHexcfl HliKOTopHMt 
ji.pjTHM'L ciiocoGom'l). Hami> yKAom ecTb, o^eBHAHO, TanreHCL 
yrja HaooHeniji jnmin k-l ropHSOHxy. PaacMaxpHBaa t/, KaKx 

KOJIH^eCTBO, Be-lH^HHa KOTOparO SaBHCHTT* OT^ BeJinqHHH X, 

saMtxEMTb, 1X0 omHomenie npupamemn y Kh npupamemw x 
iiocxoa'HHO, npH leM't oho AMcxBHxejibHO paBHO BejiH^Hni h — 
yKJiony jthhih. ChmbojiT), ynoxpeC-iaeMHfi oooanaqeHia 3xofi 

BOJHqHHLI, eCXb 3aMixHMX», ilXO 3X0 XOJIbKO OJIiHH^ CHM- 

m:vh. Ero ne A0.mH0 craxaxb 3a Cjibj^yex-b nocxa- 

paxbcfl aaiioMHHXb iioJiOHceHie, 'ixo, ecJiH y = a + hx, xo ^ = 
— ^> II Mxo, eciii TO j/ = rji.'b A Hteoxopoe 

UOCXOHHHOe MHCJIO. 

BcflKoe ypaBHenie nepBofi cxeiienn, CBHSMBaiomee x h /; 
noAo6Hoe J.^r + By — C, r^i ^, -B h C — nocxoanHbia, mo- 

acexi) 6bixb npeAcxaBJieno bi> BiiA'b 2/— x)-" tj'^, TaKij qxo 

3T0 ecxb ypaBHeHie npaMofl .iHHin, yKJiOHij Koxopofi: ~~ 
K Koxopafl ^pox6JI,HX^ qepea'L xonixy, ;i,.ia Koxopoft npii x = 0, 



y = , HasbiBacMyKj xoqKofl ( 0, -y - ] . TaKHM'L o6pa30MT> 



ix-\~2y^b iipoxo;i,Hxx» nepea-b xoqiiy x—0, y — 2^\2 iipa 
yKJiOHt paBHOMT) — 2, X. e. cb yMeHbrneHieMt iy no Mtpt 
yBejiHicHia x, Ha^'hiocb, qxo bh Ha^epxnxe JiHHiio y = 2^\2 — 2x 
II Hafl;i,ere ea oxjiiiqie ovh jiimiH y — 2^\2-\-2x. 3aM'txbxe, 
4X0 noApaayMtBaexca no^x noji03KHxejibHbiMT> h oxpHU,axejib- 
HUMT, yivJioHOM-b. HaqepxHxe abcKOJibKo KpiiBbixx, h onpe;^'fe- 
.iiixe npH6jiH3iixe.ibH0 na rjia3'b yKJiOH^ hxT} atcKOJibKiixT. 
M'tcxaxTj. 

13. SaAaHM Ha npHMyio JiMHiio. 

1. Jlaaii YKJioH'b npaMofl jurain; ecjiH bw irpiioaBHxe eme 
ycioBie, hxo ona npoxo^HXT* qepesb xo^Ky a? = 3, y — 2, xo 
KdKOBO ypaBHeaie arofi .iimiflV Ilycxb yooH-b dyjiexi* 0*35. 
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ypaBHenie aojihcho iiMtob bii;i;t> y = a-^0'3bx, tji:1 a — 

HeHSBtCTHO. 

Ho (3,2) ecTb TO^Ka na aiofi JiHHiH, c.!it;i,OBaTeJibHO 2 = a — 
-[-0'35 X 3, HJiH a = 0*95, OTCioAa ypaBHenie JiHHin, y=^0'^b — 
4-0-35 X. 

2. KaKOBT* yKJiOH'L HtKOTopoft JiFHiH, npoxo;i,amefl noAt 
npflMi>iMT> jTJiowb Ki> JiHHiH y = a-^bx} ITycTb AB dyAei'L 
AaHHaa jiHHia, iiepeciKaiomaa OX bi> Tomi'h C. Torji,a b — 




^epi. 5. 



— tg BOX. EcJiH DE ecTb fltKOTopaa jiHHia, upoxoAamaa noA't 
npaMLiMTi yrjiOMt nepBofl, to ea yoon^ fiy^eTt tg DEX 

HJIH — tg DEC imi - -r^^-. 1 



cofg BCE HJIH— . 



1 



HiaKt 2/ — ^ — ecTb THHHqHoe ypaBHeme Bcix'b jih- 

Hifi, HaOOHBHHblX'b HOA'B HpaMblMTj yrJIOM'b JIHHiH y a -\- 

-\- hx; A — H'liKOTopoe nocToaHHoe. 

3. r^'Ii ToqKa nepec^hqeaia abjxi> jiHHifi Ax-\-By-{- 

-\-C=0 H Mx ■-{-Ny-\-S=' 0? OTB'hTl), B^b TO^Kk CT> Koop- 

jlHHaTaMH X E y, y;i,oBJieTBopaK)niHMH oSohmt, ypaBHeniaM'b. 
TaKHM^ odpaaoMij mwh nyacHo p'tmnxb cHcieMy AByx'b ypaB- 
Henifi, Ha qxo jtaexx naM^ OTBi&T'b ajieMeHTapnaji Ajire6pa. 

4. Korji,a tgoi h tg^ HSBtcTHbi, to JierKO Hafixn tg{oi—^), 
a cjitAOBaxejibHo, Kor^a ;i,aHbi ab'^ npaMbia y^a-^- hx n 
y~m-{-fu\ TO JierKO HafixH yroji'b MeHCAy hhmh. 
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5. JHHia y — a-\-bx npoxo^i.H'rL qepeq-L tohkh x=l, 
y — 2 n z = y~l\ HafixH a n b. 

6. Jlvimsi y = a-{-bx nanpaBJiena no;i,'i> npaMMMi) yrjioMt 
Kt jiHHiH y = 2-\-'SxR npoKOj^HTi) qepeai, to^kj x=^l, y= I. 
HaflTH a n b, 

14. FloJiyMeHie dMriMpMMecKHX'b 4)opMyji'b. 

Ko^;^a Jia6opaTopiH mu npoHSBejiH HSMipeHia ;^Byx'I> bbjihhhh'I), 
KOTopufl daBHCHTb o^Ha oTb j^pypoft, Mu HM^eMi) TadJiHuy, noKasbiBaH)- 
myiD cooTHoraeHie miRflj aTHMH AByMa BejiHHHHaMH, h, acejraa ysHaib, 
H^Tb in npocToro OTHomeHia mTRjij EEm, naHOCHMi sth BejiHMbuu 
Bi noflxoj^ameMi MacniTaSt, KaKi Koop^^HHaTw to^gki Ha KJi-feiqaTKy. 
EcjiH H-feKOTopaa npaBHJiBHaa KpHsaa (KpHBaa Seat ocofieHHuxi to- 
HeKi>, KaKT) a B^ocJI•fe;^CTBiH 6yAy ee naauBaTi.), noBH^aMOMy, Moaei'b 
npoflTH qepea-L BCt to^kh, vlcmjohs^b BosMoatHuxi) omnooKi HaMtpeaia, 
TO MU npoCyeMt nojiyHHTt ^opMyjiy ^ = /* (x\ icoTopaa Moatert 6hti> 
Ha3BaHa saKOHOMi, hjih cooxHomeHieMi, CBaauBaioiiinM'L sejiHHHHu, Ha- 
SBaHHua x IS. y. 

EcjiH TO'iKH, ^0BH;^HM0My, jieaarB Ha npaMoft jiHHia, to, hto6u 
HaflTH cawoe BtpoflTHoe ea nojioaceHie, nojutayiOTca HaTHHyTofi HHTbio. 
EcTb cKyHHufi a:!ire6paHHecKifl MeTo;^^ Haxoa5;^eHia npaMoft JiHHin, ko- 
Topaa cooTB^TCTByeTi nojoKeHiio ToieKt, HaHMeHbmeft omHOKOft, ho 
;^jia MHCTO HHaenepHMxi uijiett MeTOAT> HaTanyTofi hhth ;^aeTi» ;nocTa- 

TOHHyiO TO^HOCTL. 

Ecjih KpHBaa cjitAyeTi., noBHitHMOMy, TaKOMy saKony, KaKL y = 
= a + bx'^'> TO HaHocHMi y h KBa;i;paTb Ha6JlID;^eHHofl ^ojihhhhu, koto- 
pyH) MU Ha3UBaeMT> x, KaKi Koop^HnaTU toiokI), h hocmotphmi, Jie- 
maTt iH OHt Ha npaMofi JiHHin. Ecjih KpHBaa, noBH;iHMOMy, cjitAyeTt 

ax ^ . , 

TaKOMy aaKony, KaKi* y — jqi"^ (1), hto paBHocHJibHo -^-\-by = 

— a, TO AtJiHMi> Kaa^oe h3t» KOJinqecTBi, KOTopua mu naauBaeM^ ^, wa 
cooTB^TCTByiomyH) BejiHHHHy X. Ha30BeMi> 3T0 OTHomeuie X Teneps 
HaneceMt bgjihhhhu X h ^ na KJitoaTK-fe; eciH npaMaa Jinnia npoxo- 
4HTI ^epea-L naneceHHua toikh, to, anaHHTi, mu HMieMi aaKOH-b 

X = A-\- By, HJIH ^ — A-\- By, mu y = | —^Bx ' ^^^'^AOBaTejitHo^ 
(1)— npaBHJibHO. 

06UKU0BeHH0 MU MOaeM-b npHMtHHTb MeTO;^^ HaTHHyTOfl hhth, 

KO^;^a HaxoAHMi> B-fepoaTHocTb cymecTBOBaHia saKona, co^epaamaro 

TOJIbKO ;^B•fe nOCTOaHHUXT). 

TaKb ^pe;^^OJIoaHM^, qTo mu 6epeMT> HaMtpoHia h3x Toft MacTH 
HH;iHKaTopHott ;^iarpaMMU ra30Boft Mamnnu, KOTopaa cooTB'feTCTByeTT> 
pacfflnpemio. Jim MHorHX-b utjieii saaHO nojiyHHTb aMnnpHqecKyio (j)op- 
Myjiy, CBaauBaiouiyH) p h ;^aBJIeHie h o6ieMT.. ^ Bcer^a Haxo;i;HJii, 
HTo npeKpacnyio TOMHOCTb ;i;aeT'b cooTHonienie pv* = C, rjift s h C — jiBt 
HOCToaHHbia. Jtja nacb ho oco6eHHO BaaHO aHHTb C, ho, eciH 
CTBHTOJibHO cymecTByeT^ TaKoe cooTHonieme, to BecbMa Baana bojih- 
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MHHa S *). %06m HCnUTaib, HMteTL JIH MtCTO 3T0 cooTHOineHie, Ha- 
HOCHMl log p H log 17, KaKt KOOpj^HHaTH TOHeKl. Ha KltlMaTK* (Bt 

dTOMi> cjiyqat moxho B3aTb h o6uKHOBeHHue JiorapHOMu). Ecjih oet 
jioacaTca npH6jiii3HTejirbH0 na npaMott iiHHiQ, to mu BH]i,wb, mto 

log 2? + 5 log v = c 

nocTOflHHOMy, H ciajio 6uti> 3to cooTHomeHie ;^McTBHTeJibHo nMterB 

MtCTO. 

Ko^;^a mu aejiaemx c^tjiaTb npo6y c^ (JjopMyjioft, co^epaiamefi ipa 
HeaasHCHMua nocToaHHHfl, to qacTo CuBaerb, hto mm Mo»eMT> npn- 
BecTH ee kt. bhij^y 

Av + Bw+Cz = i •. . . . (2), 

r;^t i\ tv H z co;^epiKaTT> x e y bi> HiKOTopoMi BH;^i. TaK-b CA^jaeMi 
a-\-hx 

npooy cb (})opMyjiofl yz=j-^— : mu HMteMt ^ + ^-^2/ = « + ^-^ 
y c h 

HJiH ^ + "5 ~" a" ^ ~ ^^^^^ y cooTBtTCTBycTT. BUffleyKasaHHOMy 

V, Xy COOTB^TCTByeTl W H X COOTBteTByCTl z. 

EcjH (2) HMteTb Mtcfo, H ecjH xc vi z HaHeceHU, Kairb tph ko- 

OpAHHaTU B-b npOCTpaHCTB-fe, TO BCfe STH TOMKH ;^OiI»HM JieaaTb BT> Oi^- 

Hofi njiocKOCTH. 3to MOKOTb 6uTb HenocpOACTBeHHO npoBtpeHO npH 
noMoina TpexT) CTopoHi ;tepeBaHHaro amnKa n HtcKOJibKHX-b mapuKOBi, 
HaAtTuSi. aa kohi;u aaocTpeHHUxi npoBOJioKi*; hto6u onpeA"feJiHTb 3Ty 
MOCKocTb, MoaHO norpy3HTb amHKii Bi pesepByap-b BOAoft a no- 
CMOTptTb, JieaaTb jih act mapaKa bT) hjiockoctb aoaepxHOCTa Bo;^u. 



*) S^tcb ato aastcTaaro (j)B3BqecKaro ocaoaaaia oaa^aTb cyme- 
CTBoaaaia no;;o6aaro cooTHomeaia. Caanajia a ^tyMajii, mto, MoaeTi 
6uTi>, cjny^afiao 6ojibmaacTBO BUHepMeaauxi) KpaBbixi OKaaajiacb aoxo- 
aaMB aa ranep6ojiu a ^ojiaau aoTOMy apaCjiaaaTeJibao CJii^AoaaTb aa- 
Koay yx^—C^ ao a aaraejri aoTOMT>, hto 3to ;^aJIeKO ae 6ujit cjiynaft. 
Cjit^yioaiifi (j)aKT'b aaciyaaaaeTi, aaaMaaia. Kor^a mob CTy;^eBTu, apo- 
Btpaa BuaIeapBBe;^eaHoe apaBBJio, aaxo^ajB, hto tomkb, cootb^tctbo- 
BaBoiia axi log p a log i\ ae Jieaarb aa npaMott jiaala, a aaxo^ajn, 
1IT0 oaa c^tjrajiB oraaSKy a-b ao^CHeTt aayTpeaaaro o6ieMa. CjiamKOM-b 
Gojbuioft HJia cjiBBiKOMi MBJiufi o6'beMT> ;^aJOT^ B'b peayjibTaTt yajoae- 
Hie B'b Ty aaa ^ipyryio cxopoay oti apaMofi. Ecjib TOJbKO BMteTCa 
TaKaa aMaapanecicaa (j)opMyjia, to bo Maoraxi auqacjieaiaxi y^oCao 
em aoJibsoaaTbca. Ecjih ae ea ae BM-feerca, to apaxoABTca pyKOBo;i;- 
CTBoaaTbca apaaajiaMB, ^aHabiMH ;^JIa apoBe;;eaia KacaTejibauxi) kt» 
Kpaaofi. BuaaeTT) o^eab aeTepecao aacTaBBTb atcKOJibKax-b CTy;^eaTOBL 
aponepTBTb o^ay a Ty ae KpBByio, aaMtTaa-b aa aeft ;^Bt tohkb, a 
ape;^JIoaBTb BM-b actM^ BeaaaacBMO APyr^ orb APyra npoaecTB ki axT> 
KpHBUMT) B'b aTBx-b TOHKaxt KacaTajbHUB H BaM^fepBTb ypojit MeaJ^y 

BBMB. y;^BBHTeJIbBO SUBaeTb BHJl,iTb, BaCKOIbKO OTJIBHaK)TCa J^pyr'bOT'L 

Apyra oojiyHeaaue bmh Jiaaia b yrjiu. IIpe;^JIoaHTe HM-b acfeM-b npa- 
6jiB3BTftJibao aaM-fepBTb pa^iyci apaBaaau apHBoft B'b Kaaott jib6o Tomrfe; 
B'b aToMt cjiyiat pa3BBi;a aojiy^BTca ea^e (5o.ibaiaa, HtM'b paabme. 
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Si noJbsoBajica laKae h MeTo;^o5i'i) HaMepiaTenbHoit reoMeipm :[]ia. 
onpe;^lJJIeHia djiockocth, ho e^ti hh oahofo MeTo;^a, He iicKJiJO^afl n 
npHMtHesHaro mhok), KOTopufi: 6w mrb cpaBHHTBca no npociort ri> 
^peAMJ^yIHHMl> MeTOAOMi> HaiaHyTo^ hhth. 

He MomeTB 6utl ;^aHO CTporHxt npaBHJii) ;pa npoB-fepKH BceBoa- 

MOaHUX'L 3MnHpHqeCKHKT> (f)OpMyJI^, COCTaBJeHHUXl) no Ha6jIK)AeHHUM'I> 

qncjaMt. CTy;^eH'^» ;;0JiH:eHi» noMHHTb, mto ero ({)opMyjia aMnHpHHecKaa, 
H OHi> He ;^0JiHteHi nocxynaib ct nefi, mKi> 6y;i,T0 6u oat OTKpwji 

eCTeCTBeHHHfi aaKOH-L Heo6UKHOBeHHOa TO^HOCTH. 

EciH j^pyria (J)opMyjiu oKaawBaioTca HecocToaTejibHUMn, mh npo- 
6yeMT> 

y = a -\- hx -\- cx^ + ex^ -\- n t. 

ihKh KaKi MM SHaeMt, UTO npn ;^ocTaTOMHHXi npeAlJ-iaxt aia (j)opMyaa 
6yAeTL yj^OBJieTBopaTL jiioooft KpHBoft. Ecih HMteica do.ite i^Byxi no- 
CToaHHUxt, MM HXi Bt 6ojibmHHCTBt cjiyHaeBi onpe^toeMi noMomi>K> 
KDonoTJiHBaro. laK-L HaawBaeMaro, MeTo;^a HaHMeHLmaxi KBa;^paT0B^l. 
Hto6m ysHaib, cjil^MioTb m ^aBJieHie n leMnepaTypa HacMmeaHaro 
napa saKoay pz=a{H-{- jS)** . . . (3), r^t 9, hojioxhmi, TCMnepaxypa no 
IlejiBciio, HyatHO onpe;^tjiHTB Tpn nocxoflHHMa. E;^HHCTBeHHMfi Bnoant 
ycn-feraHMft cnoco6i>, HcnMianHMfi mhok), coctohtl bTj y^a;^MBaHiH ,3, H 
3HaH), HTO 3— 6jiH3Ka KT. 40*^. H npomy o;^Horo CTyj^eHia nonpoCoBaib 
3 z= 40, ;^py^o^o ? 41°, xpeTbaro = 39° a x. oxt> hhxi xpe- 
6yexca Haflxa cooxHonieaie (3), Koxopoe caMMMii xo'iHMM'b o^SpaaoM-b 
npe;icxaBHrb aaBHCHMOcxb MejK^y p a 0, nojioHCHMt, MeK;^y npeAtiaMH 
p — 1 4>yH. Ha KB. ;i,M. in p— 150. Toxt, kxo uojiyHHXT> npaMyio in- 
HiK), HaHoojite xohho npoxoAamyio Me3K;^y xoHKaMH, Kor;;a log p a 
log (9 4- 3) npaaaxbi aa Koop;^HHaxM axX), HMtexi caMoe 6jiH3Koe K-b 
HCXHHHOMy aaaHeHie p. HaoCpixaxejibHMe cxy;^eHXbI Moryxi) ycoBepmea- 
cxBOBaxb 3xoxT> cnocoSTj. (Cm. KOHem* I oaBM). 

15. C^HiaeM'L cBOHMt ;i,o.iroMi> HanoMKnib, mo, ecia 

ly a -j- ^-^'i TO ^ = & H, ecjiii = 7>, TO ij — A-\- hx. rjt 
^ dx dx 

A — HfeKOTopa^a nocToanHaa. 

J,OKam'eMi) 3to aJireSpaimecKH. 

TlycTh y — a-\- bx. Bo3bMeMT> H'feKOTOpoe ^acTHoe , saa^ie- 
Hie ;i.ia x ii BHHiicjnMT> y. 3aT'tMT> oepeMi, hoboc SHa^eHie 
A^iH X, HasHBacMT, ero x-\-^jx r BH^HCjaeMij hoboo y, — na- 
aoBCM'L ero y-\-oy. 

BHqra y = a-\-hx, Haxo;^!!^!^ 

01/ 

ox 



H, TaKT> KaKi), KaKt 6hi Maju hh 6i>i.ih 8:1; h Si/, utl otho- 




^epT. 6. 

16. Ha KpHBofi qepx. 6 ecTb nojiowMiejibHbiK yKJiOHL (?/ 

eospacmaemz cl yBejiHqeHieMT> ^c) bt, 'lacxaxt AB, DF h 
i/J H OTpMi^aiejibHwK yKJiOHT> {y yMemmaemcH no Mtpt yBe- 
jH^eHia a) B-B qacxaxt i?D h jF7/. yKJiOHi) paBeHi* nyjio 

Wh B H F, KOTOpLia HaSHBaiOTCH TOqKaMH MaKCHMyMa HJIH 

TO^KaMH, r;i,i y maximum, a xaKSKe paBeni) b-l ToqKaxT> 
D u H, KOTopbia cyxb totoh MMHMMyMa. To^Ka jS cctl oji,Ha 
Hsx Ttx-L, Bx KOTopLiXTb yooHt nepecTacTi) BospacTaxf) h 
HH^HHaext yMeHbmaxbca: axo — xo^na nepernfia. 

3aMtxHM'b, qxo, ecjiH mw sKejaeMX) yanaxb yiaoHX) B-b xouKi 
P, Mbi CHaqajia ii36HpaeM'b xo^Ky F, GjiisKyio kx* P. (npe;^- 
cxaBbxe ce6i, qxo Ha qepx. 6 HeCojbmaa nacxb KpiiBofi yBe- 
jinqena bi> xbicaiy pa3T>). RhsoBem PS=x, PQ = y, yF=^ 
= x-{-ox, FL = y^mj, xaKX, mxo PM—ox. FM—mj.lid- 

nepb FM\PM iijii ~ ecxb cpedmu yoonX) Meacj^y P h J^. 

Oht> paBeHX> tg FPM. 

npe/lcxaBHMX) ceCh xoxi ace nepxemX), ho cb xo^Kofi F^ 
6oxfee 6jH3Kofl K-b P. 3aMixifMX>, qxo npaMaa JiHHifl: FP ilih 
jP'P luii F^P Bce Qojie h 6o;rfee npuS.inacaexcH K'b xoMy, 
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qio MH HasbiBaeMT, KacaiejibHoS Kt KpnBofi to^k* P. Bo 
Bctxi* CJIyqa^ax'L g| ecTb tg yrjia, KOTopHfi jiHHia FP hjih 
jp''P MH jF"P cocTaBJfleT'L ropHSOHxajiLHofi JiHHiefl, laKt 

™ Mb! BHAHM'L, ITO B'b npcd'ihMfb YKJOHt JIHHm HJIH ^ B^ 

ax 

TOHKi P ecTb TanreHCb yoa, KOTopHfi cocTaBjiaerb Kacarejib- 
HaH BT* P CB ocbH) X-OB-L. HoJioacHMT, ^ajrhe, hto BMtcxorpy- 
6aro cy»;^eHia na rjiaa^, KaKi. 
Mbi 3T0 c;i,'hjiajH npeacjte npn 
pascMOxpimH nepx. 6, mh ace- 
jiaeMTj H3MtpHXb BecBMa xniia- 
xe.ibHo yooH'L B'b Hteoxopofi 
xoqrt P; saMtxHM'b, qxo yKJiouh 
m\ saBHCHX'b oxx> xoro, r;i;t Ha- 
xoAHXca ocb X-OBX), iHmb 6bi 
OHa 6bMa ropHSOHiajibHa, h a, 
npHMiHfla ;i;aHHoe s^bcb npa- 
BHJio, npoBOHcy OX nuoice xofi 
qacxH KpiiBofi, B'b Koxopoft 3a- qepT. 7. 

HMMaiocb oiipe;i,'tjieHieM'b yoo- 
Ha. npoBo;i;HM'L KacaxejbHyio 

PR KX) KpHBofi, nepecfeKaiomyK) OX bx> P. HxaKX> yKJioHx> 
iipeACxaBjraexx> co6oft tg PRX. Kcjin qepxeacx> h o6o3HaqeHia 
CT.'bjiaHH no MOHMx> yKa3aHiaMT>, xo Mbi saMtxHMx,, qxo PBX 
Bcerjta ocxpHfi yroax>, Korii,a yKjroHx> noJioacHxejibHHfi h Bcer;iia 
xynofi, Kor^a yooHX) oxpni^axejieHX. He cji'fe;iyexx> 3a6biBaxb, 
qxo noAx> yKJioHOMx> KpwBofi B'b H'feKoxopofi xoqK* nojiipasyMt- 
Baexca BeJiH^Hna npHpamenia y oxnocnxejibHO h qxO mh 
M03KeMX> Ha3Baxb ero hjih yKAonoMo KpHBOfi, hjih fg PRQ, 

HJTH CHMBOJOMX> ^ HJIH «np0M3B0AH0tt OTT> y HO X», H HOJIj'b 

BC^MH 3XHMH Ha3BaHiaMH noj^pasyMtfiaexcfl o;i,Ha h xa 3Ke 
Bemb. 

BcHKifi 3Haex^, hxo noApasyMfeBaroxX), Kor^a, Hji,a bx> ropy, 
roBopaxX). qxo yKJiOHt Mtaaexca, yKJiOHx> yMenbuiaexca, yKJioHx> 
B03pacxaexx>, h bx> axoMx nonaxin yjKe saKJiioqaexca ocHOBHaa 
H^ea aHajiH3a. 
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1 7. Mh Bci SHaeM-B, hto noApasyMiBaeTCH, Korj^a btj Hce- 

JliSHOAOpoaCHOBTL nofeA^ mh rOBOpHMl,, HTO «tAeM"b CO CKopo- 

CTbK) 30 MMJib BT» Hac"b». PasB* BH ji,yMaeTe npn aTOMi>, qxo 
MH Bi) nocjitjpiifi ^acT> npotxajiH 30 MHJib, hjih qio b'b cjii- 
;i,yK)mifi qacT> A'tficTBHiejibHO npoiAGM'L 30 mhjil? KoneqHo 
HtTL. Mh MoaceTT* 6HTb TOJbKo 10 mEjTh TOMy Haaajiit bh- 
ixajLH CL KOHewofi CTaHD^iH; B'b cjit;i;yB)myK) ceKynjiy MOSKeTt 
npoM3ofiTH Kpyinenie nofe;i;a. To, hto mh noApaayMiBayM-b, aio 
npocTO TO, TITO nocjuijiiHee paacToaHie bt^ 3 mhjih 6um npofi- 
;i,eHO B'B ^lio qaca, hjih cKopte, ^to nociiAHee paacToaHie B'b 
0*0003 MHJIH 6biJio npoftj^eno bt, O'OOOOL qaca. H 3to ne 
BHOJiHi Toqno; no Mipi Toro, KaK'B mh 6epeMT> paacToama see 
KopoHe H Kopoqe h ji.ijiHM'b HX'b Ha npoMemyrKH BpeMenn, bt> 
TeieniH KOTopHXT> ohh npofiAenn, mh Bce 6ojiie npHfijiHaca- 
eMCfl Kh HCTHHHofi BejiH^HH* cKopocTH. HHffiecjit;^yK)n;aH Ta6- 
jiHua noKasbiBaerL, Kama paacTOflHia npoxoj^HT'b cbo6oji,ho na- 
;^aH)ni,ee t^jio B'b JIoHjiioHb bb npoMeacyTKH BpeMenn, cjitji.y- 
lomie noojri ji.Byx'h ceKyHAT», iiporaeAniHX'b oti> naqajia naj^enia. 
^To ecTb, TyTTf fl;aHH pascToama, npofiAeaHbia bb npoMeacy- 
TOKT) BpeMeHH mm^j 2 ceKyH;i,aMH, cqHTaa on nanajia na- 
^enia, h 2*1 hjih 2*01 hjih 2*001 ceK. Kaacjioe m^b STHXt 
paacToanift, paaj^ijiOHHoe aa npoMencyTOK'b BpeMean, fl.acT'b 
cpeAHioio cKopocTB B'b dTOTh npoMcacyTOKT, BpeMeHH. 



npoMeacyTOKT) BpeMeHH 


B'B ceK. 


0-1 


0-01 


0-001 


PaacTOHHie bt> i^yTaxT,, 


npoxo- 








;i,HMoe naAaroni.HM'b tIiiomt> 


6-601 


0-6456 


0-064416 


CpeJ^Hia .CKopocTH 




66-01 


64-56 


64-416 



Mh bh^hmb, qTO no Mtp'fe Toro, KaK'B mbi npoMeacyTOK'B 
BpeMeHH nocji't AByx'B ceKya^'B SepeM-B Bce Menbnie h Menb- 
Hie, cpejiiHaa cKopocTB bt> stotb npoMeacyTOK'B BpeMeHH npn- 
6jiH»caeTca Bce 6ojibe h So.ite k'b HCTHHHofi BejtHUHH'fe CKopo- 
CTH BT> MOMeHTT* cooTB'hTCTByioniiiii 2 ceKyH;i;aM'B otb naqajia 
na^enia, KOTopaa touho paBna 64*4 (j)yTa B'b ceKyHAy. Mh 

MO'iKeM'B HafiTH HCTHHHyiO CKOpOCTB B'B H'^KOTOpBlfi MOMCHTB 

BpeMeHH, Kor^a mbi 3HaeM'B 3aK0HT>, CBa3biBaioin;ifi s Et, KaKT> 
Bij^Ho H3'B ca't;i,yiomaro. 

IlyCTb S=16*lt^ XOpomO H3BtCTHHfi SaKOH'b flJia Thji'b 

CBo6o;iHo na^aiomHXT. bb JIohj^oh'^. Ecjih t j^ano, to mh mo- 
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aceji'L BbiqHCJinTb s. Ecih t ^afjAit HtcKOJbKO oojbmyio Be.in- 
HHHy, KOTopyio HasoBeM-L t + ot (3;^tcb 6^ — ecTb chmbojij 
o6o3HaHeHifl secbMa Majoft ^acxn speMCHH; aro ne o X ^, ho 
coBepmeHHo ;ipyraa Bemb); h, ecni mh naaoBeM'b cooTBtx- 
CTByiomee pascTO^nie s + os, lorjia s + os= 16 -1 (t + ot)^ 



H.1H 16*1 I + 2t.ot + {oty \ . Oiciojiia no BbraiTaHiH no.iy- 



miwb 65=16*1 I 2t,ot + (of)^ [, ii 9Ta (|)opMy.ia ;^aeT'b 



H^,M^ B03MoacHocTb TO^HO BbiqncjiiiTb pa3CT0flHie, npofijOHHoe 
BT, upoMeacyTOK'b BpeMeHH mTKjy MOMenioM'b t h momohtom'l 
^ + 6^. Cpe;i,Hafl cKopocTb b^ btotti npoMesKyxoKi) BpeMeHii = 

OS 



HenpeM'feHHo saMtxbxe, qxo 3xo aScojioxHO Bbpno. SA'fecb 
H'fcxi. Kaivofi Hn6y;i,b nexo^HOcxn. 

Tenepb h no;i,xoacy kx* BaacHofi nj^et; 3^ j^tjaexca bco 

MOHbine II MeHbuie, iipH5jiHHiaexcfl Bce 6ojte ii ooxbe Kh 



32*2^, npH qeMT, APyrofi q.ieHX> 16 '1 A'fejaexca Bce MCHb- 
ffle H MCHbDie, n noaxoMy Mbi roBopHMX, ixo Bb npcAt/it 

OS 

xoTOO paBHO 32 -2 t, 

OS 

IIpea'b.ibHa)i BCiHiHEa Kor;;a 6e3K0HenH0 yobiBaexii, 

ds Y . 

Ha3biBaexca hoii cxeiieHbio HSMXHeHia 5 cb yBeJiiqenieMx^ 

f, HJIl np0H3B0;iiH0fi S no ^, HJH CKOpOCXbH) BX> MOMenXX) t. 

Tenepb B'tpoaxno He npe;i,cxaBHXx> 6ojbniofi xpy;],HocxH no- 
HHXb H;^eH) npe^'LibHofl BejrnqHHi. HiKoxopwe cocxaBiLiH 
ce6'fe noHHxie^ nxo ohh bx> axoMi) c.iyqat Haxo;i,HXX> H'tqro xa- 
Koe, qxo xo.ibKo npH6.iH3HxejbH0 B'fepHO. Bxo npoHCxoAHX'b qa- 
cxo noxoMy, qxo hxt* yqnxejib roBopnjn, nM-b xaida Ben^n, 
KaKT) «ox6pocHMT> 16'16^, xaKX) Kait-b ono Ma.io^>, n.in «nycxb 
(It 6y;^exi> HtKoxopbift 6e3K0HeqH0 Majibifi npoMe3KyxoKx> Bpe- 
MeHn» H OHH npo;[i,o.i3caH)X'b ceoi ;i'fejiHXb Ha Hero BejinuHHw, 
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noKasBiBaa 3thm^, ^to xoth oh ohh npoacHJiH b^kl Maey- 
caHJia, OHH HHKorAa ne 6y;i,yT^ HMixb 3ApaBaro CMHCja hh- 
jEOHepa. 

Bi> ;^py^o^o po^a cMyni;eHie MoryTX npHsecTH xi, kto ro- 

^ OS ds 

BopHT'L: «nycTb ot = o, xor^a mii lam to h xaKia 

T0». IIpaBHJihHoe onpeAtJieme laKOBo: «no Mtpt loro, Kaivt 

6^ 6e3K0HeqHo yfiBiBaeTTi, npHfijiHacaeTCH Bce 6ojite h 6o- 

xie KT> KOHe^Hofl BejTH^HH'b 32*2 1»; Kara a ysKe roBopnjT>, 
BCffKOMy Ha mmji,om> mary hphxoahtch cxajiKHBaTbCH cl no- 
HflxieMTi npeji'bji'fe. 

EcjH MM Hsx 3aK0Ha, CBaabiBaiomaro s e t, Haxo^HM^ 

HJH CKOpOCTb, TO Mb! TOBOpHM'b, HTO AM4)4>6peHHMpyeMT> S 

110 ^. Korji,a naMT, ;^aHO h mh npoH3Bo;i,HM'b jiiMcTBie 

oSpaTHoe BbiffleyKa3aHH0My, to mbi roBopHM-b, wro mh mhtg- 
rpMpyeM'b. 

Ecjih6h MHi npHmjiocb odMCHATb Bce aTO Ha j[OKU,iaxT», 
H AOJibme ocTaHOBHjica 6bi na pas'bflCHeHiH Toqnaro noHHTia 
BbimeyKa3aHHofi BejinqKHi h noMombio nicKOJibKHX'b m,m- 
CTpauifi noacHHJi'b 6bi ea snaqenie. Ho to, qxo Kaacexca ne 
coBC'tM'b acHHMT) B'b KHHrb, H Ha JieKiUH ipeSyeTb h^koto- 
paro Hanpaacenia. IToaTOMy no Heo6xo;[i,HMOCTn a j^o.i}KeHi> 
orpaHHqHTbca TOJbKo 3aaBieHieM'b, qTO moh qHTaTOJiH h caMH 
MoryTTj npeKpacHO noacHHTb ce6t 3Ty H^eio, ecjin tojibko ohh 
HeMHoacKo no^yMaioT'b HaAX) nefi. Hpn tomt* Moe oaBHoe na- 
Mtpenie saKJiioqaeTca b^ tomtb, qTo6bi npiyqHTb hx-b Meate 
SoHTbca HOJibsoBaTbca cHMBOJiaMH nojiio6HHMH dyldx H fy.dx. 

18. Jim H^KOToparo j^BHacenia ^aHH s e t B-b BHAt pn^a 
qaceJiT*. Kara naMi) nayqHTb 3to ji;BHa:eHie? HanpHMip'b, B03b- 
MCMT) pocHHcaHie xoji;a noisji.a na BpejimayccKofl acejii3Hofi 
;^opori, KOTopoe saKJiroqaeTT) b-b ce6i ne tojibko cTani^iH, ho 
H HicKOibKO coTi* nyHKT0BT> MOHcjty EustoH H Rugby. Bbi6e- 
poM-b cji'6;i;yK)ni;ia (^hhbhi^h jiiJia H3MipeHia BejinqEHT): 5 nycTb 
6yAeT'b Bt MHJiax^, t bT) qacax-b h b^ Mnnyrax^. 5 = 0, ;i,o.t- 
acHO cooTBtTCTBOBaTb Eustoii'y. 
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10..23 
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10..28 


12 
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n T. ji;. I 



Oahht> cnocofi^ 3aKM)qaeTCfl bi> c.itAyiomeM'L: HaHocuMt 
BpeMena t (6epeM^ npoMcasyTKH BpeMCHH nocii 10 lacoB'b) 
no ropHSOHxaJiBgoMy nanpaBjemio h s no BepTHKa-ibnoMy na 
jiHcrfe KJitrqaTKH n npoBeAe3n> KpHByio qepeat axn to^kh. 

YnjioHh aiofi KpnBofi Bt HtKOTopoMX Mtcxt ea npeACiaB- 
jwerb CKopocTb nots^a bi> MacmxaSt, KoxopLifi 6yj^e^L aaBH- 
ctxb OTT, MacimaeoBT, BHSpannbix^ s n t, SaMtqaeMt 
ktcxa, rjb CKopocxb Be.iHKa hjh Ma.ia. Mh bhji.hm'l, ^xo mc- 
^=10.20 H ^= 10.23 CKopocxb paBHa 0. BipoaxHO 
mksj^-b Sbuni coBcpnieHHO ocxanoBJieH'B. ^xo6bi 6bixb a6co- 
jiioxHO xoqHHM'b, Heo6xo;^HMo cxt^OBaio 6u ;^axb s Bctxx* 
Be.imuwb t. a ne ajih HtKOXopwx'b xo.ibKO. Ha a ne xoiy 
axflMTi cKaaaxb, uxo xa6jiHn,a bo MHornxt BaacHbix'L npnMt- 
HeHinxt Menie nojieana, ^^m^ KpnBaa. 

EC;IH 6h notSAT* BI) HtKOXOpOM'b DyHKXi OCXaHOBHJH H 

BaiipaBBJiH Ha3a;i;^ no nanpaBJieHiio Kt Euston'y, xo mh no- 
jiymiH 6h oxpni^axejibHHfl yimoH^ na namefi KpnBofi h oipn- 
ii,axejibHyio CKopocxb. 

SaMixHMT), qxo ycKopcHie SyAyin Bejin^EHofi nsMtHeHia 
cKopocxH ct xeqenieM'b BpeMenn, Bbipaacaexcfl Be.inqHHofi h3- 
MkHenifl yoona KpnBofi. IToqeMy 6h ne Ha^epxiixb na xojtl 
ace JEHcxi SyMarn KpnByio, Koxopan noKasLiBajia 6bi jiiJiff Bca- 
Karo MOMenxa CKopocTM noiajia. yKJiOHt axofi hoboS KpHBoft 
AOjaceHT,, o'leBH^Ho, npe^cxaBjaxb co6ofi ycKopenie. Mn'fe ;i,o- 
cxaBJiaexTj y;^OBOJbcxBie Mbicjib, qxo eniie hhkxo ne AaJi'B na- 
3BaHia BejmqHHi HSMtneHia ycKopenia. 

CnMBo.Tbi, ynoxpeSjiaeMbie na npaKXiiK't, cJii;i,yK)n;ie: 
s v[ t ,pff npocxpancxBa n BpeMean; 
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CKOpOCTb V HJTH HJH HO HblOTOHOBy o6o3Haie- 

HiK) s; 

dv d?s ^ 
ycKopenie nm hjih do HbioTOHOBy ooosHa- 

qeniio 5, 

BejiH^HHa HSMtHeHm ycKopeniH jijOJiacHa 6hiTh 



dH 



SaMiTHMl), qiO -^r^ eCTB TOJIBKO CHMBOJI'B; OWh He HMteT'L 

HHHero oSmaro cb ajireOpaHHecKHM'B BBipaacenieM'B -^^^ 

Chmbojii> otot'l npocTO BSflT-b Toro, hto6h noKaaaxb, 'ito 
Mbi ji;H$4>epeHii;HpyeM'B s ABa}K;i,bi no ^. 

a yace yKaaaji^ Ha to, ^to yooHx KpHBofi Moacex'B 6HTb 
Hafi^eH^ nocTpoenieM'B KacaxeJibHofl KpHBoft, hoao^hhm'b 
ace oSpaaoM-B jierKo nafixH h ycKopenie mi> KpHBofi CKopocTH. 

19. Jtpyrofi nyxb, Jiyqmifi, ^^^wh cnoco6'b npoBe^eniH Ka- 
carejiBHoft, noHCHaeica citAyiomefi Ta6j[HD;eft. 



t 

ceKyH;^^ 



s 



006 
0-07 
0-08 
0-09 
0-10 
0-11 



0-0880 
0-2354 
0-3703 
0-4925 i 
0-6020 
0-6986 



'V 

(})yTl BX 

ceKyHAy 
MH dsidt 



ycKopcHie 
BT> (})yTax'L 
ceKyH- 
Ay^ MH 
dv/dt 



0-12 0-7821 

I 

0-13 ! 0-8525 



14-74 
13-49 
12-22 
10-95 
9-66 
8-35 
7-04 



125 
127 
127 
129 
131 
131 
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Bl) HOBOMTb MexaHH3M4 6hJI0 He06X0fl,HM0 AJIH HiK0T0p.I>IX1> 

oiipe^'tJieHHHX'B n.'fcjiefi SHaxL, KaKOBo ycKopenie tohkk A bo 
BcaKOM^ esi nojioaceHiH, h, ^toSbi cA'feJiaTb axo, a naxoji.Hji'B 
cHaqajia ea cKopocxb. BHJn> ycTpoeH'L 3anHCHBaH)in.ia npn- 
Sopi), H noJiomeHia to^kh A oiMtuajiHCb b-l npoMemyiKH Bpe- 
MCHH f, cqnTaa ottj MOiieHTa npHHSTaro 3^ nyjib. B-l TaSjiHut 
a Aaio A^iH Kaacjiiaro MOMenxa pascTOHHie A orb onpe^'feJieH- 
Hofi TO^KH H Ha3HBaio 6X0 s. EcjiH 6hi a j^ajij xa6jiHii,y ji;jih 
Bct>XT> nojoaceaifl xo^kh A ji^o xix^b iiopT>, noKa ona ae bo3- 
BpaxHxca Bi) cBoe nepBoaaqajbHoe nojioaceaie, xo 3xo 6hiJio 
6u emie Sojiie noyiaxejibao, ao BcaKifi cxyj^eaxt MoacexT) caMT> 
cocxaBHXb xaKyio xadjnuy jija. KaKoro BH6y;p) oxA^tJibaaro mc- 
xaaH3Ma, Ilycxb, aanpHMipt, s 6y;i,exi> pa3cxoaBie nopmaa 
oxx, KOBna ero xoAa. Koae^ao, xoponio noii,roxoBJieaBHfi at 
MaxeMaxH^ecKOM'L oxaoineaia HBaceaepx ae cxaaexij Ba;!,^ 
dmwL xpy;^HXbca. Owb saaexi) rpa^n^ecKifi caocoSX) ;i,Jia no- 
jyqeaia 3xoro pe3yjibxaxa b^b ciyqai aopmaa napoBoft Ma- 
aiMBH. Jl,a, ao saaext jib oa'b xaKoe npaaajio ji^m BcaKaro 
B03MOKBaro MexaaH3MaV Cxobxt> jih xpyji,a nbixaxbca aafixa 
xaKoe rpa^aqecKoe npaaajio j^Jia BcaKaro MexaBH3Ma? S^tcb 
iipeji,Jiaraexca npaanjibabifl Bnojiat corjiacaHfl ct 3;[i,paBHMX> 
CMKCJOM'L nyxb KT> o^pe;^'kleaiIo BejiaqiiBH ycKopeaia b^ jiio- 
6ofi xoqirb MexaaH3Ma, a, ecja 6u Aaace oax* ae Sburt acapo- 
fioBaaij eate Rm']m%, KpoMt Meaa a mobxt> yqeaaKOBi), xo a 
xor;i,a a 6epy aa ce6a CM'Liocxb Ay^axb, qxo oax, 3acjiya;HXT> 
aoxBajiy JHo^efi apaKxaqabixx*. j[jia. aoaaqKOBi. me oa-b ae- 
outaaM^. 

Teaepb, noj03KHMi>, qxo Macca xtjia, u,eaxpx> Koxopofl ji,bh- 
acerca xaK^, KaK-b xoqKa A, Sy^exb m (atcb itjia bi* cj)yH- 
Tax"b BT> JloHAOHt, pasAtjieHHbiK Ha 32*2) *). YMaosKaa ycKO- 
peaie bij ^yxaxij b'b ceKya;i,y ^, Koxopoe Bbi aaxoji,Hxe, aa m, 
Bbi aojiyqaxe cajiy, Koxopaa ;i,McxByexi> aa xtjo, yeeMmuean 
ero CKopocxb. Cajia fiyj^ex-b awpaaceaa bx ^yaxax^. 



*) £ HacTO H3JiaraJii cboh ;^OBOJ^I>I noJibay yaoTpe6jieHifl bt> 
KHuraxx, npe;i,Ha3HaMeHHMXt j;jih HHseHepoBt, c;^HHH^'L chjih, npHHa- 
TbixTi HMH Ha npaKTMK'fe. ii caiflTi BnpoAOJimeHiH 20 Jito nojibSOBaJicfl 
CO cTyi^eHTaMH 3Tofi CHCTeMOH (OHa ^pe;^CTaBJIae^B co6ott, co6cTBeHHo 
roBopa, TaKyK) ae aOeojiwmnyK) CHCTewy, KaKi h CHCTeMa C.G,S. mh 
noMtuiacMaa bo MHorHXt yHCOHUKax'B <poundal» CHCieMa), h bot'l no- 
^lOMy iixi. 3HaHie MexaniiKH hc ecTb npocToe KHHatHoe snaHie, cocTaB- 
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20. Mh pascMOTpt.jii cjiy^iafi ^a;^eHifl xijib, KoropoM'b 
npocxpaHCTBO^ h BpeMK cBaaaHH saKOHOM-B s = ^l2gP, r^t g 
ycKopeHie chjih xjiiKecTH paBHoe 32*2 ^yxa b^ ceKynjiiy^ bi, 
JIoH;i,oH't. Ho H MHoria Apyria napbi BemmiEii cBaaa-HU no- 
ji;o6hhmh ace 3aK0HaMH ii a npe^CTaBJUo hxt3 Boofime b'l Biifl;'fe. 

y ax^. 

nycTb ^acTHoe SHaqenie a 6yAeTT>, noJioacHM-b, a^^so. 
Tenepi), BoshMm^bx — O, x = l, x — x='S ii bT) Kaac- 
AOMi* cjiyqai BbmHciiiMt y. 

HaHeccMT) cooTB'feTCTByromiH to^kh na obTqaTRt. 

Owk jioacaTca na napaooJiflqecKoiS KpHBoft. Haxo^HMT, 

yKJIOHT, KpHBOfl (« HaSHBaiO erO ^ (BI) niKOTOpOfi TO^Kt) 

ea, jiiJi^ KOTopofi, noJiosKHM'L, x = 3] cj];'fejiaeM'B to 3Ke caMoe 
AJia :r=4, = T. ji;. HaiepTHMt HOByio KpHByio ct rfMfi 

ace Be-iii^HHaMH x, ho ct, , Kara opAHHaxaMH. ITpH oahomt* 



flfliomee Bimo oT^toHoe oTt nxt npaKifiHecKHX^ aaHaiifi, ho oho 
;^aeT^> hm-l coAepmaHie h 4)opMy TaKT> me, KaKt pyKa AaeTB (f)opMy 
jTcpMaiKt. Ct> oAHHaKOBUMij ycntxoM'b MOHtHO HanaxL paaroBapiiBaTb hi 
RiacTepcKHX'b Ha nanyaccKOMi aauK* hjih aaroBopiiTb o CHCTeMt, ko- 
Topyio H-feKOTopKie HaauBaiorB anrjiiScKofi, KaKi SynTO nenpeMtHHO aoji- 
}KHa 6wTb aHrjiificKoH xa CHCieMa, b^ KOTopofi roBopHTca o ciojihKHX'b 
TO «poun(ials» chjim, hjih o ctojibkhx^ to «poundals-(j[)yTaxi» pa6oTU. 
H, o^naKo, xi ae 4)Hjioco{j[)u yAHBJimoTCfl, hio HHacenepu iipaKTHKu 
uflTaiOTb npeaptme kt> khhjkhoA meopiu. R 6epy na' ceCa cwiiJiocTb 
aa'flBHTb, HTO BT> Hanioft CTpant ne HaftAeica hh o^Horo HHatenepa 
npaKTHKa, KOTopuft 6u cooopaacajii no SToft chctom^ «poundals». xoxa 

Bet KHH3KKH yJKO 30 JltTl nOJIbSyiOTCa aTHMH e;i,HUHuaMH. 

npaKTHMGCKOfi AKHaMHKii oAHa coKyHAa ecTb eAiiHHua BpeMenn, 
C'A^Hi fjiyTii — eAHHHua npocTpaHCTBa, OAHH^ ({)yHT^ (TaKoe riasBanie ho- 
CHXb BiiCb (j)yaTa bt> JToHAOHt) — eAHHHixa chju. H.To6bi y^oBJieTBopHTb 
rocnoAt, noAroioBJiaioniHX^ k-l J^'feflTeJIbHOCTH HHjKeHepoBi, a AOJiaieH'b 
cKaaaTb, ^T0 «eAHHHaa MaccM ecTb Macca, KOTopofi CHJia bt, 1 (j)yHT'b 
coo6maerb Bt 1 coKyHAy ^ ycKopeHie 1 (fyxt. 

Mm hc HMtcMT) HasBaHifl n,Asi ej^mmi^u Maccw, ho HHiKOHepy hh- 
KorAa h ho npnxoAHTca roBopHTb od^ HHepuiH Ttjia caMoft no ceSi. 
Ero npaBHJio TaKOBo: «bo Bctxi AHHaMH«iecKHXT> pacneTaxi, jif^na. 
Btci lijia BT. (t)yHTaxi> na 32*2, naxoAHM-b ero waccy bt> HHateHepHux-b 
eAHHHuaxT*, T. e.' bt* TaKHX-b, Koxopwa o5biKHOBeHHO noApasyaitBaTOTca 
B^ o6biAeuHoft ptHH HHaieHepoBT)». EcjiH Bu nojibsyexecL Apyrofi ch- 
CTOMofi, TO KaacAWM nojiyneHHbifi BaMH pe3yjibTan> npnxoAHTca yMHO- 
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Bsrja^^i Ha aiy KpHByio mbi BHAHMt.no Bejin^HHi ea opjiH- 
HaTi>, KaKOBt yKJOHi) nepBofi KpHBOft. EcjiH BH Sy^eTe bh- 
nep^HBaib aiH kphbbih b-l KpacKaxT>, to c^iJiaftTe KpHByio y 

^epHofi, a KpHByio ^ Kpacnofl. SaMiiHM'b hto yiLioHi, ilth 
^ B^ JiiD6oft TO^Kt paBCHT, 2a yMHoaceHHOMy Ha BeJiH^HHy 

X JlJia 9T0fi TO^KH. 

Mh Moacent CA^JiaTb axoTL b£ibo;i,'b ajirefipaaqecKH. 
KaK^ H npeac^e, fl-i^ niKOTopofi BejimnHH :r BHqncjaeM'L 
TenepB B03bMeMT> 6oJibinyio BCJinqnEy a?, KOTopyio nasoBeiTB 

X+OX, H BH»1HCJIHM1, HOBOe ^, KOTOpOe HaSOBeM'L 2/ + 

HMteMT) Tor;i;a. 

y + hy = a {x + hxy = 
= a I .x- + 2^.8.r + (6;r)2 
nocjii BH^HTaflifl nojiyHHM'B 

^y — ^ \ 2xlx-\-{hxy 

aaTL MH ;^'feJIHTB Ha HtKOTopoe KOJiHHecTBO, modH nepesecTH ero Ha 

Cnjia (J)yHTaxi noay^aeT'L outHKy wh npocmpaHcmen>^ KorAa 
;taHa pa6oTa bt> 4>yTo4>yflTaxt, hjih bo epeMenu^ Korj^a ^poH3Bo;^BTca 
HJiH TepaeTCfl KOJiHqecTBO jtBHaenia. 

JIpuMTfbph 1. TojioBKa MOJioTa Bi 2V2 $yHTa, ;^BH^aH)u^aaca co cko- 
pocTBK) 40 ^jTb ceKyHAy, ocTaHOBJieHa bi> 0*001 ceKyH;i;y. KaKaa 
cpe;^Hafl CHjia y^apa? j^aHHOMi cjiyqat Macca 6yj^eTi» 2V2 : 32*2 mh 
0*0776. KojiHHecTBO ^BHHeHia 3' 104. (KojiHHecTBO ;^BH»eHia paBHO 
npoH3Be;^eHiio waccu na CKopocTL). Cajia ecit KOjiHHecTBO ;^BH«eHia bi 
ceKyHjiy, oiKyAa cpe;^Hafl CHJia 3*104:0*001 hjih 3104 (j)yHTa. 

UpuMYbph 2, Bo;^a bt» cipyfe 6tatHTi jiHHeftHofi CKopocTBK) 20 
(J)yTT> m> ceKyHAy (oTHOCHTejibHO cocyAa, hb-l KOToparo oaa BUTOKaeTi) 
npH MomaAH cipyn bi nonepeHHOMi ct^eHiH paBHofi 0*1 kb. (fyia. 
KaKaa CHjra ^itttcTByeTL Ha cocy^'B? 

HMteMi Btci BUTCKaiomefi boau at ceKyn^^y 20 X 0*1 Ky6. 4« 
HJIH 20 X O'l X 62-3 (JiyHT. bjih Macca bi ceKyHAy bi HHaeHepHHXi 
eAHHHuaxi 6y;^eTB 20 X 0*1 X 62*3 : 32*2. Bia Macca paBHa 3*87. Ea 
KOjrHHecTBO ABH»eHia 77*4, a laKL KaKi) aio KOiHHecTBo ;^BH«eHla no- 
oouiaeica cocyAOM^ b-b o;^Hy cenyHAy, to oho h gctb CMjia AtMciByiO' 
Luafl Ha cocYA'b. 

Ciy^HrB, KOTopufi xopomeHBKO no;i,yMaeTi> Ha^i sthm-b, yOi^aTca, 
MTo aia CHJia dy^erB o;iHa h xa ate, 6yAeT'B ih caMt cocy^'B Haxo^HTBca 

BT) ABHffieHlH HJIH H^TB. 
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ox 



= 2ax -{-a. ox. 



^peACTaBHM^ ce6t, qTO hx 6e3K0HeqH0 y6HBaeT'L h npH- 
MtHKMi* CHMBOJi'b jiJiSi o6o3HaqeHifl npej^tjia BejiHqHHH 

, Tor;i;a noJiy^HMi, = 2ax, peayjiBxaT'L, yae nojiy^ien- 
HHft HaMH Ha KJifeqaxKi *). 

21. SaM^THM-B, iiTO, Korj^a mh noBTopHMt npoii.ecc'L j^h^)- 
(|)epeH^HpoBaHia, to mh nojyqHM'L b-l peayjibTarfe ^^,hot- 

(iX 

BiTT* eyAeTT) 2a. Bh ;^oji3Khh KopoTKO noanaKOMHTLCH ct ara- 

MH CHMBOJiaMH. ECJH y 4)yHKn,ifl a;, TO eCTL BeJTHHHHa 

HSMineHiH y OTHocHTCJibHO x\ Y ^<^Tb BejmqHHa HSMlmeHiff 

-r- OTHOCHTCJIbHO X, 
OX 



*) CiiMHOAUuecKu. ll^CThy=f (x).., (l),r;^'fe / (x) 03HaHaeTi HtKOTopoe 
BHpa«eHie, co;^epaal^ee x. Boshmewi HtKOTopoe SHaneflie x h bumhc- 
jiEWb y, Tenepi> BOSBMeMi x HeMHoro 66jii>me6, dgjioshmi :r -J~ 5^ m 

BUMHCJIHM'B HOBOe ^, Ha30BeMT> 610 ^ + TO^;^a 

3^ + s^^ = A^ + ^^) (2) 

BuHHTaa (1) H3^ (2) h Ha ox, 

To, MTo MM Do;^pa3yM'feBaeM'L ^o;^l> ecib npeAtJibHan sejiMMMHa 

i{x-^lx)-'f{x) 

BbipaMteHifl npH ox HeorpaHHMeHno yowBaiomcM^. 3to 

dy 

ccTb TOHHoe onpe^tjieHie -^^ . TaKoe onpe;i,^jieHie JierKo aaiiOMHHih m 

HanHcaib, h aa TaKofi oTB-ferL Ha aKaaMent caMUH MajosHaiouuS Me.io- 
BtKi HMterB upaBO nojiy^iHTL nojiHyH) OTM-feiKy. Jlerico BHjffeT}., mto 
npoH3BOAHafl ai {x) paBsa a pasT* BsaToft iipoB3Bo,7;Hofi / {x\ a laKme, 
HTo npoH3BOHHaji cyMMu /(x) + jP(x') ecTb cyMMa ^poH3Bo;^HMx^. 

3 



IiJiH. BKpaTn,t, ecTb npoMSBOAHaa otx ^ no x\ 

— ecTb npoH3BOAHafl ?/ no ^. 

IIjih TaKT.: MHTerpwpyeMi ^ nojiy^HMi. HHTerpn- 
dy 

pyeM-L H no.iyniM'L y. 

5i Ha^tiocL, qxo bh Bnojint oaijaKOMHTecb cx bthmh chm- 
BOJiaMH H noHflxiflMH. mibKO 6oiocb, ^TO BH MOffiexe 3a- 
6biTb BameMT) snaKOMCTBi cl hhmh, KorAa mh SyAeMx BMi- 
CTO ^ H 2/ ynoTpe6jiaTb Apyria jSyKBbi. 

np0H3B0AHaiI OTT, 

y = a-[-hx -j-co;^, 
r^tj ^> n c — nocTOflHHbifl, 6yji,eT'b 

HHierpaji'L Bbipaacenia 6 +2 no a; Sy^eTT) A-\-hx -1- 
-pcj-, r;Tb J. npoH3Bo.ibHoe nocTOflnnoe. 

HoAoSHbiM-b o6pa30M'b HHTerpajix h-\-hz m z 6yAeTi> 

Hnierpaji'b h-\-]cv no f 6y;i;eT'b J.-j-6«;-pi/2fci'2. 
OneHb jierKO ;^0Ka3aTI), btj BH^'fe ynpaacHeHiff, hto, ecjiH ?/ = ax^^ 
TO ^ = 3a.2;^, H saTi^M-L, HTO ocjiH ^/ = ttx^, TO = 4a:r^. Bce :>to 

dy _ 

qacTHue cjiynaH Toro aaKOHa, mto, ecm y = aji^\ to ^ = \ 

0?/ 

ripH Bbmo-iHCHin dthxi npHMtpoB^ MH nojiaraeMi, hto ^ o6pa- 
dy 

iiiaeicfl B^ HJiH, HTO 0?/ Bce oojite h 6oji'fee npH^JiHHtaeTca kt* 

BejiHHEHife hx. , no Mtpt HeorpaHHMeHHaro ySbiBania hx, 3to HHor- 
Aa BwpaacaoTCfl TaKi> 

I > I > V/ dy 
y + '^y — y -f x -j;^ 

/•(.;+o.r)==/-(x)-+-o.r-2^ (1). 
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22. PaBHOMtpHO ycKopeHHoe ABHmeHie. 

EcjH ycKopeHie -^^'^-=0 (1) 

ds 

TO, HHTerpnpya, raieM'B = 6 -f- = cKopociH v. 3a- 

wkvEUTy, qio Mb! 3A'6cb npH6aBjfleM'L HfeoTopoe nocTOflHHoe 
*, tekij KaKi), ecjiH mh ;^H(j)(|)epeH^HpyeM^> nocToaHHoe, to 
nojiyqacMt 0. S^tcb HaMt HyacHO anaiL ein;e nteoTopoe ycio- 
Bie, KOTopoe jiajio 6h naM^ BOSMOiKHocTb nafiTH Bejinq^Hy no- 
cTOflHHaro b. IlycTb 3to ycioBie 6y;i;e'rb, mto v = vo npn 
^ = 0. Tor;iia o^eBHAHO, paBHO t'o- 

ds 

TaKHM-b o^paaoM-B CKOpocTb V = — r— = Vo + a^. . . . (2). 

HHTcrpHpyeM-b eme pas'b h no-iyqaeM-b 

s = c + Vot+ '\^at\. 

OnaTb MH ;i,0JiacHbi saM'tiHTb, mto mh npn iiHxerpHpoBa- 
HiH npHSaBJifleM'b H'bKoxopoe neHSBicTHoe iiocToaHHoe. HaM^ 
;ioJi»HO 6HTb ^ano HfeoTopoe yciOBie ji^Jisi onpej^tenia bojih- 
HHHH nocTOflflHaro c. TaKi), ecjiH s = Sq npH if = 0, to axo 
^0 H ecTb BeJiHqHHa c, h TaKHM-b oepaaoMi, mh HMteMi) ca- 
Moe nojiHoe Bbipa'/Kenie aaiiona j^BHacenia 

S = 5o4-l'o^-f V2«^^ (3). 

EcjH MH npoji,H$(j)epeHi;HpyeM'b Bbipaaceme (3), to nojy- 
qjiMT, (2), ecjH ace npoAH^^epenii.HpyeM'b Bbipaaceaie (2), to 
noJiyqHMTj (1). 

23. Mh Bflj^HMT), qxo, KO/ib CKopo ciyAeHT'b yMtetb AM(j)- 
({)epeHUMpoBaTb h HHTerpHpoBarb, to QWh MoacoT-b ptmaTb cit- 
;^yK)iii,aro po^a 3a;i.aqH. 

1) EcjiH .9 ;i,aHO, KaK-L H'tKOTopaa $yHKii,ia BpeMeHH, to 
;^H(j)(|)epeHii,HpyeM'L ee n Hafi^eMT) cKopocTb Bt HiKoiopLifl mo- 
MeHTx; AH(J)(j)epeHUHpyeM^ cHosa ii nafiji.eM'L ycKopenie. 

2) EciH ycKopenie nano, KaK^ nteoTopaa ^ynKuia Bpe- 
MOHH, TO HHTerpupyeM-b ee h Hafij^eM^ CKopocTb; HHTerpa- 
pyeM^ CHOBa h nojyqHMTi npofi^eHHoe npocTpancTBO. 

SaM'hTHM'b, ^To s MOHceTT* 6biTb HO pascToaHieMT), a npofi- 
AeHHHMTi yrjoMT), Kor;i,a ABiiHceHie yr.iOBoe iLin BpamaTCJibHoe. 
Jlyqrae ero naaoBeMX bt> 3tom^ ciyqai 6. Tor,ii,a 0' hjiii 

3* 



—^^ - oyAeTT) yoaBaa cKopocxb, a 6 hjih ywoBoe ycKo- 
penie. 

24. ripMMtpbi Ha ABKweHie ci> nocTOHHHbiMi> ycKopeHieMi. 

1) YcKopeHie ce.ih laacecTH nanpaejieHO ceepxy euush h 

o6o3HaqaeTca oowKHOBeHHO g, npn qeMi> ^ = 32*2 (j[)yTa Bt ceK.* 

BT, JToHj^OHi. noJioatHMT,, ^To rfejio wh MOMeHTB ^ = 6po- 

meno BepxHKajibHO BBepx^ co cKopocxbio (J)yT'i> Bt ceKyn- 

;i;y; r;^'h oho Haxo;i;HTca iio npomecTBiH t ceKyn^'L? Ecjih pas- 

cToaHie s HSM-fepaeTca euusy eeepxz, to ycKopeHie 6yAen». 

— ^ H s = Fo^ — yogl^, (Mh ^pe;^^0JIa^aeM^ bt* dtom'l cjiyqai^ 

HTO Hixi) conpoTHBJieHia axMoccpepH, h qxo ycKopeme paBHo 

g, HanpaBJieno CBepxy bhhsx h nocxoaHHo). 

3aMiTHMi>, Hxo v= Vq — gt m hxo v = 0. Kor;i,a Fq — 
Y 

— gt = HJIH t = -^ . OxcioAa MoaceMT, HafixH s. 9x0 ;^aeT'I> 

caMyio BHcoKyio xo^Ky, Koxopofi Moacexx AocxHrnyxb xijio, 
H BpeMfl, noxpaqcHHoe na axo. 

Korjia CHOBa s = 0? KaKOBa CKopocxb? 

2) Ttjy, B3flxoMy btj ynpajKHeniH I-m'l, cooSmena KpoM'i 
BepxHKajibHofi cKopocxH eme roppoHxajibHaa cKopocxb uq, ko- 
xopafl ocxaexca hocxoahhoM. Hycxb ^r— ropH30Hxa.ibHoe pa3- 
cxoflHie xtwia oxx» na^ajibHaro nojioacenia bi> MOMenxxi BpeMe- 

d^oc doc 

HH t, xor^a = 0, =iUQVi x = UqL Ecjh mh s o6o3Ha- 
HHM'b qepe3'b :(/, xo niKOxoparo MOMenxa t nojy^HM'b 

y=rot—'l,gt\ 

HCK-imasfl t, HaxDj^HMTj y = x — ^2(7 — ^- , ^xo ecxb 

ypaBHenie napafio.ibi. 

3) EcjTH xtjio HM'feex'L cKopocxb, HanpaBjeHHyio ^OJ^'b yr- 

JI0M7. a Kl> ropH30HXy, xo Mbl MO^CeMt B'b BMmenpHBejteHHbixT> 
BbipaHceHiaxT> noxxaBHXb bm^cxo Vq n ?/o, F sin a h . 
Fcos a, H sax^Mt MoaceMT) npoH3BOAHTb BceB03M0HvHbTe nojie3- 
Hbie pacqexbi, KacaroiuiecH cnapflAOBt. 

HaqepxHxeKpHByK) A-Tfl F= 1000 (j)yx. bi* ceK. h a = 45o 



3aTiMi> Hu^epTHxe ee j^sl Toro He V, ho npa a = 60^, a 
3aTbMT> npn a = 30°. 

25. KMHeTHMecKaa SHepria. nojoacHMT), neSojibmoro 
T-fejia MaccH wi, npH ^ = 0, .9 = 0, Ha^ajibHaji cKopociL Vq h 
;i.McTByK)maa na Hero CHJia F Bti3i>iBaeT'f> ycKopenie Flm. 
KaK-L H npeAHJi.ymeM'L cjyqai ajih JiK)6oro uocji'bji.yion^aro 

AIOMBBTa 

v=vo + -^t,.il) H s = + t;o^4-V2-- . . .(2), 

npaqeM^ (2) MoaceTt Shtb HanncaHo b^ bh;!,* 5 = 

^j2t ^2vq -{- ty H jierKO BHA'tib h3x (1), mo 9to Bbipaacenie 

jipnHHMaeT^ bha'l s = 1/2^ (^o + ^), h hto cpeAHaa cKopocib 
Bt Jiio6ofi npoMeacyTOKij BpeMCHH ecxb liojiycyMMa cKopociefi 
Bi> HaqaJit h K0HD,'b aioro npoMeacyxKa. Pa6oTa, npoHSBeAeH- 
Han CHJOK) F na paacToamH .s, 6yj^eTT> Fs, Bumicma. F hsT) 

(1), nojiy^HMT, F=(v — ^0)"^" yMHoacaa na 5, Haxo^HM-b, 

1T0 paSoTa paBHa V2m(t;2~-V), qxo Bhipaa:aeTi> bck) pa- 
ooTy, saTpaneHHyio npn ABHaeHin rfejia, b^ (|)yHKi;iH ero cko- 
pocTH. HxaK'L, saxpaMCHHaa paOoxa sacxaBBJia BoapacxH 
^/2»*V \'2Wi^^; B0XT> Ho^eMy ^l2mv^ h HasHBaexca kh- 
HexliqecKofi anepriefi xtjia. 

^pyrofi cnoco6T>. IIojioaKHM^, qxo HeSojibmoe xto MaccH 
HMiiomee CKopocxb V, btj npoMe»yxoKi> BpeMCHH ot npo- 
xoAHXT> BecbMa Majioe paacxoraie os, npa ^lewh ero cKopocxb 
yBejiH^HBaexcfl na ov, h nycxb na Hero ji.iftcxByex'b cHJia F, 

Ho F = niX ycKopenie, hjih F=m h os = v .ot, xaKx* 

'IXO 

J?" . 05 = mvo^ '>^t^3t? = oE, 

ot 

ecjiH oiJ H3o6paacaexi> npHpamenie KHHexH^ecKofi onepriH xijia; 
oE 

= m.v. Ho HauiH ypaBnenia xoJibKO xo^;^a Bnojini npa- 
BHJibHbi, Kor;i;a 8s, h ^t 6e3K0HeqH0 ySbiBaioxi), oxcioj^a 
-^^- =mv^ EJiTi ciOBaMH «npoH3BOji,Haa ox^b jB no ^; panna 
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H oc.iJi MW upoHHTerf»:ipTe?rb ee no p.. nojyqHMi> 
o ^ fftKOT p»:e n oToaHH.t'- IlycTb E=0 

IW» i»n»M'i. cjyqat cpniriHrE-: lii *vef rEzn[>:BaHie n uh- 

tipll ■ -'"^ 2 zyjTS* = — . Ilia ^irjcir a np^iciaB- 

\\)'( lu /' =H s .?yci:ra-:r:- i - F e yuEBeHie 

II Iff ( ; : — = F=:r:^ , /ly.y J = - . ^r- — laiV, e*jn 
s r 2 € = \\ riT.!, \7: iLVZ?.:i^ .^Hrprin ecTi> 

.f, C i' ,i i.: I -Z_~i.ii*r£ 2 ryyiTZ rZx: y.ri3i -lEa Hax<»- 
A :r .£zz ^ n z z ^ a v-jisz coreH- 

, ; .r:.r r^T^-'.z - - ± vzHf Tzx ^ :;,£ ri^ r /ris poBHa 

;;.«' i-i: r "i^ .z^i f' :.;sz£a z:/- 55--:rH yain- 

.' ' . JL .>..:.'"_': / 21 Ir^l^Z^, ZJZ ZV*. IZ V JT 00.11. 

/ 1 *" — : ' :zr: .: — z:i : v »-r..fzf r: ->:\zacT> 
X. .'. . i.i.v. '. : z ziz z^:Zi z iz ' 7. zzzi-L^H.a pa- 



. .V' ♦ ■ ..: iiTj ji , • \ . j» t J 7U*?- 5:^ ':a- 
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no;i,o6Hi)iM'L ace oopasoMii, ecjiH jiJsi spamenia Ha Yrojn> 
ciepHxHa, BJiii npyjKHHH, hjih Kaivoro jih6o ;i.pyroro npeAMexa 
TpeOyeTCH MOMeHT-b cmjiu T h ecjiH T = ah, to sanacL 3Hep- 
rifi, RTy BHA'h aneprifl Hanpaa{eHia ii.ih uoTenuiajibHofl, 6y;^en> 
i/2<^^^^ HJIH ^loT^^- EcjiH T BhipajKeHO Bt (J)yHTO(J)yTaxi>, a 
BT> paAianax'L, to OTBtiT* nojiynHTCH bi> (})yTO(j)yHTaxT,. 

CoBepiueHHan pa6oTa = CHJia X paacTOHHie hjim MOMeHTi> cm- 
jiw X yroin>. 

27. EcjiH CTyj^eHTt SHaeTTj Koe hto OTHOCHTejiyHO ajieK- 
ipH^ecTBa, TO nycTb ohT) nepeBeAex'L na oob^eHHBifl fl3biKT> 
j^onojHeHHbifi 3aK0HT) OMa 

V = RC + L . dC/dt (1). 

SaMiTHMi), 4T0, ecjiH Ti (ombi) h L (renpH) ocxaioTCH no- 

CTOHHHblMH, eCJIH C H ^ flaMt HSB'tCTHbT, TO Mbl 3HaeMT> F, 

a ecJH HSBicTeH^ 3aK0HT> F, nepeMtHHOfl ajiCRTpoABHacymefi 

CHJIbI, TO JieiKO BHA^Tb, ^ITO AO-m'Hbl GblTB H'kKOTOpbie CHO- 

co6bi HaxoacAeHia C nepcM'tHHofi chjm TOKa. Cmotphtc na 
L, KaKT) Ha o6paTHyH) 3JieKTpoABHacyDi.yK) cHiy bt> BOJibTaxi), 
Kor^a CHja TOKa BOspacTaeTii no 1 aMHepy bx ceKyH^y. 

EcjiH CHJia TOKa b'l nepBH^Hofi oSmotk* TpaHC(j)opMaTopa, 
a cjitAOBaTejibHO h HHAyKi^in b^ atejifeh, ne HSMtnaioTCfl, to 
BO BTOpHTOOfl 06M0Tldi HC Gy^eTTb 9JieKTpoABH3Kyni.efl cnjibi/ 
JMcTBHTejibHO, 9JieKTpojiBHaiyniaH cHJia bo BTopn^Hofi o6MOTK'h 

B'L Ka/KAWfi MOMeHTt paBHa miCJiy OOOpOTOBl* BTOpHUHOfi o6- 

MOTKH, yMHoacoHHOMy Ha BejiH^HHy H3MtHeHiH B'L ceKyHAy HH- 
AyKuiH. BeJiH^HHy npHpamenia I b-l ceicyHAy mli HasoBOMTb 

npOH3BOAHOK) 0T1» I HO BpCMeHH. XoTH L MOJKeT'L 6blTb HO- 
CTOflHHOfi TOJIbKO HpH OTCyTCTBiH aceJitea, HJIH ecjiH HHAyKiiia 

oqenb Majia, h TO^maa (|)opMyjia 6yAeT'L V= BC-^-N^^ . .(2), 

(IT 

o^HaKO JierKo yCtAHTbca, ^to, na npaKTHKi, (1) cl nocxoaH- 
HbiM'L L no^TH BO Bc^Lx"L cjiyqaax'L moskbt'l 6biTb npHM^HaeMO 
(cm. nyHK. 183). 

28. EciH y = ax", h bh axe.iaeTO nafiTH , to mfL no- 



^-^.i. I Ti*.:. 'r^ iilk^ x rx 5-33 rxr^ ziz- 

--it;*:- i-l * x i x ai.:or-r ^ncs aptHryK 

: : i t::.. - 1". i 2;i x-^ x r r ^ x 3":: >r . n -xt^ r r :xii':- 
ii' : rjiT'- i: r — " - = — i rixx't I si - — I, 

•x" :.T r: -"i iiXT± z n ± cttti -i rtxs Kr. 



LuT-r-^L 1 i:xi ^1 XY v r: 



x.t L x:i I.' i . L.- I.. 
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2V 

HiaK^ npoH3Bo;^Haa otx ecTB ^x^^ ort x ''^ ecTb 

21/ 3/ 5/ 

2^2^ '^ OTl) X eCTL — ^/o^' . 

Kor;i.a mh naxoAHMi npoHaBOAHyio orb HiKOTopofi ^an- 
Hoft (})yHKn,iH, MH roBopH3n>, qxo fhi^^epenuupyeMh ee. Kor^a 

jajaiUQ, ^ , H HyacHO HaftTH y, mh roBopHM'L, mto uunmpu- 

pycMh, HtTT Heo6xoAHMOCTH paacyacAaTb o npoHOxoacAeniH 
cjiobtj diicp^epenuiajih h uunmpaAh. Ohh — TexHHqecKie lep- 

MHHH. 

J^H(j)4)epeH^HpyeM'L aj?** h naxoAHMi. nax*'~^' 
HHTerpnpyeMT, nax^~^ h HaxoAHM'B ax*'-\-c. Upn HHxe- 
rpHpoBaHin mh Bcer^a npHeaBJiaeMi, nocTOHHHoe. 

d 

. HHor/^a Mbi HHineM-b TaKi), ^ (a^r") = naj^~^ 
J nax^~^ . dx = a:t". 

SaMiTHMi), qxo MH DHnieMX y enepedu h da: noaadu (j)yHK- 
aiH, Korj^a mh xothm^ cKaaaib, qxo ee c.Tt;^yex^ Hnxerpapo- 
saxb oxHocHxejibHo x, 06a axH CHMBo.iia Heo6xoAHMbi. IIoKa 
BaMi> Heaaq-feMX JiOMaxb rojiOBy naAt xtM^, iioqeMy ynoxpefi- 
jiffioxca xt HJiH j^pyrie chmbojih *). 



*) Kor^a npiixoAHTca CKJIaJ^uBaTb BMtcT'b 6ojibraoe hhcjio nejiH- 
MHHi, KaK^ HanpHMtpi, KO^J^a npHKasMHKL noAcqHTUBaerb b^cl Ka«- 
jjaro eeooJibraoro KycKa otjihbkh u CKJia^uBaeT^ hxt> Bct BMtCTii, to, 
ecjiH 6yKBa w o6o3HaHaeTB Booome KaKofi jih6o hst* oTAtaHux^ Bt- 
coBi, Mu HacTO nojibaycMCfl chmbojiomt> ilw?, htoCu BupaaiiTb cyMMy 
Hxi> Bctx-b. Kow MU o6o3HaHaeML cyMMy 6e3KOHeHHaro qncjia Majiuxi 
seiHHHH'b, TO saMtHaeMTj rpeqecKyio 6yKBy s hjih a^hbhoH anrjiift- 

CKofl s mm J. JtScTBHTejibHO, mohcho y6t;^flTbca, hto HHTerpupoBaHio 

MOXHO paacMaTpHBaib, KaKt HaxoatAenie cyMMU no;^o6Baro poj^a. IlTaKu 

DycTb ^— opj^HHaTa KpHBoft; 3ieMeHTt njiou;aAH ecTb y . hx, m J y.dx 

H3o6paacaeTL cyMwy Bcfex^ TaKHX^ BjreMeHTOBi, hjih nojiHyK) naomaAb. 
IIo;^o6HbiMi oSpasoMi, ccjih om H3o6paacaeTT) secbMa Maayio qacTb 
Maccbi Ttjia, H r ea pascTosHie orh och, Tor^a r'^ . om HasuBaeTca 

MOMeHTOMb HBepnia om OTHOCHTeJlbHO BTOtt OCH, H 11^2 . hm HJIH 

J r- . dm H3o6paffiaeTx mombht^ HnepaiH Bcero xtjia OTiiocHTejibHo och 
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Bh ceflqacTb Hce Hafi;i,eTe, ^to He Tpyji,HO HayqHTbca ah({)- 
$epeHH.HpoBaTb KaKyio-HH6yAb H3B'icTHyio MaTeMaTH^iecKyH) 
(j|)yHKixiH). Bh JierKO mynnre djon npon.ecc^, ho unmeipupo- 
eauie ecxb npoH.ecc'L yraAHBania, h, Kaici, 6h mhofo npaKTH- 

KH BLt He HM'klH, TOJIbKO OAHflT> ^BaBbIKl>. H CM'feTJIHBOCTb MO- 

ryix pyKOBO^HTb BaMH bT) stomt. npouecci yraj^uBaflia. ^.m 
Harji^AHaro cpaBneHia moskho CKasaib, qxo, ecM AH4>$epeH- 
UHpoBanie noji;o6Ho yMHoaxCHiio, hjih BOSBeAeHiio Biy S-yio cxe- 
neHb, TO BHTerpHpoBanie no;i,o6HO A'^J^^Hiio, hjih HSBJieqeHiio 
Kopna 5-ofl cieneHH. Ki> cqacTbio HHacenepy npaxoAHica 
imtib jifk.jo cb oqeflb HeMHorHMii HHierpajiaMH, ji,a h rfe xo- 
pomo HSB'IiCTHbT. PanH y;^o6cTBa, oht, moTRen vlwItl npn ee6i 
Mil cnpaBOin> j^ocxaTOTOo nojiBbifl cnHC0Ki> hx-l cl pimeniji- 
MPi; xoxa jyqiue 6huo ubi, ecjiH 6bi OHt noy^HJica nxh caMX) 

BblBOAHXb. 

P't^KO, Kone'iHO, npHXOji,Hxca HHxerpHpoBaxb nax''~^' 9xo 
BbipaaceHie yace cjiHfflKOM'L 6bT.io ow yji,o6HO Mn HHxerpHpoBa- 
HiH. OGbiKHOBeHHO npHxojiHxca HHxerpHpoBaxb hx"^ . . .(1). fl 

3HaH), qXO OTB'tXT> CCXb . . . (2). Ho KaR-L Jl,0Ka3aXb 3X0. 

-j- 1 ^ 

JI,H(j)(J)epeHi];npyeM'b (2) h iiciyqHM'L (1), a noxoMy a anaio, 
Hxo (2) ecxb HHxerpawXb (1). fl Ao^acenx. xoabKO npnfiaBHXb 
Bo (2) KaKoe-HHoyjib nocxoHHHoe, xaKx* nasbiBaeMoe npoH3- 
Bo.ibHoe iiocxoflHHoe, xaKx> KaKi. Dpon3BOAHaa iiocxoflHHaro 0. Cxy- 
AeHXbi ;i;ojiacHbi npo^'tJiaxb H'fecKOJibKo npHjrfepoB-b; HHxerpHpo- 

Baxb, nojOH{HMT>, x\ bx^, bx ^,ax '\cx '\ ax '\ Kor^a Mbi 
iiM'fceMx> pajiX) npoH3BOAHbix'b ox'b pa3JiH'iHbixi> Bbipaacenifi, xo 
He6jiaropa3yMHO nojibsoBaxbca hmtj bt> oGpaxHOM'b CMBicji'b, x. 
e. cMoxp'txb Ha hhxX), KaK^ na pn^'b nHxerpajoBt, xaET> KaK'b 
p'h;;KO BcxptqaioxcH na npaKXHKt BbipajKeHia, xairb yj^ooHO 
cocxaB.ieHHbifl. 

HanpHMfepX) J 4x-^ . clx = x'^, ho onenb pt.TKO npHXOAHXc^ 
HHxerpnpoBaxb Ax'^, a cKop'te Sx'^, imi bx''. 

Mbi HMteM'b xenepb pa^i,!, HHxepecHbixX) pe3y.ibxaxoB'b, ho 

MiH, eciH oF ecTb ajieMeHiij oCieMa, h rn ero Macca na e;^Eflimy 
oGteiMa, Tor,ia I rhn . dV ecTi> MOMeerb iiHepuia Ttja. 
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Bce 3T0 qacTHBie cjiyqan o;i,Horo o6iniaro. JI,tficTBHTejii>HO, bh- 
paacenia 

ij = af\ y = x\ y = x\ y = x^'') 

cyTL TOJibKo TiacTHHe cjiynaH o6maro BwpaaceHia :(/ = x", h 
CTyji;eHTy noJiesHO pascMOTpfci) hxtj, KaK^ npHMipw. Hxaii^ 

— fix . 

ax 

EcjiH 1, TO npoHSBOAHaji o6pam,aeTCK Wh 1 .^'^j hjih 1. 
EcjiH « = 0, TO OHa o6pam,aeTca b^ 0.^~S hj:h 0. Ho mh, 
Bupo^eMii, yaie h paHbiue anajiH, qTO npofl3BOAHaH orL no- 
cTOflHHoM BejiHHHHBi paBHa 0. Mh snaeMii, nxo ecjiH 

2/ = a -j- fo- -[- (^^"^ 4" ^^'"^ "f" - • • ~h 

= + 6 + 2c;^' + 3e^*^ + . . . + 

H npH TaKOMT> ypoBH'fe 3HaHift MH MoaceMTj yace pimaxb ao6- 
pyio noJiOBHHy c^HTaioiD^xcfl TpyAHbiMH saAaq'b, KOTopbia 
BCTpiqaioTca B'b HHa^eHepnofi npaKTHK'fe. 

HTaKi> HaMT, cji'tji,yeTT) sanoMHHTb cjiji.yiomHxt ;i,Ba bh- 

n ^.V n-1 -L m 

BOAa: ecjiH y = ax , to -^ = nax \ h ecjiH y^ = «>;r , to 

y=———X"''^^-\-C, C — np0H3B0JIbH0e nOCTOflHHOe, HJIH 

7yi JL 

)1 iioTipofflv cTyAeHTOBi,, htoSh ohh yace caMH nonpoCo- 

BaJH Ce6't KOHKpeTHO BblflCHHTb CMblCJIb TOTO, ^TO, eCJTH // = 

TO, = nx''~^- il He npHBoacy aA^cb caMi, nojiiodHbix'b no- 
acHenift, TaK'b KaK-b ont MHi nonpaBHJiHCb, MoaceTT> 6biTb, no- 



*) H ^pe;^^OJIa^aH), hto CTyAeBTi imaeii, mo jiio6aa BejHHHHa Bt 
CTencHH paBHa 1. IIoyMHTejibflo bmhhcjihtb npa uomouih Jiorapiie- 

MOBl KOpeHb BMCOKOfi CTCDeHH H3T> KaKOFO JIH6o ^flCJia, HTOdU yBHA^Tb, 

HacKOJibKo peayiLTaTL 6y;^eT^ OTjuanaTbca orb 1. HaBJieqeHie Kopna 
BHCOKoft CTeneHH ecTb loace, qio B03Be;^eHie B'b Majiyw cieneHb, h 
qtMi Bume noKaaaiejib KopHa, liM-b Sojiie noKaaaTCJib cieneHH npn6- 
jiHsaeica ki 0. 
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TOMy, HTO a cm-h hx^ npH;i;yMaji'i>, ho a cAtJiaio MajieHbK* 

H£IM6KT>» 

BosbMeMt y = x-\ IlycTb x=i-02. BunHCJmwb y irpvi 
noMoma JorapneMOBi). Tenepb nycTb a?= 1-03; BbiqHc;iHMi> 
ODflTb y. ^'kiHM'b Qsrhwb npnpameHie y na 0*01 — npapa- 
J^eHie X. 

nycTb BTopoe SHaneHie x Cyj^ex'b r021, h iioBTopaeM'L 
BbimeyKaaaHHHfi npoi^eccb. 

IlycTb j^ajiie BTopoe SHStqenie fiyAera 1*0201 h hobto- 
paeMT, TOTT* ace npouecc^. 

8v 

MbT HaftACM'b, qxo ^ Bce 6o:ite h 6ojiie npnOJiHacaeTca 

K'b HCTHHHOfi Be.IHqHH'fe KOTOpafl CCTb 5 . (1-02)4. ' 

UpoAiiiaeM'b TO ace, Kor^a, HanpHM'tp-b, y = x'^'\ Cxyji.eH'rb 
HO ^oJiaceHTj AyMaTb, qio ohI) nonycxy noTpaiHTb BpeMS, ecjiH 
owb ey^eTT) no He;i;ijiaM'b A't^axb qncjieHflbie h rpa(})HHecKie 
iipHMipH ycBoenifl npofiAenHaro. IlycTb ohi, na ji^tjrk 
BHOJiHi ocBOMTca cb Toft npocTofi H^eefi, MTo, ecjH y = x'*. 



IIpoA'b-iafiTe 3T0 A^a s = 0-7 hjih 0*8, hjih 1*1, hjih —5, 
HJiH — 8, n B03bMHTe ^i,pyria 6yKBH BMtcTO x v. 

29. VnpamHeHifl. Hafi^HTe cjii^yiomie HHierpaJibi. IIocToaH- 
HHa He npH6aBjieHH. 




nx 






Otb. 'Isx'^ 
Otb. 





J HjiH j x^^ . dx. 3Atcb npaBB.io He Moacerb iio- 

Mo^b nm-h, TSiK-b KRK^ Mb! nojiy^aeMT, ^ = 00^ n xaKTb Ka^x-b 

MH BcerAa MoaceM^ BbiqecTb SesKoneMHo fioJibmoe nocToaHHO(s 
TO naiuT) oTBiT'b cTanoBHTca neonpeji.tjieHHbiM'b. 9T0T'b HHie- 
rpa^Tb coBpeMeneM'b nain'K CyjiQTb HyaceH'b TOJbKO Bt o^om^ 
cjiyqat. no3»ce mh moKajKeMT,, hto 

j-^dx = log X, H j_p-dx = log (x + a), 

H, ecjH y = log X, TO ^ = ^, h J-^dv = log v. 

^ -dp 

EcjH p — av^, TO ^ = 3a v^. 

KcJH v = mt,— >, TO ^ = — ^ 

30. IlycTb pv = Rt, r^t J? — nocTOflHHoe. C^'feJiaeMi, cxh- 
Ayiomia ynpaHCHenifl. HafiTH ecjiH v — nocTOffHHoc. 

OTB'tT^ — . 

V 

HafiTH eciH «— nocTOflHHoe. OxB-fcrb — . 
dt p 

Cryj^eHTL snaeT'b y3Ke, ^to TpH iiepeMiHHbiH p^vnt cyib 

;i,aBJieHie, oSxeM'b h aScojrioTHafl TeMnepaxypa rasa. Cjinm- 

dp 

KOM-b flOJiro HHcaTb, „^ , Korii,a v — nocTOHHHoe''. Mbi 6y;^eM'b 

nojib30BaTbca ^Toro chmbojiomt> (^"^ , r^'b cko6kh o6o3Ha- 
laioTT), hto nepeMtHHaa, He ynoMflHyTaa 3;i'tcb, nocTOHHHa. 
HafiTH i^"^' OTBirb. TaKT) KaK'b p = Btv-\ to HMteii 

rdp 



^^^ = — Btv^^, a no ynponieHin— 



HafiTH j . OTBtTT,. TaKTb KaKTi V = Btp-^^ TO HMtCM b 
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— lit])-^, a no ynpomeHk — vp—^. 



dpj~ E' 

HafiAHTe oSmee npoHSBe^eHie Bxoporo, naxaro h Tpexbaro 
HST) BHmenpHBeji,eHflLix^ oxBixoBt h noAyMaflxe Ha;i,T> anaqe- 
HieMX) xoro (j)aKxa, hxo 

d^/ \dp)\dvJ~ 
Boo6me saM'bxHM^, ^ixO, ecjH w ecxb (j^vHKi^ifl jiByxT> ne- 

peMtHnblXI) H 2/, HJIH, KaK'B MH rOBOpBM'L 



xo MBi oyj^eMTb nojibsoBaxBca chmbojiom'l y^j, qxo6bi o6o- 
3Ha'mxb npoHSBOAHyio oxx. u no x, Kor^a t/ npHHHTO sa no- 

CTOflHHOe. 

TaKifl npoH3BOAHbia nasbiBaioxca HacTHWMM npoM3BOAHbiMM. 

31. BoxT> npeicpacHoe ynpajKHenie cxyji,eHXOBT>: 
HannmeM'b niiKoxopyio (})yHKii,iio x ii y\ naaoBeM'b ee u, 

HafiAeM-b j . Tenepb ;^H(j)4)epeHn,HpyeMX ee no y, npn- 

HHMafl X nocxoflHHbiM'b. CHMBOjn> A-^i^ Bxoro ;i,McxBia SyAexX) 

dy . dx ' 

Bceida Bbi y6't;i,Hxecb, mo oahhX) h xoxii-SKe oxBix^ nojiy- 
qHxcfl, 6yAexe-JiH bh ;i;H(]^(j)epeHi]:HpoBaxb b^ xomT) h.iih ji;py- 
roM'b nopjiji,K'Ii, X. e. 

dy . dx dx . dy ^' 

^McxBHxeJibHO, BOSbMeMX) II =■ x^ -f- y^ -\- ax^y -\- hxy^, 
3^2 _^ Q _|_ 2axy -f hy\ 
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fly .ax ' ' I ^ 
Tenepb ~ j = + 3//^ + (w;^ -f 26:r</ 

dx,dy ' ' > 

TO ace, qxo iiojiy^eno Bbiuie. 

CTyAeHTT, He AOJiiKen^ xepaib Tepn'tHia, npo^iJibiBafl aia 
npHMtpbi. Bo3bMHTe Jipyrifl 6yKBH bm^cto x h y r cAtJafiTe 

HtCKOJIbKO npHM'bpOB'b. $aKTT>, yCTaHORieEHblfi paeeHCTBOM'b 

(3), HMteT'b rpoMaAHoe SHaqenie bt> TepMOAHHaMHRt h apJ- 
rnxij npHJio3KeHiax'b MaieMaTHKH HHSKenepHOMy ji,tjiy. 
JI,0Ka3aTeJibCTB0 aroro Cy^^ei^ ;^aHo no3;i.H'Iie. CTyj^eerb noKa 
AOJiacent ocBOHibca cb BaacHocxbio Toro, ^to noTOMTj 6yAeTT» 
;^0Ka3aH0. 

32. HyacHo ynoMHsyTb eme o CTfeAyiomeMX. IIpeAHOJio- 
}KHM'L, HTO HaMT* AaHO, Tfo u ecTb HiKOTopaa {{)yHKn,ia x h y, 

(^) ~ ^" '^^'^ c^^'y+g^y^ 

TorAa HHierpaji-b ea Sy^ex-b 

rjb f(y) — HtKOTopaa npoH3BO.ibHaa (j)yHKuia y. Ona npn- 
GaBJiena, noxoMy qxo mh Bcer^a npH KHxerpHpoBanin npH- 
6aB.iaeMt nocxoaHHoe, h, xaii^ KaKX y pascMaxpHBajiocb, icaiv^ 



uocToaHHoe, npn Haxo'/KAeaiH y^^j ^ ™ npn6aBJaeM'b 

f(y), Koxopaa AiOHcexx, conepsKaxb y B^ pasjiH^HbixX) BiTAaxi>, 
yMHOHceHHoe na nocxoaHHwa. 

33. IIoffCHHM'b eme HeAOKa3aHHoe uoKa iioJoaceHie, ^xo, 

eciH y = log X, TO -j-^ = ^ . CxyAenrL AOMxeHij Bsaxb Taida 

Be.iaqHHH x, Kairb 3,3-001, 3*002, 3*003 h t. a., naflxH y 
Kb KajKAOMTj cjiyqai, paa^tJinxb npHpameHie y na cooxBtx- 
cxByiomee npHpamenie x h nocMOxptxb, xopomo-Jiii Bbiiioji- 
Haexca naiue npaBHJio. 
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SaMiTHMx, HTo, Kor^a MaTeMaTHKt nnmeT'L log to o Bt 
Bcer^a ^0J^pa3yM'feBaeTT) HenepoB^ jiorapHeMT> x. 



log I -\- nocTOflHHoe. 



TepMo;^HHaMHKt ;^0Ka3aH0, hto, ecJiH b-l TeojiOBofi MamHHt pa- 
ooMee BemecTBo nojiyMaeii) U e;^HHH^'b TenjioTw npn TeMnepaiypt 
H e<:jiH Temnepaiypa xoJioj^HJibHHKa, Tor;;a paGoxa, npoHSBeAeHHafl 
coBepmeHHofi renjioBod MaiuHHoS ;^0Ji3KHa ouTb 

Jtt . ^ , HjIH H \ \— -j 

IlycTB o;tHHi <j)yHTi bojiu npa leiMneparypt HarpiTi ;^o ^i, h 
Mu npe^nojiaraeurb, ^xo KOJiHMecTBO lenioTu, iJOTpe6Boe ;^Jla noBume- 
Hia ero TeMnepaiypw na nocioaHHO, noJio«0Mi> pasHO J 400 (f)yTo- 
(j[)yHTOBi, KaKOBa paCoia, KOTopyio coBepmeHHaa lenjioBaa ManiHHa Aaerb 
BsaM-feHi Bcero saipaMeHHaro KOJiHMecTBa lenjioTu? TenioBaa 3Hep- 
ria ;^ojr«Ha 6uTb Bupa»eHa bi ({)yTO({)yHTax^. 

Hto6u nojtHflXh xeMnepaxypy oxi t ]i.o t-\- aaxpaMHBaexca ko- 
jjHHecxBO xenjoxM 1400 ({)yxo(j)yHXOB'b. 3xa BejiHHHHa cooxBi&TCXByexT> 
H BT> BHI^e^pHBe;^eHHOM^ BupaateHie. Oxcioaa mm HMteMT> aKBHBajenx- 

Hyio axoMy KOJHnecxBy xenjioxw pa6oxy IW— 1400 ^1 — "y) , hjh 
jiy^me 

dW to 

Oxcioiia W= 1400^— l4GO/o log ^ + °ocxoaHHoe. 
Jtaji-fee W = 0, Korjia ^ = 

= 1400^0 — 1400^0 log io + nocxosHBoe, 

oxcro^a nocxoflHaoe HSBtoHO. Jlojihsyacb axofi BeaHMHHoft, mm aaxo- 
;^HMi sKBHBajieHXHyK) paOoxy ;iJia ;^aHHaro KOJiHMecxBa xenjioxw bi npe- 

J^ifeJIax^ oxtj ;^o paBHOio 1400 (^^W — 1400^0 log 7^. 

'0 

EcjiH, ;^aJIte, (j)yHXi> bo;ih npa xeMnepaxypi t^, nojiynaexi KOJin- 
MecxBO xenjioxbi (J)yxo(})yHxoB^ (o6biKHOBeHHo HaauBaeMoe CKpwxoft 
xenjioxofi) h Becb o6painaexca B-b nap-b npa nocxoaHHoft xeianepaxypt 
^1, xo pa6oxa, Koxopaa xepMOAHHaMHHecKH aKBHBajieHXHa axoMy kojih- 

^ecxBy xenjoxu, paBaa — ) • HxaKi mu BHJ^HM^, hxo pa- 

6oxa, KOxopyK) coBepmeHHan napoean iviaiuMHa j^ojiacHa pasBBBaxb, KaRTi 
3KBHBajieHxi nojiyHeaaofi xeMoxt, saxpaMeaHofi aa noj^aaxie xeianepa- 
xypu ox-b ^0 AO h H aax^Mi aa ea acnapeaie paBaa 

1400 - to) - l*JOO/o log + ivi (1 - 
YnpawHeHie. KaKyio pa6oxy ;;oji«aa J^axb coBepmeaaaa napoaaa 
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MamHHa wai. 1 <j)yHTa napa npH ^i=:439 {mii 102 (j[)yH. Ha kb. ^m.), 
HJiH 165^ C, ecJiR ^0 — i574° lua 100° C. 3A*cb = 681-156 (fyio- 

<t)yHTOBl. 

HaxoAHMi, MTO paCoTa pasHa 107990 (})yTO(J)yHTOB'b Ha (|)yHTb napa. 
MHacenepu o6uKHOBeHHO HcejiaK)TT» SHaTb, ckojibko (|)yHTOBi> napa bu- 
xoji,nTb B^ leMenie ^aca na BBAHKaTopHyio jiomaABHyio caiy. w (|)yH- 

107990 ^ ^ 

TOBT> B^ ^ac•h ji^mrb bt> MWHyiy — gg— e«7 (pyrofpyHTOBi). Iloiiaraa aiy 

BCJiBHHHy paBHott 3.XXX), HaxoAHM'B, HTO w paBHO 18*35 (j)yHTa napa 
B^ Maci Ha o;^Hy HHAHKaTopHyio jioraa^^HHyio CHJiy, hto mo«uo ipeOo- 
BaTB OTb coBepmeHHoft napoBoft MauiHHU, padoxaiomeft Mea;i,y Teiane- 
paTypaMH b-b 165° C h 100° C. 

35 YnpamHeHifl. Bi> TepMojiiHHaMHKi j^oKaaaHO, hto, Kor;i,a 
jie;i,^ H BOAa, hih BO^a h nap-L naxoAaxca BMtcxi npn OAHofi 
fl Tofi ace TeMnepaTypi, h 5i ecib oC-LeM-B eAHHHn;bi MaccH 
BemecTBa bt> BHcmeMi> cocToaHiH, a Sq — o^'hewb e^,HHHi^ii 
MaccH BemecTBa bx Rmmen'h cocToaHiH, to HM'fceM'L 

Tfl;i t ecTb a6cojiioTflaa leMnepaiypa, paBHaa 274-|-^° C, 
L — cKpHxaa leiuioTa ejiHHHiiw MaccH bt* (j)yTO(|)yHTax'B. Ecjiii 
MH BOBbMeMT* i, KaKTi CKpbiTyio TcnjioTy oji;Horo (|)yHTa Beme- 
cTBa H 5i H 5o, KaK-L o6i.eMH B'L KyOnqecKHX'L ({)yTax^, to 
$opMyj[a eyji.eT'b npaBHJibHOK), npn qeM^ jr; 6y;i,eTi> Bbipaaceno 
BT) ^yHTaxT> Ha KBa;i;paTHbifi ^jt-b. 

I. Bt* cjiyMai JibAa— BOAH 5o = 0*01747, 5i = 0*01602 npii 
^=274^ (cooTBtTCTByerb 0^ C), p Syj^eTij 2116 (|)yHTOBT> Ha 

KsajipaTflbifl ^^Th H i =^ 79 X 1400. OTCio^a — 278100. 

HTaKT) Mbi BHAHMX, ^TG TeMoepaTypa Taiouiaro Jib^a CTa- 
HOBHTCH MeHbme no Mtpi. BospacTania AaBjenia p, oh ;i,aB- 
jiefiie noHH3KaeTT) TO^Ky Taanba Jib^a; to ecTb oho cnocoo- 
CTBycTTj TaaHbK) Jib^a. OdpaTHTe BHEManie na iHCJieHHoe 3Ha- 

qenie^^ . To^Ka Taania Jib.ia noHHHcaeTca na 0*001 rpanyca upii 

yBeJimeHin jiaBJienia na 278 ({)yHTOB^ na KBaj^paTHbifl ^yTi*, 
mil npH6jH3HTeJibH0 na 2 (})yHTa Ha KBa;i,p. ^lofiM'b. 

II. Boj^a — nap-b. KameTca horth HeeosMOJKHbiM'b torho 

HaMtpHTb OnblTHbIMT> HyTeMT) -06TbeMT> B^ Ky6HqeCKIIXT> (J)y- 

TaxT> o^^Horo 4)yHTa napa npn H'feKOTopofi TeMnepaxypt. Sq ji;aji 

4 
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Bo;^HH3B'bcTHO. BbTHHCJHM^ Si — Sq uo BHmenpHBe;ieHHofi (J)OpMyjI'fe 
rrpH HtcKOJbKHX'L TeMnepaxypax'L, HMfeiomnxca b^ c.i'b;i.yH)inefi 
Ta6-iHU't onuTOB-b Penbo. AJTMaio, qTo o6o3HaqeHifl acHw 
caMH no ceo't. 



f)0C 


A6C0.1K)T- 

Haa leitt- 
nepaxypa. 


Bi(j)yHT.Ha 

KB. J^IOfilTL. 


1 

P 

(j)yHT. Ha 

'KB.({)yTl>.| 


hp 
U 


IIpHHa- 
dp 


L 

Bi. (fyio- 
(j)yHTax'B. 


^1 '^0 


100 


374 


14-70 


2116-4 


















81-5 








105 


379 


17-53 


2524 . 




87-8 


740,710 


22-26 








1 


94 






110 


384 


20-80 


2994 











^ V dp 

SA^cb npHHHTO, qxo BCiH^HHa -j ^JH 105^ ecTb nojiy- 



cyMMa 81*5 h 94. Bcite ToqHwfi cnocofi'b HaxoacA^Hia axoft 
BejHqHflbi saoioqaeTCfl Bb lOM-b, »ito cjit^yex-b HanecTif na oti- 

'laxKt B03M03KHO 6ojbinoe racjio BeJinqaHX, ^ h HafixH^ a-^h 

or «r 

1050 C nocpeAcxBOM-b KpnBoii. — ;^jfl 105® C = 740710 : 
: (379 87-8) = 22-26. ;i,a.Tte, 50 = 0-016 ]im xoJiOAHOti BO- 
ii,bi, II He cxoHX'b ;i;'tjiaxb nonpaBKii na en xen.ioxy. OxcioAa 
Mbi MoaceMij npHHflXb 5i = 22'28, qro B-b nacxo^imeM-b cjiy- 
qat npe;^cxaBHX'b Aocxaxoqno xoqnbifl oxB'bx-b. 

IIpuMrb2)7K HaflxH 275^ F Ha ocHOBanm ciiAyH)- 

mefi xa6jiHii.bi, npn HeMi* L paBHO (716201)*. 





248^^^ ' 


257° 


266° 


275° 


284° 


293° 


302° j 


P 


4152 


4854 


5652 


6551 


7563 


8698 


9966 





IIpuMlhp^. OopMyja ja^m ^aBJioHifl napa BH;^a p = r^'fe a w 
6— HaB-fecTHMfi MFicja, H 9 — leMnepaiypa. HSMtpcHHaa ot-l ntKoxoparo 
HSB-fecTHaro Hyjia, CHHTaeiCfl no.ieaHofi, xota ii HexoHHoii (i)opMyjiOH, 
H3o6paHvaK)iueH peayjiLiaibi onbiTOBi> Pesho. BuBeAeMb ({)opMyjiy ]i,m 
o6^eMa o^Horo (pyiiia napa. Mbi HMteM'L laKaco xopomo HSB-fecTHyio 



*) npiiM-feq. ncpeB. Bii Tei:cTt aia Be.inMHHa noMeMy to npony- 
inena. 
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<|)opMyjiy J^JIa cKpuTofi leujoiu L = c — €t, r;^'fe ^ ecTb adcojiiDTaaa 

dp 

TeMnepaiypa, a, c n e HSBBCTHua HHCJia. Orcioj^a, TaK-B KaicL -^ecTMo- 
dp 

me caMoe, mto h , h paBHO to Si — Sq=: {c — et) : tba^^~^. 

Docjit Toro, KaKT) mu no^seprajiH aMUHpHHecKyH) (j)opMyjiy Maxe- 
MaTH^ecKHM'B npeo6pa30BaHiaMT> xoporao npoBtpnTb to^hoctb peayjib- 

TaTOBT) Ha ;^•feftCTBHTeJIBHUXl) OnUTHUXl MHCJiaXl, TaKt KaKi (})opMyjia 

Haoepaffiaen. A'^ftcxBBTejiBHocTb tojibko ct npHdJiHJKeHieMi), h noTowy 
Hedojibinifl h, noBHABMOMy, He HMtiomifl SHaneHia OTKJiOHeHia otl 

^^•fefiCTBHTejlbHOCTH MOryTTi nOCJit MaTeMaTHqeCKHXT> J^-fe&CTBift CHJIbHO 

BoapacTH. 

36. MayHeHie KpMBbix"b. Kor^a jimo ypaBHeme HOBofi Kpn-. 
Bofi, TO qejioBtK'L npaKTH^Hufi ii,oji5KeH'L npem;i,e Bcero boc- 
nojibaoBaTBca rtMH BwroAaMH, KOToptia ;i;aeT'B eaiy KJitoaTKa. 

OqeHb qaoTo ji^jisi oanaKOMJieHia KpiiBoft Sojibmyio no- 




HJiH ea: yKJiona. 

ECIH Mbl rOBOpHM'L, ^TO ^'i eCTb TOqKa Ha KpHBOfi, H 

HacL npocai'L aaflTn ypaBHenie KacaiejibHoJI B^h aioii To^Kt, 
TO Hasiij Hya^HO TOJibKO HaftTii ypaBHenie upaMofl JiHHiH, ko- 
Topaa Hwtjia 6bi TaKofl ace yKioHT), icaK-b h KpHBaa b^ 3Tofi 
ToqKt, H npoxo;i,HJia 6bi qepeaii ji,aHHyH) ToqKy xi y^, Hop- 
NiaJib ecTb npaMaa jinnia, npoxo;i;fliiiiaa qepeai* TO^Ky 2/1, 
yKJOHT* KOTopofi paBeHi. o6paTHofl BejiiiqHHi yKJiona KpHBoft 

B-h 3T0fl TO^Kt CO SHaKOM-b MHHyCX. Cm. U. 13. 

P (qepT. 8) ecTb ToqKa na KpHBofi APB, bt> KOTopoii 

4* 



npoBeAeHH KacaxejiLHaff PS h HopMa.ib PQ, OX h OY och, 
OR = X, UP = y, tg PSR = ^ ; paacTOHHie SB HaaHBaeica 
noAKacaiejibHott, h moskho ;i,0Ka3aTB, ito oho paBHO 2/-^t 
pascTOflHie EQ HaaHBaeica noAHopwaiibH) h oho oqeBHjmo 
paBHo y ^ . ^JiHHa KacaiejibHofi PS pasHa y\/ 

jyiHHa HopMa.iH PQ paBHa y\/ ^ • PaacToaHie 05 

fir 

paBHoa; — 7/^. 

IIptiMfhph 1. HafiTH ^■'iHHy no;i,KacaTe.ibHofi h ^OJ^HopMaJIH 
napaCciH y = 7)ix^, 

OTCio;^a no;i,KacaTe.ibHaa = 7nx^ : 2mii; = ^j2X, 
no;i;HopMajib = yX 2nix = 2m^x^. 
IIpuMfhph 2, HafiTH A^iHHy noAKacaie.ibHofi y~w£^^ 

dx 

IIoAKacareJibHaa = mx^ : mnx'*'~^ = x : «. 

npuM7hp7t 3. HafiTH, KaKaa KpHsaa HMieTij noAHopMa-ib 
nocTOflHHyio no ajthh^; 

di/ dx 1 

dx dy a 

HnxerpajiTj —7/ no t/ Sy^eT'L = t/^ -|- nocTOHHHoe b 

h 3T0 ecTb ypaBHenie KpHBofi, h MoaccTTb 6biTb KaKofi 
yroAHO Be.iH'iHHofi. Omobh^^ho, ^to 3Ta KpHBan H3^ ceMeficTBa 
napaSoJ!!). (Cm. 9, r^'fe tojibko x y nysKHo nepejftHHTb M-i- 

CTaMH). 

JUpuMYhph 4. TouKa ^' = 4, 2/ = 3 jeacHTt na napa6ojt 
y=^j2X ''^. HafiTH ypaBHenie KacaTejibHofi bi* aTofi towL 
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yKJioHX paBeHt ^ = ^2 X 'V2^~ ^ HJiH, TaKi> KaKx a^tcb 

x = i, TO yKJioH'L paeeH-L ^/^ ij^ hjih s/g^ TaKHMi, o6pa30M'L 
ypasHeme KacaiejibHofi Oyj^erL i/ = m-|-^/8^. onpe^'fejie- 
Hifl m Mbi HMieMt yojioBie, ^ito y = '6y ivor;;a x = A, laKi, 
Kain. 3Ta ToqKa mmn na KacaxejibHofi, OTCioAa 3 = m-j- 
4-^/3X4, TaKi* WTO m=zVl2, H ypaBHeHie KacaTeJibHofi 6j- 
Aex'B 1/ = 1 V2 -f - ^/8^• 

HpuMJbpo 5. ToqKa ^ = 32, 2/ = 3 oqeBHjiHo JieacHTb na 
KpHBofi y = 2-\-^l2x'^. HafiTH ypaBflenie HopMaJiH b^ 3Tofi 

YkjiohI) KpHBofl s/^icb paBOH'L Vio^~ = \/i(5o, a yK- 
JioH'L HopMaj[H = — 160. OicioAa ypaBHenie HopMajH SyAei'L 
y = m — leOiP, HO ona npoxoji,HTT> qepest loqKy :r = 32, 
5/ = 3, OTCiOAa 8 = m — 160 X 32. 

Cjiiji,OBaTejibHo m = 5123, h ypaBHenie HopMajH OyjieTi* 
i/ = 5123 — 160:r. 

ITpuMnph 6. B'b KaKofl ToqKi na KpHBofi 1/ = ax~^ HM'teicfl 
yKJioH'L =6? 

ax 

ToqKa 3Ta ^oJisKHa uMtTb aficuHccy x, yAOBJieiBopaioniyio 

1 

-n-i J ( na\"M^ o 
ypaBHemio — nax — 6, OTcioAa a; = ( ^ ) . 3Haa 

MLi Hafi;i,eMi h y hst* ypaBHeniH KpnBofi. JlerKO yStAHTbca h 
sanoMHHTb, qio, ecjin xv ecTb ToqKa na npsMofi -thhih, h 
b — ea vkjiohT), to npome Bcero ypaBHenie MoaceT'L 6biTL na- 
HHcano TaKT, 

X Xx 

Orcioj^a ypaBHenie KacaTejiLHOfi k^ KpHBofi wh ToqKi na 
KpHBofl Xi yi 6yAeT^ 

y — yi dy 

^ =^ BT) AaHHOft TOqKB. 

X — X 1 ax 
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A ypaBHCHie HopnajiH b-l j^aHHofi xo^Kt 

y -- Vi dx ^ , 

= — Y- Bi> AaHHofl TOqEt. 

X — Xx ay 

yn2)aoi€HeHie 1. HafliH KacaTe.ihHyK) Kt KpnBofi x'^y'^ = a 

B'L Towt Xi yi Ha KpHBofi. OTBtxt: —x-]- — y = m-\-n. 

Ynpaoieneuie 2. HafiiH HopMajib kt> xofi 3Ke KpHBofi. Ot- 

Btx'L: —(x — xi) iy — 7/i) = 0. 

yx x\^ 

Ynpaoimeuie 3. HafixH KacaxeJibnyio h nopMajib k-l napa- 
6ojii y^ = Aax bi> xoqKi, XAi x = a. 

OxB'txi, y = x-{'af y = 3a — x. 

ynpaofcnewie 4. HafixH KacaxeJbHyio kX) KpHBofl 

y=za-{-hx-{-cx^-{- ex^ 

BT> XOMK'b Ha KpHBOfi Xi y^. 

OxBix-L - — = b-\- 2cxi -p 3exi^, 

X X-^ 

37. Korj^a y B03pacxaexx> niKoxopofi onpe^.i.ieHHofi Be- 
jTH^HHbi H 3axtMX> yObiBaex'L, xo OHa naabiBaexca MaKCMwajib- 
HoM BejHqHHofi y\ Kor;^a y y6biBaexx> ji,o ntKoxopofi onpeA*- 
jieHHofi Be.iHqHHbi H aax^Mx, Haqimaex'b Boapacxaxb, xo axa 
BewiinHHa Ha3biBaexca minimum OqeBHji,HO, qxo, KaKt bt> 

xoMX), xaK'b H Bx* ;^pyroMX> cjiyqa-h ^ = 0. Cm. 16 h qepx. 6. 

npuM7bph 1. Paa^tjiHXb 12 Ha xaKia ji^i qacxH, qxoSH 
npon3Beii.eHie hxx> Shjio maximiim. ^ejiOBiKX) npaKxnqHbift 
;i,tjiaexx. npo6bi h .lerKO Haxo;i,HX'b ptuieHie. Ohx» npo6yexT» 
xaK^. nycxb :r o;^Ha qacxb, a 12 — j:^ Apyraa. Oh^ noACxaBJiaexx> 
x = 0, x—l, x = 2 n X. A- M B'b KaacAOM'b cjiyqat 6epeTi> 
npoH3BeAeHie. Tor^a 



X 


Oj 1 


2 ; 3 1 4 


5i 6j 7 


8 1 9 


npoH3BeAeHie. 


olii 


20 


27 


32 


1 

35 1 36 35 

I 1 


32 27 



HoBHAHMOMy X = 6, npii KOTopoMT> iipoHSBejieHie paBHO 36 

6jjieTb B'tpHHM^ OTBtTOM'L. Ho, eCMl MLI XOTHM'B 6lilTb 6o- 

jiie ToqHLiMH, TO Jiymue Bcero BSflXb jihct'l KJitTqaiKii. 06o- 
ana^HMTj npoflaBe^eHie qepeat y n HaHeceMi> Ha KJitoaxKy coot- 

BtxCTBeHHHfl BCJIflMHHLl H y. CTy^eHT'L JlOJlTHeR-h 3T0 C^ijaTB 

Torjia JierKo yS'tAHTbca, hto xaM-L, r^ii y AOCTiiraex'L ma- 
ximum HJiH minimum, bo BctxT> cjiyiaflxii yK.iOH'L Kpn- 
Bofi ~ 0. HaxoAHMi, sariiM-b TO^Ky hjih H'tcKOJibKO TOHeKiy, ixh 



HraK-b, ecjiH ntoxopoe mhcio a jitJiMxca Ha ab* lacxH, 
OAHHT* HS-b KOxopbixTj X, H jipyraa a — x, to npoHSBeACHie hxx. 

y=x{a — 3i) — ax — x'^ H ^ = a — 2 x. Haxo^HMT) xo'iKy, 

(XX 

Tji,^ nocxtAHee paBHo 0. Oicbhaho, uto 3xo dymvh, Kor;i,a 
2x = a HJH X = ^l20" 

IIpaKxuqHbifi lejoB'bK'b, ptmaa nOj[iio6Hb]ii aa^aqH, ne 
BCxptxHX'b 6o.ibmoro 3axpy;^HeHia b^ ptmemH Bonpoca o xom^, 
^To 0H7> Hameji*, maximum h.ih minimum. Bx> nameM^ cjiy- 
qai a =12. Torji,a x = ^ j^aex-b upon3Be;ieHie 36. Tenepb, 
ecjiH :z; = 5*999, ;i,pyraji qacxb 6*001 h npoHSBeAenie Cyj^ex'b 
35*999999, xaK^ mxo x = iS jiaexi, 6o.ibmee npoHSBeAenie, 

qiMX* ^ = 5*999 HJIH :r = 6*001, 3HaMHTX> Mbl 3A'tCb HM'beMTi 

maximum, a He minimum. 3xo eAUHcxBeHHbifi Mexo^^, koxo- 
pbifi Moa'HO yKasaxb cxy^eHxy a-^a pasjHqeHia maximum ox^ 
minimum bt> ero iiepBbixb paooxaxx. 

UjmMthin 2, Pa3Ai>JiHXb hmcjo a na xaKiJi AB'h qacxH, 
qxoSbi cyMMa KBajipaxoBT, hx^ 6bi.ia minimum. Ecjih :r— o^Ha 
nacxb, TO Apyraa 6yjiex'b a— x. Tenepb Bonpoc^ 3aKjiK)qaexca 
Bx, xoMX,: ecjH y = x'^-\-(a — xf, xo, Kor^a y minimum? 

y = 2x^ -\- rt- — 2ax, 

du 

-^=z\x — 2a, H 8X0 paBHO npw x = ^l2a. 

ITpiiMrtpz S. Korji.a cjMMa qacia h oGpaxHofi ero BeJiH- 
MHHbi 6yAexx> HaiiMeHbmaHV Ilycxb x OyAex^ hhcjo h 

y = X'{-\. Kor^a y minimum? 
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npoH3BOAHaa 01% — hjh • 6yAeTT> — x~^. Mm iiMieM'b 

00 

^=1 ^ H 3T0 paBHO npH x=l, 

(XX X 

CTyji,eHTi> .waceH-L opaib qncjia h jii'fiJiaTb npo6i>T Ha jih- 
ct4 otiqaTKH. IlycTL oh^ BOSbweT^ .x=lOO, 10, 4 h t. i., 
0H7> nojiyqH'rL 





100 i 10 4 




1 ' 


1 

4 




100-01 


10-1 


i 1 
4-25 '2-5 2 


1 1 

2-5 I 3's ' 4' 4 



Tenepb nycTb oht, flanecerb Ha MepreiKi) x m y i/i owh 
y6't;i,HTca tomt., ^to y minimum npn u =l. 

IIpuMthpz 4, ripoHHOCTb npflMoyrojibHoJI 6ajiKMAaHHofl a-^hhh 
jlJifl onpeA^JieHHofi narpysKH n onpej^'LieHHaro pacnojioaccHia 
onopi) nponopuioHa.ibHa luiipHH'b ctqeniH, yMHoaceHHOfi na 
KBajipaiTj BbicoTbi. EcJiH j^aHT) AiaMGipii a miJiMHjipHqecKaro 
6peBHa, TO KaKofl mojkho Bwp'feaTb h3t> Hero epycb cauofi 
SoJibmofi npoHHOCTH? IlycTb X mHpHHa cro. Tor^a, ecjiH mh 
naqepTHMTj npflMoyrojibHHKi> BniicaHHwft bt* Kpyri), to mh 
yBH;^nM^, ^to BbicoTa ero 6yAeTT> "[/a- — OTCioAa npo^- 
HOCTb 6yAerb maximum, Korji,a y oy.^eTij maximum, ecjiH 

y = x{a^ — x^) 
HJH y = a-x — X'^', 

HO = — 3.r- H 3T0 paBHO 0, Kor^a .r = ' ,7-. 
ax y 6 

TaKHMX }Ke nyTeMT) mohcho naflTn, KaKT, hstj 6peBHa no- 
jiyqiiTb HanSoji'te JicecmKym 6aJiKy, c^n'IiJIaB^ mnpHHy X KyCi) 
BbicoTbi maximum. 

OiiHaKO ctj p'hmeHieMTj SToro nonpoca npn^ieTca ^o;^oacAaTb 
AO TtxT) uopij, noKa cTyjieHT'b ne upouTeT^ III oaBbi. 

Tlpimrhph 5. OnbiTbi CO B3pwB0iKn> CMtceW (upn aTMoc(J)ep- 

HOM^ ,T,aB.ieHin) npHBClH JliOBO.lbHO TOIHOMV 3aK0Hy 

^> = 83 — 3-2./-, 

• TA't p — CciMoe BbTcoKoe ji,aBJieHie npoflMHiomeecH npn BspuBi 



— 57 — 



a X oSieMT* B03;^yxa BMtcxt ct> npoj^yKxaMH npeji,BapHTejib- 
Haro ropiHia, cjiOHcenHbifl cb oahhmI) KySHqecKHM'L (J)yTOMT) 
yrojibHaro rasa ;iio BspHea. Ecjih mm npHMeM^ 'px^ KaKi> Be- 
jiH'iHHy npH6jH3HTejibHO nponopuionajibHyH) pa6orfc, npoHSBe- 
;i,eHHofi m> rasoBofi MauiHHi Yn> xe'ieHiH BapHBa h pacmnpe- 
HiH, TO Kaieaa Be-iH^nna x cjitjiaerb ee MaKCMMajibHofi, x. e. 
KO^;^a oyj^ex^ 83a:' — 3'2;r2 maximum? 

Oxeixb: Korj^a 83 — 6*4;^p = hjih x oko.to 13 Ky6. ^yxx. 

JI 6oiocb CAtJiaxb Mr Grover oxBbxcxBeHHbiM^ 3a Bbime- 
npHBe^eHHHfl pesyjibxaxx, BbiBe;ieHHbifi mhoh) m'h ero onw- 
xoBT). CaMoe HHxepecHoe n3'b ero BHBOjiOB'h 6biJio xo, ixo hsx* 
BbiineyKasaHHbix'b 13 Ky6. (J)yx^ ropaa^o jyqiiie, ixofiw xojibKO 
9 HJH 10 Ky6. (j)yT'b 6bi-io B03;iyxa. q^M^, qxo6bi Bce 6bi.xb 

OJ^HH-b XO-lbKO B03AyX'b. 

IIpuMfbjn 6. ,T,0Ka3axb, qxo ax — x^ dyAex-b maximum 
npH :r = i/2a. 

IIpuMfh2)i 7. /l,0Ka3axb, qxo x — x'^ Sy^ex'b maximum, Kor^a 

X=l/3|/3. 

IIpuM'tipi 8, J[mTy ofibeMT) KpyroBofl iiujiHHApH^ecKofi um- 
CTepHbi (GesT) KpbimKH); Kor^a en noBepxHOcxb oyAex'b mini- 
mum? 

llycxb X Sy^exX) pa^iiycb, y BHCoxa; oo^eM^ 6yAexT) 

r^r^iy = nojioacHM'b, « (1). 

IIoBepxHOCXb T,x^-\-2T.xy (2), 

Kor^a ona 6yAexi. minimum? 

HsT) (1) y = -^^'^ noAcxaBjaH axo bT) (2), Mbi bhahmx,, 

TZX" 

mo A0-13KH0 6bIXb 

7r.x'2 -j mmimum 

X 

2a , a 

2tzx r = HJIH x^ = —^ 

X" TT 

= — - HJH :r = y. 
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Paji.iyc'B ocHOBania ;i,0JiaceHi» fiwTb paBen'L BHcort ii,HCTepHH. 

IIpuM7hph 9. IlycTL ixHCTepna hsx npHMifepa 8 6y;i,erB 3a- 
KpHTa CBepxy h cHHsy. HafixH, Kor^a npn ji,aHHOM'L o6'LeM'fe 
noBepxHocTb SyAeit naHMeHbraefi. 

IIoBepxHOCTb paBHa 2t:x^ -j- 2^.r2/, h, nocTynan, Kant h 
BBime, HailAeM'L, qio AiaMexpii i^HCiepHbi ji^omeniy obiTb pa- 
BeHT> BbicoT'h ea. 

HpuMrbph 10. IlycTb CKopocTb xe^enia BO^bi bi> ptai h 
X cKopocTb OTHOCHTejibHO BOAbi Hjiymaro npoTHB'b xe'ieHiff 
cy^na, h, nojioacHM'b, KOJiH'iecTBO TonjiMsa, cwMraemiaro bi> Haci>, 
paBHO a-\-bx^; — nafiiH CKopocTb^ x laKyio, ^to6h pacxo;!.!* 
TonjiHBa 6bi.ii> MHHHMyM'b ajih AaHHaro pascTOSHia rn. Cko- 
pocTb cyAHa oTHocHiejibHO 6epera ptKH paBHa x — v, BpeMH 

npoStra ^ , h eotomy KOJiH^ecTBo TonjiHBa coacaieHHaro, 

X — V 

^ , m (a + fe^^) 

BO BpeMa npootra, paBHO — \^ ^ . 

SaM'tTHMT), qXO a-|"^^'^ COOXBfecXByiOmHMH BeJIHMH- 

HaMH AJ^i a R b MosKexi* npe^cxaBJiaxb noJiHbifi pacxo^t Bt 
qacx> Ha napoxoAT*, BKJiioqaa npouenxw h norameme cxohmo- 
cxH cy^Ha, a xaKace cxoHMocxb acajioBaHba npncjiyri h npo- 

BH3iH. 

Mh noKa He yM'teMX, AH(|)$epeHixHpoBaxb qacxnaro, xaKt 
qxo a npHMy a = h Bonpocb npHBOAMXca wh cit^yioniieMy: 

Kor^a rainimum? Ho axo paBHOCHJibHo Bonpocy: Kor^a 

— ;j— maximum? hjih, K0^J^a x— ^ — vx-^ maximum? HpoHS- 
BOAHaa paBHa — 2ar-^ + HoJiaraa ee paBHofi 0, naxo- 

AHMX> X = '^j2V, X. e. CKOpOCXb Cy^Ha OXHOCHXeJIbHO BO^bT B-b 

nojxopa paaa Soji'te cKopocxH xeqenia. 

3aM'txHM'b, qxo s^icb, KaKx> h bo Bcfex> ^pyrnxx cjyqaaxL 
maximum'a h minimum'a, HHaceHepx ne Ao.mewb y^oBJiexBO- 
paxbca noAoSnbiM'b oxb^xomi*. HecoMHinHO, qxo = ^/2V npe^- 
cxaBJiaexii caMyio JiyqmyK) cKopocxb, h6o ona oGpamaex'b 
x^:{x — v) B-b minimum. Ho noJoacHM-b, qxo cy^HO ^BHacexca 
cx> Sojibmefi ejir Menbmefi CKopocxbio, nhi-h bi> ^aHHOM'b cjy- 
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Hai, fiy^eTL jih pa3HH^a BeJiHKa? IlycTb v — ^, Tor^a naHBLi- 
roAHtfimee x Sy^erB paBHO 9. 

-^— = 243 npH x' = 9, 
X — V ^ 

= 250 npH a; = 10,* 

= 256 npH x= 8. 

3th qncjia roBoparL HaMT> o BeJiH^nHt HSJiHiuHaro pacxo^a 
B'b TOftfL ciyqa't, KorAa npHHaxa cKopocTb ne TeopeTHqecKH 
TOHHaa *). 



*) IIpeAflOJiaraa, mto bu snaeie npaBHJio ;iH(J)4)epeHaHpoBaaia 
MacTHaro,— qio oobiKHOBCHHO ycBawBaeTca ei. caMOMi HaMaJut HayneHia 
aHajiii3a, h y%e He npBHiiMaa a pasHUMii 0, KaKi aio CA'l^JiaHO Bume, 
Mu HaDBmeMT) 

{x — v) 3hx^ =za-\-hx^ 

2bx'' - 3bvx^ = a (]). 

no A^HHUMi) a, & H t; moskuo nyreMi npo6HLix^ noACxaHOBOKi 
HafiTH ^o;^xoAaI^yH) BCJiHHHHy x. HxaKx, nycTb pacxo;^^ bt> ;^eHB 6y- 
jifiTh 30 + \/2o^', laKi MTO a = 30, & = V20 h uyciL — 6. HaxoAHMi 

J? H3l (1), KOTOpOC apHHHMaeTL BH^o 

-9x2 — 300 = (2). 

Haxosy, MTO a; =11*3 dyAeri ^ocTaTOMHO tomhumt> oTBtTOM'b. 
3to — Ky6HMecKoe ypaBHesie, h noTOMy HMteTL TpH KopHa. Ho 

HHHCeuepi HMteil HyXAY TOJIBKO BX OAHOMT» KOpHt. OUT> 3HaeTL, OKOJO 

KaKofi eejHMBHU aojixho HaxoA^Ttca ero 3HaMeHie h oh'l KejaeTi. 
3HaTb ero tojibko npeOjiHSiiTejikHo. Ohi> ptiuaeri* ypasHeHie, KaKOso 

6bl OHO HM 6blJI0, TaKBM^ o6pa30Mi. 

IlycTB — 9x^ — oOO o6o3HaMeHO Mepeai f\x). CupauiHsaeTca, 
KaKfta BeaHMHHa x ^['kjia.eTh ero paBHoft 0? IIpoCyeM^ a; =10, f(x) 
o6paiuaeTca bi — 200, weatay Tt>Mi, 
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— 200 
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— 360 


+ 176 
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HU xejiaeM^, mto6u ona 6ujia = 0. Tenepb a npo6y!0 8. 3to jifiLerb 
— 360, KOTopoe eme 6ojite hc boaxoahttj. il npooyio 12 h nojiyMaio 176, 
TaKi» MTO X omobhaho jieacHTb MGJKAy 10 H 12. SaxM^ a npoSyio 
a;=ll H Haxoaty — 67. Xoponio BocuojibaoBaTLca KJitTHaTKofi h na- 
MepTHTfc KpHByio 1/ = f (x) MeacAy ^^ = 10 h a? = 12. IIoBTopaa stotij 

npOUeCCL, MOHCHO flaWTH npaBH.lbHUtt OTStT'L CT, HtCKOJIbKBMH AeCflTEM- 
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npuMfbpo 11. CyMwfa KBa;i,paTOBi> AByx-L MHoacHiejiefl npo- 
H3Beji;eHia a ^oJiacHa Shtb miniiiium; nafiTH hx-l. Ecjih x oji^ewl 

HSt EHXt, TO Apyrofi Gy^erB paBent — , h y = -\-^ j^oji- 

X X 

3KH0 OHTb inmimum; -^ = 2x — . 3to paBHo 0, Kor;i,a 
x^ = HJiH X — |/a. 

IIpUMrhpZ 12. PacnOJIOJKHTL n BOilbTOBblX"b 3JieMeHT0B"b TaK-L, 

hto6h nojiy^HTb maximum chjih lOKa npn coiipoxHBJieHiH R. 
IlycTb 3JieKTpoABHaKym;a,a cMa Kaacjiiaro BJieMCHTa 6y;i,eTT> e h 
BHyipeHHee ero conpoTHBJienie r, Ecjih ojieMeniH pacffojio- 

meHbi no X nocjii;i,OBaTejibHO h — bt. uapajjieJibHOMi) coeAH- 

X 

HeniH, TO a.ieKTponBHacymaa cHJia 6aTTapeH fiy^eT-b xe, a Bny- 

X^f 

TpeHHee conpoTHBjienie — , OTciojia cHJia Toica 

TaKTj KaKT) cTyAeHTL eme ne ynieT-b AH4)(|)epeHUHpoBaTb 
qacTHaro, to mh CKa3KeMT>, qTO C maximum Tor^a, icorAa ero 
oopaTHaa BejiH^Hna minimum, xaKi* ^to MOJKOM'b nocTaBiiTb 

Bonpoc^ TaK-L: Kor^a l—~]-B]:xe hjth + ~ Sy^eT-b mn 

nimum? npoHSBOAHaa ottj sToro Bbipaacenia Cy^eTX — — 

j,2^ n X 

H aTo paBHO 0, Kor^a 7? = — , t. e. BHyTpeHHewy conpo- 

THBJieHiK) 6aTTapeH. 

OTdo^a Mbi m'kewh TaKoe npaBHJio: pacnojiaraTb SaxTa- 
peio TaKi>, MTo6bi ea BHyxpeHHee conpoTHBJieHie 6bTJio KaKTb 

MOaCHO 6JIH3K0 KTi BHtmHCMy COUpOTHBJieHiK). 



HUMH 3HaKaMH. Btj HacTOfluxeMTj cjiynat E^vb uj'mjim bx 6ojiLmofl toh- 

HOCTH H SI C^eTaiO 11,3 ;^OCTaTOHHO TOMHUM^ OTBt.TOMX. SaMtTHMTi, HTO 

npejKHifi OTB-feTT), nojiyqenHwtt npe;;nojio»eHin a = 0, 6u]i'b paBeHi 9. 
HejiOBiKt npaKTHMHwii HafiAerL mhovo hmihh ajih paaMwniJieHifi no no- 
BOAY ^THX^ AByx-L peayjibiaTOBi. SaMtiHM'L, hto KanHTaH-B ptHHaro cyAHa 
AOJiaceH'L BcerAa yMta A^Jiaib noAo6Haro poAa paacneTH, A^He ecJiH6u 
OHt H He AO-J^eHi Suji-h npeAJ'TaBJiflTb oCt stomi 0T4eTT>. 



— 61 - 



lIpUMfhph 13. BOJlbTOB"b 3iieMeHT"b HMteXTi 3-ieKTpoABHH;y- 

myK) cHjy e h BHyxpeHHee conpoxHBJieHie /*; BHtuiHee conpo- 

THBJieHie paBflo R, Cnjia TOKa (7 = jj-y— ^. IIpon3BOAHMa>i 

anepriii paBna P=RC^. KaKaa BejHHHHa R cA'fe.iaeT'B P 
maximum? 



nocTyuaa uo upeAUAyni.eMy, mbi Moa;eM^ uocTaBHXb Bonpocs 
TaKt: KaKaa BejaLHHHHa R A0Ji3KHa cj^iJiaTb -^^ — hjih 

— RT — ~ ™^ r^R-^ ~\- 2r -^R mmimum? 

IlpHpaBBHBaji npoii3BOAHyio no R Hy.iK), mh HM'teMx. 

— _|_ 2 _ ^^ai^rj^ ijTO R — r, HJIH BHimnee conpoiHB- 
jienie ;i,oji}kho 6biTL paBHO BHyxpeHfleMy conpoxHBJieHiio. 

TlpuMthpz 14. KaKOBi> oG-LeM^ caMoro SojiLmoro pmniia, 
KaKofi xojibKO M03KH0 oxnpaBHXb no noHTt? nycxb x Sy^ex-b 
ji,jiHHa. y js^ JUHpnna h Bbicoxa. HpaBH-io no^Baro Bt;i,OM- 
cxBa xaKOBo, qxo6bi A.iHHa -j- nonepeuHbifl nepHMexpij He npe- 
BOCxo^HJiH 6 (J)yx'L. TaKHM^ o6pa30M'b, mh AOJiacHbi nafixH 
maximum v = xyz npH ycjoBin, hxcSh x-\-2(;y-\-^) = {j, 
O'leBHAHO, 1X0 y Ji ^ BxcAaxxi BX) Hamn BbipajKenin coBep- 
meHHo oAHHaKOBHM'b o6pa30MX), oxciOAa y = 2, xaKx. '^ixo 
x-\~4y = ^ H v = xy^ AOJi»CHo 6bixb maximum. TaKij KaKT> 
x=^ — Ay. xo HMteMTi, mo t' = (6 — 4?/) y'^=zQy^ — 4//-^ 

dv 

AOJiacHO 6HXb maximum. Ilojiaraa ^ = 0, mh hm^cmx* I2y — 

122/^ = 0. Ox6pacHBaa oaho pbmcHie y = no oqeBHAHofl 
npH^HHt, nojiyqaeM'b y=l,T.e. Hami> flm;HKx> AO-men-b HMixb 
ABa (|)yxa B^ AJinny, 1 ^yxX) bt> mnpHuy h 1 $yxx> bx* Bbicoxy, 
npH 2 KyO. $yx. BMicxHMocxH. 

HafixH ofixjeM'b caMaro 6oJibraoro iiHJiHHApHiecKaro xioKa, 
Koxopbifi MoxcHO nocjraxb no noqxt. Ilycxb AJiHHa fiy^exxi I h 

AiaMexpT> d; l-\-ud=Q n —hP ji^ojimno 6HXb maximum. 
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OTB'bTTb: 1 = 2 (|)yTa, d = — (pyia, od'LeM'i> = — HJiH2-55Ky6. 

TT IT 

HpuMfbph 15. ripymMHa Ayrton-Perry. npo(|)eccop'L Ayrton 
H aBTopi) HacTOflii].efi KHHrn zm'bmm, ^to, Kor;^a cnnpajib- 
Haa npyjKima aaKpinjieHa oj^hhm^ kohe^om^ h noj^BepaceHa 
aMctbIio chjh F no och, to cBo6oji,Hhifi Koneix^ ea cipe- 
MHTCff BpamaxLCff. /tajite JierKo 6lijio BWBecTH ofimyio (J)op- 
Myjy AJiH yA'^HHenia h Bpamema upyacHHH ji.aHHHX'L pasMi- 

pOBX, H, pyKOBOACTByaCL TOJIbKO OAHHMT) BHIUeHSJIOaceHHfcJM'L 

npHHii.HiiOMT>, Mbi HaniJiH, KaKie pasMtpw' ea ji.oji3Khw 6biTi>, 
itoSh Bpamenie ea. Gmjio fl,ocTaToqHo GojibuiHMx. 

TaKi>, HanpHM'hp'b, ecjiH yrojii, cnHpaJH ot, to Bpamesie 
iiponopniuHajibHO sin oc cos a. OxcioAa cefiqac^ ace cJi'tji;yeT'b, 

1T0 a A0JI3KH0 6blTb paBHO 45^. 

EcjiH iipoBOJOKa HMterb 3.oHriTHiecKoe cfeqenie, npHqeMi* 
rjiaBHbia nojiyocH 3j[jiHnca cyTb x y, mh Haxofl,HMX, ^to 
Bpamenie nponopiyloHajibHO 

Ha^o HafiTH maximum aToro BbTpaaceHia ^Jf^i jiiaHHaro ci- 
lenifl (KOTopoe nponopuioHajibHO xy). IlycTb ii;// = 5 — nocxoHH- 
Ho, Tor;i,a BbimeynoManyToe Bbipa>Kenie npHHHMaeTT> bhji,i> 

3 1 

^7 — - ' — H 3T0 ji,o.i}KHo obiTb maxi um. 

5'^ 5 sy^ 

'Sjyhch Mbi bh;i;hmt>, hto HacToamiaro maximum ntn.. Ca^- 
jiaeMt JiH Mbi y fioJibmiiMt h.ih MOHbrnHM-b, (ji^Jisi MajibTXT> Be- 
jiH^HH^ y Bpamenie 6y,T;eT'b 0TpHii,aTejibH0, ho mh ne 3a6o- 
THMCfl HanpaBjeHin Bpaffl.eHifl, t. e. tomT), Syj^eTt jih oho 
HanpaBjieno no oobiKHOBOHHOMy HanpaBjeniio KpyqeHia, hjih 
H'hT'L) yro-iT) Bpani;eHiH yBejiiquTCji. Bott> nonoMy mh npHfflJiH 

KT> HeOOXOAHMOCTH ;i,1>.iaTb lipV/KnHbl m-b TOHKHXli nOJIOCOKI) 

MCTa.i.ia, cBi'pHVTbix'b btj cnnpajib cb yr.iOM'b 45^. yroJH) Bpa- 
menia, nojiyqaeMbifi xia coBC'tM'b HnqToacHbixx CHJi'b h oce- 
Bblx^ vAviHHenifl, BecbMa snaqHTejieHx. OTKpbiTie bthxt, oqeHb 
nojesHbixij npy/KHHi> 6biJio saBepmeno, Kor^a mh y6'6;i,HJiHCb, 
hto BCflKaa iipy^KHHa BpamacTca npn ^httcTBin na nee chjih, 
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npiLioaceHHofi no och. CxyjueHTH, HHTepec3noiii,ieca npaKiHHe- 
CKHMH npnioaccHiaMH MaxeMaTBRH, Moryrt naflTH noJiHbifi pa- 
cqerL, cioji.a OTHocamifica, b-l Hamefi OTaTsi, noM'hmeHHofi bi, 
<iPro€€€ding of the Royal Society » 3a 1884 roAT>. 

IIpuMifbi)7j 16. VLd-h rHnoTexHHecKoS HHAHKaropHOti AiarpaMMu 

cjitjiyeT'L, qxo HHAHKaxopHaa padoxa, npoHaBe^eHHaa oj^hhmtj 
Ky6HqecivHMi> (})yxoM'B napa, Bbipaacaexca xaKx* 

w = 144/?i (1 -|- log r) — 144ri>3 — 

Tjxl 2\ II cyxL HaqajibHoe jiaBJieme h AaBJienie oxpa6oxaB- 
luaro uapa, r ecxb cxenenb pacmHpeHiji napa (x. e. oxct^Ka 

iipoH3Bo;i,Hxcfl Ha xoji;a nopmna), a a:- noxepa, cocxBtx- 

cTByiomaa KOHAeHcauiM at HMJiMHApt; x saBHcnx'L oxTb r, 

1) EcjH obi :r 6biJio = Q, xo npn KaKofi BejinqHH't r hh- . 
HHKaxopnaa paSoxa oj^noro Ky5. (|)yxa napa 6biJia 6bi Han- 
Gojbmefi? 

BepeMi> ^ = H naxoAHM'L ^-^^ — f 44i>3 = 0, oxcioAa 

r— EcjiH Mbi xoxaM-L nafixH maximum aneprin na 1 Ky6. 

^yxL napa, nojiyHaeMOu ua oKpy-wnocmu Maxoeoto KOMca, xo 
Mbi ;i,o.iacHbi Kb 2h npnOaBaxb ^Jlewb, BbipajKaiomifl xpenie na- 
ciefl MamHHH. 

2) M-pt Willans onbixEbiM-L uyxeM-b namejn,, qxo ajia 
MamuHH 6631. K0H;i,eHcan,iH napa maximum HHAHKaxopnofi pa- 

6oxLi tv j^aexx r = — 7^-77; • ^^^^^ ^'^ npeAHAyiueMX) npn- 

J^3 1 I ^ 

MeM'b ^ = 0, xo nojiyqHMTi 

144/>, , , ' dx 

OxcKAa = ^^^^ (i>H + 10) — 144;>3 HJIH ~ = 1440. 

T. e. a; = l440r-|- nocxoaHHoe. TaKiiMX) oSpaaowb, npaKxn- 
^ecKifl BbiBo^T, Mr. Willans npHBOjiinx-b nacL ivh nonaxiio, qxo 
noxepa onepriii na Ky6. (|)yx'L napa ecxb .imneiiHaa (|)yHKuifl r. 
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Mh npHBOAHMTj 3A'bcb dTOTh pacqcTt, KaKt npeivpacHoe 
ynpasKHCHie maxima h minima, ^to Kacaeica ;i,o npaKTH- 
^ecKaro snaqeHia peayjibTaia, to xyxt MoacHO roBopHTb h 3a, 
H npoTHB'L. Kaaceica, iiawb 6yATo Bsaxo cjiHrnKOMT, 6o;ibmoe 
npoTHBOAtflcTByioffliee AaBjienie bx 10 ^ynTOB-L na kb. aioflMt, 
BHpaHcaiomee BJiinme KOH;i;eHcai;iH. 

Mr Willans namejit ontiTHbiMi, nyxeMi,, ^to jiJia ManiusH 
Seal) KOHv[i;eHcai],in napa KcinqecTBo Bojiibi, npejucxaBJiaroiniee 
noxepK) ea na o^Hy HHAHKaxopnyro jiofflajiKHyio ciiJiy Bb ^acT> 
ecTb jHHefinaa $yHKii,ia r npn xom^ ace KO^iaqecxBt napa b-b 
Koxjii — HO 3X0 He xo ace, qxo name x Mbi BHor;i,a npHHii- 
MaeMx,, qxo oxHomenie KOJiH^ecXBa KOH^encHpoBaHHaro napa 
KT> HH;i,HKaxopHoMy nponopuioHajibHa Ig r, ho, cooacHO cl ^an- 
HbiMH offlbixa, MoacHO npHHaxb ero h KaK^ .iHHefiHyio (J)yHi;:- 
UiK) r, 

UpuMYbin 17. BtcT> rasa, npoieKaioiuaro bt> ceKyHAy ne- 
peaX) oTBepcTie hbT) o^Horo cocy^a cl ;^aBJIeHieM'L bt* ^py- 



ot paBHO ~ , a Y HSBicTHoe nocxoaHHoe. Korjta btoxx* B'fec'b 



6y;^ex^ maximum'-^ nna^e, Kor^a — a ey^ex-b maxi- 
mum? Cm. 74, r^^t axoxi, npHMtpXi CHOBa paa^Hpaexca. 

^H4)(t)epeHi;Hpya no a n npnpaBHHBaa npoH3BOjipyK) 0, Ha- 

XOAHM'b 



Bi) cjyqat B03;i,yxa y = 1-4J, h mh Haxo^HM-b p = 0*527i?o, 
X. e. MaKCHMajibHoe KOJinqecxBO raaa buxo^hx-l hbtj cocy^ia b^ 
ceKyH^y xor^a, KoxAa Bnimnee aaBienie neMHoro Sojite no- 
jOBHHbi BHyxpeHHaro ji;aBJieHia. 

IIpuMfbin 18. 06biKH0BeHH0 npHHHMaiOT'b, qxo pacxo;^'b 
AJia npoBoj^HMKa, npoBOAHLuaro a/ieKTpMHecTBO, cocxohxi> bo 
1) hbij 9JieKxpHqecKofi noxepn, BejiHHHHa Koxopofi panna C^r 
yaxTOBT*. r^t r ecxb conpoTHSJieHie b^ oMaxX) oahoS mhjh 



rofl, vjijb AaBjienie p, nponopnionajibHO 




2 
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npoBo;^HHKa Bt npaMOMt h o6paTHOM'b HanpasjieHiH, a C cMa 
TOKa Bt aMnepaxT); 2) pacxo^a na npor^enra h norameHie 

CTOHMOCTH IIpOBO;^HHKa. Si fipaJH) npcSCKypaHTU ^aCpHK-h, BBI- 

paOaxHBaiomHX^ npoBOAHHKH, a xaKme AtHH hs'l ycjiOBift Ha 
^poKJlIa;^Ky hx'b h Haineji'L, no bo Bcix'b cjiyqaHxi) fliJia o;pi- 
HaKOBHX'L npoBoj^HHKOBi), OAMHaKOBHM'L oepasoMt npojioaccH- 
HMX'L HJH noAB'feraeHHHX'b CBepxy, cTOHMOcTb oj^Hofi MHJH npo- 
BOflHHKa Ha npaKTHKi nponopnioHajiBHa Btcy wh hcm'l Mt;i,H, 
T. e. oOpaTHo nponopiuoHajibHa conpoxHBJieHiK) hjhocl Hfeo- 
Topaa nocTOHHHaa. PacxoA't bt* ro^i.^ nojiyiHTca, ecjiH ctoh- 
MocTb oj^Hofi TOHHH M^j^H yMHOxcHTb Ha ^Hcjio npe;i,cTaBjaH)- 
mee BCJiH^HHy npoii;eHTa h norauieHia. Mh MoaceM'L onpeA*- 

JIHTb 3T0T1> paCXO^T* BT* rOAT* HJIH B^ CeKyHJ^y H BHpaSHTb 

ero Bx MOHOTHofi e;^HHHi^'h, HMia Bejin^HHy ajeKipHHecKofi no- 
TepH B'b yaxraxTi. Ho mh ne MoseM'b CKJa^HBaTb BMicrh 
aTHXT* pacxo^OBt, noKa ho SHaeM-b ctohmocth B'b ro;!,^ hjih 
OAHy ceKyH;i;y o^Horo yarra. SajaBnracb Tpewa BejHHHHaMH, 
MoacHO onpeAiJiHTb aiy BejiH^Hay, Koxopyio mh HaaoBeMT, f^. SI 
npeAHO^HTaro BwpaacaTb o6mifi pacxoA'b jyquie B'b yaxiaxT), 
^iMT* Bb (J)yHTaxT> cxepjiHHroB'b wh vo^^ H Haxoacy, qxo y 

paBHo C'V-]-~-|"^^ rA'fe ^ ecxb HiKoxopoe nocxoaHHoe. B'b 

ynpaacHemax'b mowho t npHHHMaxb orb 17 ao 40, ho nycxb 
jyime cTy;^eHXH caMH noA6Hpaioxx> ^HCJia cxohmocxh aaep- 
rin, Mt^H H ;^Ja bojih^hh npoi;eHxa *). 

*) Btci Mt^H OAHott MHJit ^poBo;^HHKa, HMtiomaro cfeMenie njo- 
niaABK) a KBaApaTHux'B AK)SMroBi>, JierKo BUHHCJinTb. IlycTk ohx 6yA6Ti 
paBeHT* ma tohht*. Ecjih ^ ctohmoctb bi> (})yHTaxi ciepjiHHroBx oj^Hoft 

TOHHU M'6;^n, TO CTOHMOCTB npOBO^BBKa M03RH0 npH6jlB3HTeJII>HO npH- 

HflTB pma + HtKOTopaa nocToaHnaa. Ecjib R BCJiH^HHa npoucHTa h no- 
ramenia, to pacxo;^'I> bb ronB jj^na ^poBo;^HHKa BupasHTca bb (J)yHTaxB 
B 

BB BHjit pma + nocTOflHHoe. Ecjn 1 4)yHTB ^pe;^CTaBJlaeT^ ctoh- 

MOCTb w yarroBB bb ro^B (3aMi^THMi>, mto dTa BejiHHiiHa w ;i(oi»Ha 
6uTi» TiuaTejiLHO o^pe;^'feJIeHa. Ecjih no npoBOAHHKy Sy^eTL npony- 
CKaTBca TOKTi nojiHua cyTKH H nocTOflHHO, TO w jerKo onpej^ijHTb), 

Tor^a nocTOflHHHa pacxo;^i> ;^JIfl npoBOAHHKa oyxeTi -^wpma-\- no- 
^ 04 Bwpm 

CTOHHHOe. npHHflBB a= ^ " , MU HaXOAHM^, HTO V =: ""2500 ^ ' 

HtKOTopwe flyMaH3rb, ito ptmeHie TaKoft aaj^aim j^acTB hmt* hbh- 
Buroj^HifefimyTO ciuy TOKa bb jik)6omti ^poBo;^H^^K^ h npH BcaKHxt 06- 

5 
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Onpe^tJUiTh minimum nojiHaro pacxo^a y AaHHofi 
CHJIH TOKa C*? HHaqe roBopa, KaKoi fiyAert flaii6ojiie sko- 

HOMHLlft npOBOAHHEl) AaHHOfi CHJIH TOEa? 

^=C^— ^, H 3T0 paBHO npH r = -^' 
40 

TaKT>, ecjiH ^ = 40, r = -^. 

EcjiH a ecTfa momaAb Bt A»ftMaxT> ctqeHia npoBOAHHKa, 

TO npHfijiHSHTejibHO r = -^~^, laKT) qxo C= 1000a, hjh a^ia 

Kaac^oft TBicaqH aMnept chjh TOKa Ha^o 6paTb Bt npoBO^- 
HHKt 1 KBaji,p. ArofiMi* c'tqeHiji. 

EcjiH ecTb ({)yHRii;ia 6oiite Mtmb OAHoro HesasHCHMaro 
nepeMtHHaro, noJoaHM'b, a:: h xorAa GjAeM'b HMiib absi 



ypaBHenia { ) ~ i^P^ 'J^mt, y npHHHMaeica 3a nocToan- 



Hoe, H (;r)'^^' '^^^^^ ^ iipHHHMaerca iipn AH(]^^>^?peH- 



i^HpoBaniH 3a nocxoaHHoe; 3th ypaBHeniH Aa^yx^ sHaqenia x 



CTOflTejibCTBaKx. Ho, xoTfl BumeoaHaqeHHUH CTaTbK pacxo^a cyrB naH- 
6oxhe BajKHua, o;(HaRO bi> ajikhhiiIxI) Kadejiaxi Moryrb oKasaTbca h 
;(pyria ciaTBH pacxo^a, KOTopua 3A'6cb He npHHaiu bo BHHMaHie. Pac- 
xoAB) HBJifliomiftca cji'^j^cTBieMB Bpe^Haro A^flcTBia Msraioiuaro cB'i^Ta 
Ha HepBbi N Ha sptHie, pacxoAi*, BuauBaemutt Tpe6oBaHiflMH KOii(i)opTa; 
yAopoaceHie aHeprlH BCJi'&;iCTBie yBejiH^eHm paacToania, Ha KOTopoc 
nepe;^aeTca tokb. 

EcJH TOJibKo yj^acTca BanHcaxB MaieMaTHHecKoe Bupaacesie, npc;^- 
ciaBJiaiomee nojiHutt pacxoj^B ji,m KaKoro jih6o MexaHHSMa, RaKB 4>yHK- 

UiK) BeJIH^HHU O^HOfi HJIH H^CKOJIbKHXB HepOMtHHUXB, TO O^eHB lerKO 

BafiTH HanBuroABMmee hjih HaHBLiro;^H:kiSinia anaqeHiH nepeaii^HHUxi; 
HO He Bcer^a JierKo HanHcaTb xaKyio ^yHKuiK). K o^HaKo, aro—aaAaqa, 
KOTopyK) HCKycHuft HHaeHept fl.omeE'b Bcer^a 3a;^aBaTB ceC-fe; ci yae- 
jHHeHieMB KaKoft jih6o BejiHHHHu nojiyqaeica jyqmift hjih xy;^mlft pe- 
ayjiBTarb; 9to hhrto hhoo, KaKB aa^aqa Ha maxima h minima. 

SaM^THMB TaKHce cjit^^yiomee. IIojioshmb mu namjiH BejiH^HHy x, 
KOTopaa A^JJaeTB y maximum; MoaerB 6uTb, hto anaqeHia a?, otjih- 
Haiomiaca otl aioro, abaytb sejiHHHHy y^ Koiopaa 6yAeTT> maJio otjih- 
qaTbca OTL cBoero MaKCHMajibHaro aHaieHla. Xopomifi HHaeHepi 
npaKTHKB oSpaiHTb Ha 9to BHHMaHie H BT. noAo6HUXT> cjiyqaaxi hc 
CTaHexB cjinrnKOHB crporo HacTaHBaiB na npHMtHeHiH Hafl;(eHHaro 
anaHeRia x. 
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H y, ofipamaiomia u maximum mh minimum. 3AicL oa- 
HaKo ciiAOBBJio 6h eme Koe npHfiaBHTb OTHocHTeJbHo 
Toro, KaKt ysHaTb, 6y;^eT'b jh HaftAenHa;! BejmiHHa maximum 
HjiH minimum, hjih maximum OTHOCHieJibHO x h minimum 

OTHOCHXeJUbHO 2^, HO MH He MOKeMt 3A'bCb fiXO^HTb BT> pa3- 

cMorpiHie aToro Bonpoca. - 

HHor;^a m> aiOMt cjyqat, xoth u h SyAert $yHKi^ieft a? 
H I/, MOHHO HafiTH saKOHT), cBflsyiomifl X VL y, VL HCMHOrO 
coo6pa»eHifl noHaAdfiHTca ji^ HHHcenepa, qTo6bi cnpaBHTbCA 
ct cBoefl saAaqefi. JfceJiaTejibHo bo Bcix-L pafioxax'b BOSMoacHO 
MCHbrne npHAepaHBaibCH npoTopftHHHXT> Aoporb; caMocxoa- 
TejibHaH HAeH, npHM'j^eHHaa kt> KaKofi jih6o aaAa^'i^^ Moacerb 
Aaxb p'i^menie jiasl f^Maro TpyAnaro cjiyqaa uoMom;bK) mhhh- 
Myna MateMaTHMecKHX'b BUKjuaAOKi. 

Tain>, HaapHHi^pi, noJOsnMi, qio mu xothmi naftTH HaMBbtroAHtii- 
uiiii npoBOAHHKi>, ho He AaHHoii CNJiu TOKa, a, nojioasHMi, ?to a&h- 

H0& HBlflBTCH 3Heprifl, KOTOpjlO Hy»HO AOCTaBBTB Ha HSBiCTHOe pa3- 

CTOflHie. £cj[R dTO pacTOfiBie pasHO n mhib, h npoBOAHHin» HMieTB co- 
npoTEBJOHie r ohobi> Ha mbjuo (Ty^a h o6paTHo), ecjH ecTb paa- 
Hom noTeBmaioBi y saxHHOBi renepaTopa, a C CHJia TOKa, Torxa 
pasHocTL noieHuiajioB'b na oKOHeHHOCTflxi npieMHHRa Gy^erB F, npn- 
Hem Fi — F=: Cnr. CF = P — nocToaHHo, a pacxoAi na mhjiio 6y- 
P 

ABTL y = C^r + ~ — (1), r^i H3BtCTH0. KorAa y 6YfifiTb maximum? 

3ji/hch H H r MoryTB HaMtnaTbCJi, ho bi aaBHCHMocTH APyn> ovb 
;^py^a. TaKT» KaKT* F=Fi — Cnr, to P= CFi— C'nr. . .(2). CaMuft npo- 
CTOft cooco6i> ptraeHla aaAaiH Cyflert, — BupasHTh y B^ (})yHKai0 hjih 

r TOJLKO, HAH C, Taia h3i (2) eaxoAHMi r= — pa^" (3). 

IIoACTaBiflfl dTO bi» (1), nojiyMBMi 

y n = CF7~ P (-^^ 

3AtCI> BCi BBIH^HHU nOCTOHHHU KpOHt 0, TaKl HTO MU MO»eMl> 

HaftTH 3HaqeBie C, npn KOTopoMi y 6yAerb minimum, a, anaa C, natt- 
H3i (3) H r. 

IIoKa npeABoiaraeTCJi, mto CTy;^eHTb yMtexL AB(}«J)epeHUHpoBaTL 
TOJibKO o;'^, nodTOMY p'bmeHie dToft 3aAaMH OToa^^uBaeMi ^o Ttxi nopi, 
noKa 0Hi> He npoA^iaerL aicKOJiBKO npHMipoBi H3b rjiaBu III *). 



*) JI,H(j)(J)epeHaHpoBaHie (4) bT) III rjiaB-fe cociaBJiaeTT, oj^ho nat 
caMiiixi JierKHXi ynpaxHeHitt; oho npHBOAHTb ki 

dC— n 1 (CFi — P)^ ' 

5* 
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Bii cBOHxi leKui^rxi o rH;(paBJ[HqecKRxii MexaHHSMaxi a bubo- 
^(HJi'B BupaxeHie jifio. o6maro pacxo^a vb (i)yHTax'b b% roAi> npa rNApae- 
jiNMecKOM nepeAant sHepriN noMombio TpyGonpoBOAa. H BupaaKaii ero 
BT» saBHCHMOCTH oTi MaificHMajiBHaro AftBJieBia, KOJiHMecTBa uepeflaBae- 
Mofi aeepriH h ;^iaMeTpa d TpyOu. JlerKO 6ujio ^o;^o6paTb Taicoe d, 
^To6u nojiHutt pacxo^i Cujii minimuiB. ii npHHHMaH) A^'Bieme p y 
npieMHHKa nocTOflHHHMi>, TaK^e nepoAaBaeMyio auepriio nocToaHHOftt 
OTCiOAa Haxoacy Q pacxoAi Bo;^u Wb KySa^iecKHXi ^yiaxi bi ceKyn^y, 
H npH6aBHBi pacxoAi> Ha yKJ^a;^Ky nponopAioHaiLHufi KBa;^paTy ;^ia- 
Meipa, a JierKo nojiyHaio ^Jia o6maro pacxo^a laKoe Bupa»eHie 



PAt Bejie^HHu a, h VL c saBucflT'L oti> ctobmocth afiepriH, otb npoaee- 
tovh Ha cTOHMom 3ReJii^3a h t. a- B'to BupaaBeeie 6yAeTi> minimum, 
KOTjkB. ero ^poH3Bo;^Haa no d CyAert paBHa hjh 



OTCiOAa d MoaseTB 6uTb aafiAeno noMouibio npo^HUXi noACTaHOBOKU 
Koa(]^(j[)HiiieHTu h e c saaHCflTb xaKsc orb npoHHocTH maiepb^ijia, laicb 
mo OTCiDAa Moaeo BUBecxH, ht6 GyAen* AemoBje wb o6meMi, CBapo«i- 
Hoe HJH JHToe «ej['63o. Ho u sa^cb hu npeneCperjiH oahhmii HJieHosfL, 

HMOHHO, CTOHMOCTbK) MamHHU H HaCOCOBl. 

Cji-feAyiontift npHMtpi 6yAerb SAicb KCiaTH, xoia oa-b a ae Kacaeica 
maxima a minima. 

3jieKTpNMecKiii npoeoAHMKi* aa KasAofi MHJit CBoe3 fl^iHEU pacnpe- 
A'i^Jiaerb no a asfnepoBi. Ilycxb x paacioaaie Bb majaxi atKOTopod 
TOHKa OT-b Koaua jaaia, yAaieaaaro orb reaepaiopa, C cajia lOKa a V 
paaaocTb noTeamajioB'b bi aiofi tohk*. Hycib conpoxaBJieaie npoBOA* 
BBKa aa ymm 6yAexi r, (xo ecxb, cnaxaa OAay mbjiio bt> npaMOMi, aa- 
upaBJieaia a oAay mm B-b QCpaxaoBfb). Toki, pacnpoA'i^eaBufi aa 

dC dC 
npoxaateaia hx,- 6y;^erb ajia Sa; a aaepria ^"^J? TaKb 

npapaaaaBL axo ayjuo, nojiynaMi) acKOMoe saaMeaie C Ho Jiyqme npo- 
Aijaxb 9X0 ynpa»aeaie, aaAaamacb HHCJieaabiMa BOJiaqaaaMa; taKi), 
BoabMHxe Fi = 300. BOJibxi, n = 10 Majb, P=: 20000 yaxxoBi, = 1600, 
aaflAHxe C, a aax^Mi a r, 

Ecjia npeACiaBflxca KaKia jib6o jijajihii^Rmm xpyAaocxa, xo oxcu- 
jaeMi HBxaxeJia kt> cxaxbt b^ Journal of the Institution of the Sodet^f 
of Telegraph. Engineers, cxp. 120, xomi XY, 1886 roAa. 

JI,o CBX-b nopi enie Majio, o6pan;ajiocb BaHMama aa xo, 'ixo ecjia 
Aaau Fi, P a r, xo npeA^Jibaaa A^^HHa jiaaiH 




d^ 



2cld7^balQH-^ + ?i>PQ^d-\ 



n — : 4rP, 



a b^ 3xomi> cjiyMat P xohboctb paaao ajieKxpa^ecKoft noxepi bt> 
npoBOAaaKt. 
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MTO aeepriH Ha oabj vnm (saMtiBTe Bupaxeeie aa mhiio) 6yj(eTL 



.(1). 



EcjH V ecTb pasHocTb noTeHaiajiOBi x, lo vb x-{- ^x 6y;^eT^ 
r+oF- laicb KaKT> conpoTHMeHie qacTH hx pasHo rhx, to CHJia TOKa 
6yAeTi hV'.rhx, h no MBp* Toro, Kaicb 8x CyAen 6e3KOHeHHo yCuBaxB, 
CHjia TOKa 6yAeTi> npR6j[HsaTbCfl Kb npe^iJiy 



TaKi KaKTi -gj- = a, TO C = ax, ecjiH C = npo = 0. 
OTCK);^a npH r nocToaHHOMi (2) npHwerB bwt» 



(2). 



, TaKi HTO F= Fo + Vzraa;' 



...(3). 



npH ^eHi Vq 03Haqaerb paaeocTb noTenaiajioBi bi> KOHAi^ jihhIh. 



(1) noiyMaert BH;^l 



P = aVo + y2ra^3^ 



.(4). 



IJpHHflBi Fo = 2(X) BOJBTL, a = 25 aMnepi na mhjiio. r=l oMy 
Ha MHJiK), jierKO yBB^i^TB Ha ^HCJieHHOMi npHMtpi, RaKB dHepria, pac- 
npe^tjiHeMafl na npoTflxeHiH mhjih, h pa3H0CTb noTeHiUajioBT> yHeHb- 
maioTCfl no iiipi pajieHin orb reHepaTopa. 



X 


F 


P 





200 


5000 


1 


212-5 


5312 


2 


250 


6260 


3 


312-5 


7812 


4 


400 


10,000 



FcjiH Fi ecTb pasHocTb noTeHAiajiOBi y aaxnMOBi AHHaMOMamHHu, 
e iHHlH HM^erb bt» aJhhY w mhjib, to F^ = Fq + Vaam'* h3i (4) 

TaKi KaRi> dneprlH, pacnpe^'i^fleMafl Ha mhjik) bi KOHiit jHHis 
paeaa P = aVQ^ to, ecJiH mu 3a;^aAHMca F^ n Pq, HHaMO roBopa, Fq, 
TO HafiA6Mi>) ^1*0 n He AOJi»HO 6uTb 6oJite, H'bMb 



dTffM'b onpeA^flOTCH npeAtjibHaa ;^jiHHa jibhIh. 

Ecin MU xejiaeMi, hojoshmi, bl dJieKTpNHecKON Tart nojiy^HTb 
npn5j[U3HTejbH0 o;(Hoo6pa3Hoe P, to mu moxcmi nonpo6oBaTb npHHATb 



C=ax — hx^ 



(5). 
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a, 6 H 6' cyrb nocToaHHua, 



r dx -^-^^ 

V= Vo + 'hrax'--"^^+^ (6). 

dC 

TaKT> KaKi P=V-^ ujiu V (a — chjif to mu jierKo onpeAiJHM'b 

TpH nocTOflHHua a, b n c trki, hto6w P ociaBajiocb nocToaHHUM^ bi> 
KaKHXT* JiHOO Tpexi TO^Kaxx JiHHiM. TaKi, nycTB r=l OMy, F=10Q 
BOJUBTb, H nycTb P = 10000 yaiTOBi, npa nemi a; = 0, a; = 1, a; = 1 Vj» 

MHJIH. 

OoMOiuBK) npo6Hiiixi no;^CTaHOBOKi' mu aafiA^Mi, hto ;^oj»ho Cuib 
(7=100^? — 14-75:r2-n5, 
H oTCiOAa JierKO buhbcjihtb C j[io6o& tohkh jiHBifl. 

IlpuMthpz 19. HiKOTopaH.MamHHacTOHTL ax'\-by, a eano- 
jiesHocTb AJia MCHH nponopuioHajibHaa:!/, HaflxH HaHBBiroAHMuiia 
SHaqeHia AJia ^ h //, ecjH ^ana ea ctohmoctb. Sa^cl ;^OJI- 

aHO 6BiTb maximum. IlycTL c = ax-\-hy^ teet* ^to y = y — 

— -^x H x2/= — -^x^, 3to Sy^eTL maximum, Kor^^a y = 

= 2 j-x fljH a:r= ~. OxciOAa ax=by = A'tJiaeri) ^i/ maxi- 
mum. 

BpuMYhp^ 20, SiieKTpMHecKafl nocTOAHHaa epeMeHH ii;hj[hh- 
;i;pHHecKofi o6motkh Hat npoBOJOKii npH6jiH3HTejibH0 paBHa 

u = mxy2 {ax-\rby-\-cz), 

r;i,'t ^ — cpeAHifi paji.iyc'b, y — pasHOCib Me»;iy BH4mHBMi> h 
BHyTpeHHHM'b paj^ijcaMH, z — ;iJiHHa no ecu, m, a, 6 h c h3- 

BtCTHHH nOCTOaHHblfl. 

06'beMT> o6motkh paBesb Ir.xyz. 

HaflTH 3HaqeHiH x, y, z, o6paffliaK)n^ia u Bt maximum 
npH ;i,aHHOM'b oSxeMi o55iotkh. IlycTb 2Tzxyz = g; Kor;i,a 

— + + — CyAerb maximum? Hna^e roBopa, HCKJiioiaa ^, 
yz X2 xy ' ^ ' 

Kor;i,a ax 4" 6^ + Y^- ^ paBuoe, noJoacBM-L, r, Cyjifivb mini- 
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mum? TaK-b KaK'L x a y coBepmeHHO HeaaBHCHMH, to HyjKHO 

fdv\ ^ fdv\ ^ 



a + 0' 



9^ 



+ 6- 



2Tzxy 



dy 



TaK^ ^TO x^i/= 



2 



a27: 





r— — — — — — — — — — 

* ! 




. i-.X 











h27 



^lepT. 9. 



X b ax ^ax gc 

H — = — HJiH y = — , OTCiOAa o;-^ = — ^ , 
2/ a 6 a2Tr 



3A — r — 
,/ ahg 



38. Lltnb BMCflHaro mocia noA«epacHBaeTT> rpysT. npn no- 

MOmH OTAtJIbHbTXT> CTCpaCHefi. FpySH npH6jIH3HTeJILH0 paBHBI 

H Haxo;i,aTCH Ha paBEHx-L paacToaniax'L. npeAnoJiornHMt, hto 
u;inb Harpyacena nenpepHBHO h mto narpysKa na ejpiHHi^y 
lopuaoumaMHou ;i;jiHHbi ea paBHa tv. Ilojiarafl ojiHOo6pa3Hafl 
i;tnb HJiH Tejierpa(J)Hafl npoBcioKa HaxojiflTCfl npH6jiH3HTeJibHO 

B'b xaKHX'b ycjiOBiax'b. KaKOB'b 
ea BH^ii? IlycTb dyj^erb 
caMaa iiOHHJKeHHaa ToqKa. OX 
ropHSOHxajibHaa jiaaia, Kaca- 

TCJIbHaa KT> H,tDH B% TO^Ki 0, 

OY ecTb BepTHKajiT). Ilycxb 
P ey^eTT* KaKaa HH6yAi> to^- 
Ka aa utna a ea KOop;i,HHaTbi 
X a y. PaacMoipHM'b ycjioaia 
paBaoBicia qacxa OP. OP aa- 
xoAHxca B^ paBaoB-fecia eoa'b 
TjepT. 10. BJiiaaieM'b chjih — ropa- 

30BTajiLaofi pacxaraaaionxeft 
CHjibi BX xo^Kt 0, cBJbi T aaKJioHHoft KacaxejibHofl b-l xo^Kt. 




P H wx rpyaa, npHXOj^amaroca na OP h AtScTByiomaro 

BepTHKEJIbHO. Mh npHMtHfleM-L SaKOH'L A^flCTBia CMT* Ha TBep- 

fl;oe T'tjio. Tsep^^oe rhjo — 9to laKoe, KOTopoe He npexepnt- 
BaeTL HSMlHeHifi no;i;i> BJiiflHieM'B chji'l. 

EcJiH MLi HaqepTHMt TpeyrojLHHK'b, cTopoHH KOToparo na- 

paJIJeJlbHH DTHMt CMJiaM'L, TO OH* 6YJljrh 

ijponopiuoHajibHH hm-b, h ecjiH 6 ymt 
HaKJiOHeHia T k'l ropHSOHxy, to 




S = cos fi. 
= tgft.. 



T 

wx 

Y, 







.(1), 

•(2), 



HepT. 11. 



Hotg6 = -,TaK^qTO- = -^^. .(3); 



OTCioAa, HHTerpnpya, nojiy^HMx 

y = -K +n0CT0flHH0e. 
SarfeMX MBl BHAHM-h, ITO ^ = 0, KOr^a X = 0, TaK^ 1T0 

nocTOHHHoe paBHo 0. OTCioAa )T)aBHeHie KpHBoft ecTB 



1 w 



•(4), 



w 



a 3T0 ecTb napafioJia. 3aTiMT>, tgb = -y, TaK-b ^ito sec^ b 
paBeHx 1 + -,TT2^'^ '^^^'^ ^^^^ T=Tq sec 0, to 

J=J„l/ 1+-^,^:' (5). 

HexoAH hstj stoto, mojkho npoH3Bo;i,HTb BCflKaro po^a pa- 
cqeTbi. TaK^, eciH I npojieT-b h D npoBtcb Tejierpa^HoS npo- 
BO-iOKH, TO, ecjH 6h 6biJia Bbi^epMena bch KpHBaa, mm 6bi 
yBHj^'tjiH, ^To cjt>;iiyerb tojibko no^cTaBHTb bt* paBCHCTBO (4) 

rr=V2^ H y — I^ OTCioAa 

^ 9" T T ' ™ ^'» = 



8/)' 



mHo xaKse He xpy^^Ho HatiH fiojubinia HanpaaKeniff h bt» 
Bt, saj^a'i'b o BHA'ib oji;HOo6pa3Hofi i^'bsH, HarpyseHHoS oa- 

HHMl) TOJIbKO C06CTBeHHHMT) B'lcOM'L, HHTerpHpOBasie EC TaKTb 

jierKO. SI npHBOHcy ero Bt npHBrtqaniH *). Korji,a Hjinb na- 



*) HHTerpHpoBaHie, npBBeAeHHoe bi aiOMx npHMiHaeiH, TpeCyen 
3HaBifl rjiaBu III. 

ECJIH B'6C1> ^aCTH I^BB BM^CTO WX paBCHl WS^ TJl^t S—JS^HESi Kpfl- 

Bofi OTB AO i^, TO KpHBaH J/ HadUBaBTCH utHHoii AMHieM. YpaBBeHie 
(3) o6paniaeTCfl bi 

dy ws ^ % 5 

^ = jr, HJH, noJioaHBi = ^^'c, 5^ = y (1). 

Ecjiu 0^ ecTB A^HBa ajieMeHiapHofi qacTs ainH, to mli bm^hmi, 
MTo Bi> npe^i^Jit 

(05)2 = (oa;)^ + (03^)2, 



TaKl) 'ITO 



H OTCiOAa 



no HHTerpepoBafliH nojiyHaeMi* 



y + c = |/c2 + 5' (2), 



npHHex'b nocTOflHBoe npn HHTerpHpoBaBiH bsato xaKoe, npH KOTopoiTL 

5 = 0, npH y = 0. H3i (2) mu Haxoj^HMi — y^ -\-2yc (3) 

H, BCTaBJtafl axo bi» Bupa»eflie (1), HMi^eHT> 

dx _ c 

HHTerpajn KOToparo ecib 

, y + c-[- \/y '+2yc 

x — c log L , 

c 

TaKl KaKi npH y = a? = 0, (Haiajio KOopAHHarb bi 0), to BHKaKoro 
nocTOflHHaro se eyasHO npB6aBj[BTk. IIpeACTaBJiflfl aro BupaxeBie bi 
noRa3aTejibHo& (|>opif'&, nojiyqHM'L 

IlepeBOCfl Hjeau n BOSBumaH bi KBaAparL, noJiyHHM'L 
+ c Vac (e ^'^^ + e""^'^^) . 
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cTOJBKO nojiora, qio mh MomeM-L npHMTb narpysKy na h*ko- 
TopoMi) ero npoTflscemn iiponopii,ioHajibHofi ropHsoHTajTBHod 
npoeKuiH ^^JiHHH i^tnH, to Oy^eMT* HMtTb napafioJHqecKyH) 
(j)opMy. 

39. UonedHoe AtHcTBie noeepxHOCTM Harptsa KOTJia. Kcjlh 
1 $yHTB raaoB'L b-l AHMorapHMXt xpyeKax^ npn t}Xj[aac;i;eHm 



Hjih, nepeMimaa Hanajio Koop;^HHaTL to^ky, Haxo;^au^yK)ca Ha pas- 
CToaHiH c HHae 0. KaK-B xoHKa na Hepi. 12, /SP ecTby' h jRP 



dio HHor^a o5o3HaMaeTCH laK^ 

y' = c cosh ic/c. 

nOJIBSyflCB (1), MU HaXOAHMl 



HHor^a nnmeMi 3to TaKt 



.(4). 




SaMtTHM'B, MTO Ta^JIHUlJ BeJIHqHHli Slllh t« H cosh U HM^IOTCH Vb 

nenaTH. 

OepamaacL in> nepBOHanajibHOMy ^epieay, HMteMi, mo aaT^e- 
Hie Bi F Cy^eTb T, 

T AB ds • (Is 

m = BC = d^^ ''''''' (3),5.^^-t/ + c, 

^ V + 

TaKi MTO — = --y- . OiciGAa T=:w{y + c) HJIH T = wy\ 
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flo TeMnepaiypH bo^h oxj^aerb KOJHMecTBo TenjiOTH 6, (b mo- 
acert Shtb npHHaxo nponopiiioHajiLHHMx paasocTH xeMncpa- 

17P^ TBZOWb H BOAH, HO 3T0 He BHOJIHt HpaBHJlbHO), Mbl Ha- 
XO^HMt UdTb OnWTOBl IleKJe, MTO KOJIHHeCTBO lenJIOTH, KOTO- 

poe BT) qacL nepejiaeTCH cl KBajiipaTHaro 4>yTa noBepxHocxH 
;^HMO^apHHX^ TpySoKt, npHfijiHSHTejiBHO paBHo m6^ IlycTB 
6 = 61 y KOHua ea okojio ahmoboA xpySH. JIocmotphmt,, qxo 
npoHcxoAHTi) Bt HiKOTopofi TO^Kt ^HMorapHoft xpySKH. 

rasbi npH j^BH^eniH oxt xohkh, npofiji;^ ^JIO^^aA^) ao 
Toro Mtcxa, ta^ xeMnepaxypa 0, npomjiH j^ajiie ao xo'ikh, r^t 
S cxaHOBHXca yace 5-f-o>S h 6 cxaHOBHXca 0~|-56 (bx a*^- 
cxBHxejibHOCXH 8G oxpHuaxejibflo, KaKt bxo JierKO BHAixb). IIojio- 
TREWb, nxo cocxoHHie 3X0 ocxaexcH HeHSMiHHbiM'b, H Bx. npo- 
AOJiacenie ^aca raaw nepeAaioxT) qepest njiomaAb 5/S KOJUH^e- 
CTBO xenjioxbi mb^S, Ecjih b'b xeqeniH laca TT $yHXOBT> ra- 
aoB-b oxAajiH na 3Xoft njiomaAH — W^b xenjoxH, xoxAa 

— Wlb^mH^oS 

dS W 1 

HJH ^= . -rx (1). 

db m ' 
HHxerpnpyfl no b, nojy^HM^ 

S = - . I +c (2), 

r^i c HiKoxopoe nocxoHHHoe. 

Ilojiarafl = b^ — xeMnepaxypi y xonirfe, rAi S = 0, HMieM'b 

TaKi) nxo (2) o6pani;aexca b^ 

-^a-i.) (3). 

9x0 noKasHBaex'b, KaK'b yMeHbmaexca 6 no Mtpi ynejiH- 
qeflia cqnxaa ero oxt, xohkh, h cxyAenxy bo bchkomX) cj[y- 
Ha'6 CTOHXT) noxpyAHXbca aa^epxHxb KpHByio, cBaawBaionxyK) 
S E b. EcjiH, AaJi'ie, npeAcxaBJiaexx» noinyio njroni;aAb no- 
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BepxHOCTH HarpiBa h y KOHii;a TpySoKii co cTopoHH ahmoboM 

KOpofiKH 6 = 62, TO 



' KojiHqecTBO Tenjora, aaKJiioqaKimeeca b% oakowl ^yHrfc 
raaoB^, y toheh paBHO Oi, owb OTAaerL BOAt KOM^ecTBO 

— 62. OxcioAa K034)4)Mi4ieHTb noiiesHaro AtWcTBia noBepx- 
HOCTH Harptoa MoacerL 6uTh npHHHTb paBHHM'L 



a HBt paBeHCTBa (4) cjrtAycT'B, ^to 



SartjM'L, nycTB W ecxL b^cb yrjH, cacHraeMaro b'l ^acB; 
-Tr=13Tr', ecjH BosAyxT* nocTynaei'b Bt KOJiH^ecTBi AOcxa- 
TOTOOM'L AJi« noJiHaro cropania. Tr=OKOJio 20 W B'L cjiy- 
Mai ofiHKHOBeHHoft $opcHpoBaHHOfi thxh; Tr=OKOJio 26 TT' 
B'L cjiyqat tstr qepes'B AHMOByK) xpySy. aTHXt CJlyqaflx^ 
61 noBHAHMOMy utaaeTca He ofipaxHO nponopi];ioHajibHO "W^, 
KaKt 6bi 3X0 Morjio Kaaaxbca cb nepBaro BarjaAa; ho mh ne 
SHaeMt Bt xoqnocxH, KaK-L 61 saBHCHXi* oxt» BeanqHHH H3- 
6HXKa nocxynaioniiaro BOSAyxa. Mm MoaceMt xojibko CKaaaxb, 
Hxo, ecjiH W : S ecxB b^cb yrjia bt* qacB na 1 kb. ^yx-B 
noBepxHocxH narpiBa h mbt naaoBeM-B axo w, to, hobhah- 

MOMy, cymecxByex-B saKOH-B ^ — ^ - ^atv ' ^ saBHCHX'B 

oxT* KOJHqecxBa nocxynaiomaro b^ xonKy BosAyxa. IlpaKXHKofl 
nafiAGHO, wro a = 5 ji,m xarn cb ahmoboA xpySofi, h 0*3 
AJia (j)opcHpoBaHHofl xarn, h 3xh BeJiH^HHW Aaiox'B BnoJEHi 
xoraBie peayjiBxaxBi. TaKace qHCJiHxeJiB AOJiaceH^ 6hxb bshxtj 
SojiBmHM'B eAHBHUBT, KOFAa ecxB cnei^ajiBHBia npacnocofiJieHia 
AJia noAorptBaaia naxaiomei boabi. 

EcjiH MH BMicxo AaHHaro BHine saKoaa (noxepa xenjioxw 
raaaMH b'b AHMorapaofi xpyfiKi ^ 6^), npHMeMx, qxo a 60- 



S 





jite FtpoflTHO, ^To noTepa 3Ta nponopi;ioHajibHa 6, Tor;i,a 
BM-fecTO npemnaro (1) nojijmiwb 

w 

HJIH S— log 6 + nocTOflHHoe ........ (2). 

nycTh 6 = 6i y TOflKH, r^t S = 0, Tor;^a name nocTOaH- 
W 

Hoe paBHo — log Oj, (2) npHHHMaerL bhj^T) 

^=^'^(4) »• 

EcjiH ecTL nojiHaa njoma^b noBepxnocTH Tpy6KH h 
Teunepaxypa y ahmoboS TpySii, xorj^a 

'=^^^k- 

HJIH 

«2' 



Ko3(j)$Hij.ieHT'L nojieanaro ;i,tficTBia 

01— 



-(5), 

npHHHMaei'b bhaT) 

i;=i-|=i-a (6). 

Hjih, ecjiH tv ecTb B'tc/B TOMHBa Ha KB. (j)yTT) noBepx- 
HocTH HarpiBa, KaK^ h upew, to (6) npHMerb bh;!,^ 

_j_ 

£=1-."^^ (7). 

40. Pa6oTa, nojiynaiou^aflcfl npH pacuiNpeHiN Tt;ia *), Ecjih p eCTb 
JiaMeHie h v o6i>eM'B HtKOTopuft momghtb itaa, KOTopoe y»e npo- 

*) 3aMi&THMT>, HTO, eCJIH MH BM^CTO p U V ^JflfiVL'b HHCaib X E 
TO BUBO^l) 3T0TI npGACTaBHTCa OMeHB JierKHM^. 
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H3Bejio npH pacrnHpeeiH H'6KOTop^io^a6oTy TF, to jiyHmee onpe^ijie- 
Hie AaBaeHia CyAen. laKoe: p = (1) mh, Bupaaaa aro cao- 

BaHH, A^BJseHie ecrb BejiHMHHa, Bupasaiomaa pa6oTy npH eAHHHHHOiCB 
D3MtHefliH o6ieMa. Jlpyroft cnbco6T> yciaHOBjieHia aioro noHaiia cife- 
j^yiomiM. Ecjin t^jo pacmepaeTca aa o6ieMi> hv^ to yBejiaqeaie pa6oTfai 

6yAeTi» oW, raicb ^to jpSi; = oTr hjih ^ = ho 8to CTporo npa- 
BBJibHO tojibko Bi TOMt cjiyHai^, KorAa HeorpaeHHeHHo yduBaerb, b 

TaRHM'B 06pa30M^ (I) CTaHOBHTCa BnOJtai T0^HUM1>. nOJ[02RBMT», xtio 

pacniHpaeTca no aaKoay ^t;* = c— nocToaaaoMy (2), cjEtAOBaTeiB- 

ao « = cv"* a 3T0 ecTb ^poH3Bo;^Haa otb W no v bjib, KaKi mu yate 
dW 

nHcajB paabme — cv *. 

HaierpapyeMi axo Bupaaeaie corjiacao aaraeMy npaBHiy, no- 
jy^aeMi 

c 

r^it C — a^KOTopoe nocToaaaoe. ^Todw aafiia C, npeAnoJioasaMi, ^to 
MU 6y;^eM^ aaqaaaTL cnerb >r ci t? = t;i. Ciajo 6wTb Tr=:0, KorAa 

t7 = i;i. Il03T0My 

c c 
= ^ Vi^-* + Taifb HTO C= — i Vi^~', 

Baoca axy BeJia^Bay C bi> (3), BBfteMi 

>»"=rzr^(^^-'-^i*~*) (4), 

^To B3o6paacaeTi, paGoTy, noiyHeaayH) npa pacraapeaia otb Vi jifi v. 
SaxtBTb, ecjiB MU xotbmT) aaaTb TK, Kor^ta v — Va, mu bm^omi 

>^n=x^te^-^-t^i^-*) (5). 

3toti peayjbTaTT* M0»erb duTb npeACiaBJieai bi ;^py^0M^ bb^*. 
TaKi, aai) (2) mu aaaoMii, mto 

C=zp^Vi^ BJIB ^2^* Tain> MTO 

^i2=Yzr^(v2'-'-v,'-') BJIB 



HIH 



»'..=ffi{(t)'"'-')- 

-..=,-??ri'-(in <«■ 



({)opMyj[a, HMiiomaa 6oj!bujoe npuMi^aeHie bi pacneTaxi rasoBuxi h 
aapoBbixi Mamaai. 
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EcTB OAHHi ciy^aS. B^ KOTopoHi) axoTb oTBibTL ABJiHeTCH HenpH- 
TOAHuifb. npHMieHHi ero ki cjiyqaio. Kor^a s = l. Jl,pjrnm ciosaMH, 
HaftAeHi Kanafl pa6oTa noiy«iaeTCfl oti jift npH pacmifpeHiH T&ia 
no aaKOHy pv = c (aio 6yAerb H30TepMHHecKift saKOHi, ecjiH itjio ecifc 
ra3i>). 

Bu yace BtpoflTso noHfliH, ooqeicy Hami oTBtTb He roAHTca, xe- 
nepL BepHBTecB uasaAi ki> ypaBHeHiio 

Bm JierKO yCtAHTecb, Kor^a bm ciaHeie HHTerpHpoBaiB x^^ ito 
npH m = — 1 o6me0 ptmeHie ho roAHTca. Ho a yae roBopHJTb h no- 
jiaraK), ^xo eio mosbo CMHiaib AOKaaaHHMMi, mto HHTerpaii x-^ ecib 
log X, HiaKt HHierpaji (7) ecib 

W=z€ log v+C, 

IIocTynad vlskl h Bume, hu HaxoASM'L. qxo bi diowh HacTHOBTb ciy^at 



Wi2 = c log 



.(8). 




41. rMnoTeTMMecKaii A'larpaMMa napoeoH MaiuMHbi. 

nycTb napi> nociynaerb bi^ uhjihh;ip'l npH nocTOARHOMi A^oeiB 
Pi^ npH ^eftTL oGiean* ero bi uh- 
iHHApi^ B03pacTaeTi> otb ao t'l. 
npoH3BeAeHHafl po6oTa paBHa j^^t^i. 
JiycTi ji,8Lji^ napi pacrnHpaeTCfl 
fifi o^iOHa corjiacHO saKOHy 
pff=zc, IIpoHSBeAeHBafl padoxa 
nojyHHTca h3i (6) h (8). HyciB 
jiaBJieHle oipadoTaBniaro napa Pz^ 
Tor^a pa6oTa, npoHSBej^eHHaa na- 
poMi BT» o6paTHyH) CTopoHy xoJ^a 
nopmHfl ecTb piv^, Mu npeHe6pe- 
racMi Bi aioi rHnoTeTH^ecBoft 
AiarpaMMi caKaTieMi napa. Haso- 

BesTb — , CTeneat pacniBpeHifl, 
6yKBOio r. Tor^a pa6oTa netto Gy^eii 

nycTB p^f 6yJ^eTIl pa6oqee aaBieaie, Taici hto PgV2 3KBHBajieHTH0 
npHBeAeHHok Bume padoxt netto (p^ nsui^pfleTca bsi) Al^flcTBHTOJiBEbixi 
HEAHKaTopnuxi j^a^paMM^, KaKi cpoABee A&BieHie). IIpBpaBHHBafl hxi 
H flihua. Ha HMieMi* no ynpouieHin 

Pe = Pit + ^ . "7 (1 - r'-') -P^ = 



^epi. 13. 



— so — 



1 — !o« r 

Pi — Hpnriux ion n eainii caoco6v 



42. OapeA^Miaul UTerpajv. ONj^^dii^NiV. CflMBOii> 
/Txi . 'ijr roBopHTB HajTb: — «Haijunte' o^aui ■Hierparb f (x); 

BBecBTe BTL Hero BeiHHSHT a Bxtrp> a aarin 6 Biftcro x 
M C'XJtjHii pc3TJLTan> ncacxaHOBni BU^TUTe nepsaroi * j. 



* CmojL f I m dr dtf tit m^rfwn Han» tto mu 

• a • /' ri 

j(Oizsu HBTerpKp«>B3rs tf ts«?T:>p<:e ecn ^ymua r ■ jr) oraocReiKHO 

jr. lipoma x 3a DocroaHHoe; 




arin xjjzhii laeera BJitcro y 
OBa<»ja F\ r\ a noron /"(x) ■ 
3&n«CTb BTopoe lA nepnaro. 
->roTi pe^TOTxrs cjtjryert npo- 
Esrerpapoan (mKCvrei&fio 
95 oTBtTB noi^iasan b m a 
wArry r ■ pe j i j^ tar b mropoi 
Q lOTafi ?issx Binetm mn nepBoS. 

I. Ecj* « =r I. TO dy.dr, ose- 
Bvi5\ iiQopasaeTb aiexearb 
lucsLxn. an ^esKoaevo aaiiil 
!:pa.ii>: TrnxbaasK P^ATan aep- 
Bar? jtlCTBiJi jmeri aurerpajb 

* a 

i_>^«>BB»>, TK^ HaniJB ttj»?:ixi5. 3a5Lii>'?eHBTi> uraoy KpBBMMB 
f=:y '] 1 •*» a isyxa oriiaaTiLxa apa r = a a r = 6. Ha- 

^]i3i.i zue 113 3i\:xje5:a ny.rk jy^e ;::Ji3Ti)Tca ^p- 

IL z eja-aiii zjjzixja aoaojom. aocpu- 

zc* jiTM 3A -j^Mearar = :a zj:izsj.'4 i a ^ iBierpaii aaofipa- 

jaTj 5»:er': vjcri =a yzrxj^syr':'! zj- ziiua. 

K.::ii- 3:':»^z::. ''er«?r':d raj^ «rTi» 5taor':col aen^iaHU » 



3x0 H Ha3HBaH)Ti> HHTerpaJiOMt f{x) Meac^y npeA^JiaMH a h 
h. 3aM'feTHMT> Aajiie, 'ito npoHSBOJbHoe nocToanHoe, KOTopoe 
npHxo;^HTca Haxo^HTb o6meMi> HHTerpaJii, a^tcb npn bh- 
HHxaHiH Hcqe3aeTT>. 

HHTerpHpoBanie npeA^Jiax'B mh OyAeM^ H3o6pa»aTb 
cji'iAyiomHM'b o6pa30M^: 

DpHMipij, HafiTH / x'^ . dx. 06iii;ifi HHierpaji^ ecib Va^^, 
H Mbi. nHUieMi* 

/^ic^ . dx= Vs^^ ] = 'Ua^ — 'lzh\ 

CMMBOJiH^ecKH. EcjiH F (x) ccTb o6mifi HHTerpa;n> f{x\ 
Tor^a 

f f(x) . ax = V F (x) ]=F{a)-F (b). 

J I, Li J 

3aM'tTHMT>, KaKT> 9X0 H Q.rkjiyGTh H3T> Hamero onpe^tJieHiii, 



qxo 



a xaKace, ^to 



I f(x).dx= — I f (x). dx. 



fax).dx= (f{x).dx+ ff{x).dx. 

^ b ^ b *- c 

43. HiioiuaAb KpHsott. Ilycxb y RpHBofi H3BtcxeH^. KaKi> 
H'feKOTopaa $yHKii,ia x, h 

iiycxb PS 6yAexT> KpHBaa / 
jiHHifl. Tpe6yexca HafiiH ®/ 
njiomaAb MPQT. 

EcjiH oomaAb MPQT 
Ha30BeMT> A, OT = x, 
QT = y, OW = x-\-ox, 
WR=y-}^^y H njiomaAb 
MPEW6YAiiThA~^hA, 
Torji,a o^=njioin;. TQliW, 




M TW N 

HepT. 15. 



HfiKOTopue aBTopti nojiwyiOTca chmbojomi J J v .dS, iTo6bi h30- 
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ECJH OH KOpOTEift OTpfeOKl QR 6hU'b npffMMJTL, TO 

= (TQ + RW) = ox {y + S'aO//). 



.(1). 



Baerb, to bt> npeAtj* 

OrcMAa A ecTb Tanaa (j^jHKi^ia x, qro ecTb ea npona- 
BOJ^Haa, HJH A ecTB HHTerpajT> 

Ha qepText 16 CQI) ecTb KpHBaa y = a-\-hx^^ h EMGF 

ecTB KpHsaa, iipe^[CTaB- 




jflDii^afl 



^epr. 16. 



TaKTb ^to a ecTL hhtc- 
q)ajrb t/. Bi> KaKOMi, cmlic- 
jfe J- IIpe;^CTaBJfle^L «^o- 
imdh KpHBoft CD? Opjn- 
Haxa KpHBofi A^ GT, ^pe;^- 
cTaBjaerb wb towl hjii 
;ipyroMT> MacniTa6t ujio- 
ma;p» KpnBofi !/ MPQT 

OVb fffeKOTOpoft HaiaJbHOfi 

op;iHHaTH PJ/. 



OpANHara TQ npeAcraBjiflerb bi> Macuiradt yKJiOHi> KpHBOlt 
EF Bb TOHKt G. SaMiTHSTb, Mesjy npo^HMij, tto, ecjH mh 
yMeHbmmrb n.in vBejinHsrb Bct op;^HHaTH EpuBod A na nt- 

KOTOpyiO BeJHqHHY, TO MH HC H3MtHHMl> HHKO^;^a OS JOOHa, 

H aaHHoe HasTb // roBopirrb TOJbKO o6iy yKJont KpnBofi .4. 
TaKmrb oopaaoM^, no ;taHHoii KpHBofl y mh moxcmx nafiin 
cKOJbKO yrojiHo kphbhxt> A. Mbi nojy^aeMi, TOJbKo o^ny 
ncKOMyio KpHByio, ciaBs ceoi ycjOBie cinTaTb n-ioma^b oti* 



opasHTb Booome cyMMupoBaHie v no njoma;xn h ^ ir.cte, hto6h nao- 

6pa3nTi> cYMMHpoBaHie «? no jhhih, hih to, mto naauBaeTca Macro ih- 
HedHbTMi. nHTerpajoMi tc. JneeflHufi nHTerpaji> cniu Tflrn, npHJOxen- 
Hofi Kb BaroHT, n3o6pasaeT& npon3Be;(eHHyio paooxy. IIoBepxHOCTHud 
HHTerpaji HopMaibHofl cKopocxH cxpyn no HtKOTopott niomajn ;^aeTT> 
nojHufi o6^eM^» bo;iu, npoxeKaioniett btl ccKyHay. IfniReHepu nocxoHHHO 
BCTp^qaKixcH Bi CBoei! npaRxnid^ ci jHHe&HUMH, noBepxHOCTHUMH h 
o6i>6XHiiiMn DHxerpajaMo, h sjtcb ntrt HHMero ji^ia noxi HOBaro. 
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HiKOTopofi onpeA*JfeHHO0 opAHHara, nojioffiHBn> PM. HiaKt 
nycTb Ha qep. 16 oOmifi HHTerpaji'L y em F{x)^c. Ecjih 
MBi BOSbMeM'L SHa^eHie x = OM, to mu nojiy^HMT) qTo njio- 
mavHb orL HtKOTopoii HensBicTHofi na^iaJibHofl opAHHaTw 
JlfP paBHa F{03I)-\-c, 

npHHHMaa X = ON, mh Ewkewb, ^to nJioma;i,b OTh niKOTO- 
pofl HeHSBtcTHofi Ha^ajibHOfi op^HHaxbi AO -NT? paBHa J'X0iV)4-c. 
OxcjBDj^a njioma^ijb Meacji,y opji;HHaTaMH JfP h -WJ? ecib npocTo 
pa3H0CTb F(ON) — F(OM% upmewh nocToaHHoe Hcqesaerb. 
rON 

HxaKT) CHMBOJi'b J ^^1/ . 6?a;\HM'heT'b cmflyromee sHaqenie: 

Hy3KH0 npOHHTerpHpOBaib t/; BHeCTH B-b HHTerpaja:!) BMiCTO X 

cHaqajia ON, a saxtM'b Oibf h pesyjibTarb nocji'fe^iHefi noACTa- 
HOBKH Bbiqecxb H3T) nepBofl. Mh bhahmtb TaKHMT> ofipaaoMi), 
qxo peayjibTaTOMt TaKoro ^ttficTBia aBjiaeTca njiomajiib KpHBofl 
MeacAy opAHHaiofi npn a; = OJf h opAHHaxofi npn a? = ON. 

Ecjih i/ h a: npe^CTaBJifliOT'b Kam HH6yAb * BejiH^HKH, h 
HyacHO HaqepTHTb KpHByio ct> ?/ Ka^i) opAHHaxaMH h x, kslk-l 



a6cn,HccaMii, Tor^a \y.dx npe^CTaBjiaeTca bX) BH^i njioiii,aAH 



KpHBOfi, H MH SHaeM'b xenepb, KaKT> nocxyimxb, Kor^a mh ace- 

JiaeMT) HaflXH CVMMy Xp.KHX'b OXAijIbHHX'b 9JreMeHX0B'b, KaKl> 

y . hx, Meac^y npe^iJiaMH J h x = a, Kor^a hx npe^nojia- 
raexca 6e3K0HeqH0 yebTBaiomHM'b. 

IIpuMtbph. HafixH nJioiuaAb, saKjnoqeHHyio Meai^y napado- 



Y 



jiMwecKod KpHBOti OA, opAHHaxofi 
AB R ocbK) OB, nycxb ypaB- 
Henie KpHBofi ey^exi) 




y = ax'' (1), 



r^i PQ = y H OQ=^x. Ilycxb 
^7^ = 8^;. 



X 



EjiomaAb 3JieMeHxa PQBS, 
no Mtpi oesKOHeqHaro yOHBa- 
ma oa:;, Bce oojiie a Oojiie npa- 
6j[Hffiaexca icb BeJiKqaai 



HJiH, aaaqe Bca njioma^b 



^epT. 17. 




CBOK) oqepe^b paBen^ 
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'Ua.OB^''^ (2). 



^aate, KaKTi saBHCHT'B a otl AB h OjB? KorAa y = ABy 
x=OB, OTCH);i,a h3t> (1) 

AB 

AB = a.OB''^, TaKx qio a = 



OB'i^ 



AB 2., 

HoBTOMynjiomaAb = 2/3-^1^^ 05' =^I^AB .OB, 

qxo cocTaBJiaerfc ^/s njiomaji;H npaMoyrojibHHKa OMAB. 

SaMtxHM^, qxo MomaAb BecbMa MocKaro Kpyroeoro cer- 
MCHxa noAo6Ha cerMenxy napa6ojibi, Korji,a OB o^enh msjlo 
cpaBHHxejTbHO cb BA. 

YnpaoicHenie 1. HafixH n/ioiuaAb Me3Kj^y KpHBofi y = mx"** 
H j^ByMfl opAHHaxaMH, npH x = a h x = h. 

OXB^XT)! 

i—nla J 1 — ?^ 

SaM'fexHM'L (KaK^ h b^ nynKxh 40), qxo axox^ npieM-b ne ro- 
AHxcfl, KOFAa « = 1^ qxo 6biBaexx> bt* paBHOcxopoHHefi rHnep6ojit. 
Bt> 3xom^ cjiyqat oxBtx^ nojyqaexcH cxb;i,yiomifi: 

m f ^ .dx — m\ los x^ = m loR — . 

La J a 

EcjiH ypaBHeHie KpHBofi fiyjuexi, 

// = a -j- -[- c:r2 -|- ex^ -\- fx^^ 

nJomaAb paBHa 

A = ax-\- 'l2bx^ + ^hcx^ + 'Uex* -f- Vs/a;^ 

3;iIiCb njioma^b Bsaxa oxt> op;iHHaxbi, ri^t a; = 0, xaKi> 
KaK h J. = npH a: = 0. Mbi MOJKeM-L cpaay naflxH iiJiomaj^b 
MeiKJuy KaKHMH HH6yji,b AByna ;i;aHHHMH opAMHaxaMH. 

y^ipaoicHeme 2. HafixH iiJ0ina;i;b KpnBoM y ~ a^~x ^eac- 
jiy opAHHaxaMH npn x = (i h x — ^. 
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ynpaowHeHte 3. HaflxH Moma;i,b KpHBofi yx^ = a Meac^y 
opAHHaxaMH npH x = a m x = ^. 

OTB'hvb: a j^oT^ ,dx = a^ — 3;""^^ = a {a~^ — f^). 

44. Pa6oTa npH pacuMpeHin itjia. Ecjih mu nojitayeMca onpcAiueH- 
HUMH HHTerpajiaMH, to aiy paSoiy mu nojiy^HMi H*CKOJibKO CKopte, 
M*Mi Bi nyHKTfe 40. H60, ecjH p — cy^*, to pa(5oTa, ^poH3Be;^eHHa;I 
oG'BeMaMH i?i ito v^^ paBHa 

3T0Tb MBTOAi HenpHro;ieHi, Kor^a 5 = 1, h Tor^a HHTerpa^ix 
npeACxaBHTca TaKOMi* bha* 

45. l^eHTpi> TflmecTH. Tojibko HeMHoria rbjia HMiioT'L ^uH- 
Tpu xaacecTH. Mh o6HKHOBeH- 
Ho no;^^ 3XHM^ noApa3yM'bBaeMT> 
aCHXp-L MaCCH, HJIH ueHxpi) njo- 
iita;iH. 

ECJH KaSKAMfl HeOOJILlUOfl 9Jie- 

MeHxi> Maccu yMHoacnxb Ha pa3- 
cxoanie ero oxi> HtKoxopofi njo- 

CKocxH n peayjibxaxH cjiojKHXb L-i 

BM'tcxt, xo 3xa cyMMa paena qep^. is. 

Bcefi Macci xijia, yMHoaceHHofi 

Ha paacxoanie x ucHxpa xamecxH ea ox^ xofi /Ke hjiocko- 
cxH. Bbipaacaacb ajire6paHqecKH, HMteMi, 

Ytmx — x)^m. 

Ecjiii Ka}KA,bifi He6ojibiiiofi ajieMenx^ njiocKott (t)Mrypw, uo- 
;^o6Hofi yKasaHHofl Ha qep. 18, yMHoacHXb na ero paacxoaHie 
oxT> HtKoxopofi jiHHte, jejKaiuefl b^ xofi ae hjiockogxh, h pe- 
ayjibxaxbi cji03KHXb BMicxt, xo cyMMa hxT) paBHa nojiHofl njio- 
ma^H, yMHOHceHHoft Ha pascxOHHie x ii,eHxpa xHacecxH ea otl 
xofi ace jHHiH. Bwpaataacb ajireSpanqecKH, HMteMi> ^ax — 
x^a. 




— 



n^fMMA*, Hsarn »^ck rpmr: BMyca. Ohi> 




» = 



OB 



fKr^-^.ir. Z: nzi r:r:- iii:^ ^ \t-t ^ rraaiMrca Bce 
TKLTTS ±j jLfc: tiJtt :]mT irrixs t ^ttt^ ^-esTEK Ean 



I 



3- r-Li 'dZT:!^ ''.T — - r-rv^,.i5'',OJ5.*^ 



06'hewb cjioa PB ecTb iz.y^.^x, a nojiHHft o&bG^ny ecTb 
rOB rOB ( ABV fABV \^0B , 1 

am V3 o6T)eMa ^HJ[lIHJ^pa, HMtiomaro OAHnaKOBoe wwb 
ocHOBaHie AC vl BHCOTy /)B, Ecm 6h mh bshjih 1/ = aa;, to 
BHBojii^ CbiJii, 6h eme npomp. 

IIpuMtbph. HattTM o6'beMi> h ueHTpb Maccu o^HopoAHaro 
Ttjia (Macca eAHHHi^Bi o6T>eMa ero y 
paBHa m), orpanHqeHHaro noBepx- 
HOCTLK) napadoiiOMAa BpaiueHifl. 

nycTb PQ=y, OQ=x, QS=hx, 
a ypaBHenie KpHBofi OPA HMieTT> 

BHji;!,: y = ax' (1). o 

OSxeMTi cjioa PSB paBeni) 
Tzy^ . Sir, a noTOMV noJiHHfl ofi'beM'b 

rOB 

paBeHT) I iz.d^x^dx nm 

'jjTzaKOB^ . . . (2). xiepT. 20. 

Tenepb, qio me npeACTaBJiaerb cofioio a? Kor^a 
y = AB, x=OB, 

•raK'b ^xom'h (1) HMteMt = a. 0^ ,OTCIOJ^aa= 




^5 



AB^ 

HTaKT, O&beMT) paBGH-b ^ 1 2TZ -prr^ OB^, hjih 

'hTz.ABKOB . . . . 



(3). 



To ecTb, OHT) paBOHT) nojioBHHi njoniiaAH icpyra yM- 
HosKCHHofi na BHCOTy OB. HTaKx ofi^OMx napa6oJiOH;i;a Bpa- 
menia paBeHT> noJiOBHnt 06'beMa i^HJiHHupa, HM-hroniiaro to 3Ke 
ocHOBanie h BHcoTy. (OO'beMbi i^HJiHHjipa, napafiojioiiAa Bpa- 
menia, h Konyca, HMiiomHX'b o^HHaKOBoe ocHOBanie h BHCoTy, 



OTHOCflTCa KaKT> 1 



,:V3). 



EepexoAHM'b j^ajite i^OHTpy MaccH napadoionj^a. On'b, 
o^eBH^HO, jieacHT'b na ero och. Haxoji.HM'b 



/ 
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OB 

ffiTz.y-x.dx^ EJR 

o 



rOB 1 

mra-. ^ 's^l paBHMi ^ ^m-izd^ .0B\ IIojiCTaBiflfl Birkcxo 



Air 



a. KaiTb H npeaae. ero SHaqeme -77^. mu nojTHaein» hh- 

C/x) 

xerpaii paBHUirb ^ 3»i- . OB^^ASr. ^TOTB HHrerpaxb paeeHi* 
Bcei Macct, vMHOxeHHoi Ha x. pascroflme ueHrpa MaccBi 
OTb BepmHHLi, Hjn BLipsuceHii) ^-.ASr.OB.x, Tain> ito 
jr = - OraEi* nenxpi naccu napaGojonAa Bpamefliii je- 
ZHTi> na ero ocn bi> pascioflHiB paBHOiTB ^ 3 ea jjaHu, cqn- 
raji OTb BepmHHu. 

IIpuMfhpo. KpHBafl y = ax" BpamaercH oeojo och x: Hafiru 
o6i>ein>. orpaHflqeHHufi o6pa3yi)iiiefica noeepxHocibio Bpau^eHifl 
BT> npejijax-b x = h x = h. 

OobeiTb, orpaHnqensuft JK)6ofi noBepxHOCTbi) BpameHia, 
noJTHaeTCJi nyreirb imTerpnpoBaHifl BupaxeHia T9f-.ffx. Ta- 
EniTL oopaaoiTB nanrb OTBtrb 6Yjerb 

o 2n — 1 L.. J 2« — 1 

Haijerb iieHrpi* MacciL ecjH m ecih iiacca ej^HHHUu 06'^eifa. 
Jja JK>6ora rkia Bpameflifi xu j^oja^HU HHTerpHpoBarb 
m.x^y^.dx n ;^;kiiiTb aa namyi> Maccy rfeia, Koropaa ecxb 
HHTerpaxb Bupaxeaia m-y-.ilx. Ecjh m nocroaHHoe, to mli 

HMteiTb 

I jG'xr^ .dx= niTM' \ , 



a noJHaa xacca pasna t^^^-^-^ ^ ^ TaKT> tto x = 

2w — 2 
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npeAnoiio>KHMi>, STO m He nocTOflHHoe, a cjr1i;i;yel'T> saKOHy 
m =■ mo 4- cx', 

Hafi^eMii Maccy h ii,eHTp'i> Maccu BHmenpHBej^eHHaro rtjia 
AM 3Toro cjiyiaa. Hann> nepBbifi HHTe^paJI^ npHEHMaeTt 

BHA1> 

b 

Macca paBHa a^ir / (mo + cx') x^"^ . dx 

^ 

I 

IIoitCTaBjrfla J BMicTO x b'i, o6oHx^ BbipaaceHiflXx m A^^a 
(1) _Ha (2), HaxoAHMt a;. 

Ciioco6HHfi cTy^eHTb MoaceTT> caM^ cociaBHTL cedt MHoro 
ynpaacHenifl no;i;o6Haro po^a, BaKjiBogaroiUHxt HHierpHpoBaHie 

x^ 

Jl^yra ajuiHnca + — 1 Bpamaeica okojeo och ^'obi*, 
HaiiTH od'BeM'L qacxH ajiJiHncoMAa spaiMeHifl Mem^y A^yMH njio- 
CKOCTflMH ;r = H :r = c. SA^Cb =— (a^ — x^), Hsxe- 
rparb 771/3 paBent 

«^ Lo J 
06^eMl> nojiHaro ajiJiHncoHAa paBen-b — -fe^a, a mapa 

o 

47. AiiMHu KpHBux-b. Ha lep. 21 KOopAHHara to^kh P 
cyxb X E y, a, to^kh ^ a?-]-^^ ^ + Ecjih mh ajihhv 
KpHBofi oTh HiKOToparo onpe^tJieHHaro Micxa ji,o to'ikh P 
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cccaMa iepe3i» a xnmy PQ ^pea* o^, to = 




BT> cpejrfcit 



/fx 



HTZHO TCdUO SHierpHpOBaTb 



BHpazeme J- 1— 

K-h cozaitHiD MH noKa snoJEt iisymii toiued J" x'.dx. 

Ha JUKHK KpHBUXl». 

77/^jmj>«. HaftiH xihht spsBofi »/ = « — fer (npksxaa .ih- 
HDi. xeaar rrpejtiaMH x = h j' = e. 



= c\ 1 — 6-. 

J>l|*JjrH^4>. nifreJTB Kr»HBT!L\ yiLl»'.HT> KOTOpOf paBeHl> 



I * — I: Ha^a Bbiptixeme ijh ea jjhhu. OxBrtn.: 

2a _ , 



Jcyria Ti:p»axHeHia Ha xihhk KpaBuxi> otittb HpHBejeHH 

48. IbauiiAH HoeepxaocTei spaaieHin. K.:na spHBaa JLPB. 
K j vi (>J. onflC'riBaerb r.:B»:pxH0CTb apame- 
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SI)JB' paBeHT> HHTerpa- 

Y 



.ly TTI/^ OTHOCHXaibHO ^ 

Meacjiy npe^iJiaMH 00 h 
OD. 

JI,ajiie, 3J[eMeHTapHofl 
njioma^bK) noBepxHocTH 
aMaexca Ta, Koiopaa 06- 
paayerca BpameHieM-B ajie- 
MeHTapaofi ajihhh PQ 
HJiH 8s H Bt npe^tJit 
paBHa 2111/. dTs. HTaKt mbi 
HMieM'B j^ijio CB HHierpa- 

rOB^ dS ^ 

J OC (foe 

H, eCJm 3aK0Hl KpHBOfi 
TO 



H3BiCTeHT>, 

/ 1+ 



^epT. 22. 



HJIH 2/ 



MoacerB 6HTb BHpaaceHO qepeai^ a;. 



IIpuMfbpz, JiHHia 2/ = a-j~Jit; BpamaeTca okojio och x; 
HafiTH noBepxHOCTB Konyca Meac^y npefliuraMH x = h :r = c 

^ = 6, xaKt qTO njionia;i,b paBna 2t: J y [/ . r/a; 
=- 27r |/T+ft^ J ^(a + bx) dx = 2i:yT^ ^ax + ' / ^Jx^ j 

3aji;a^a HaxosKj^eaia njioni;a;i;H c(j)epH^ecKofi iiOBepxnocTH 
Hane^aiana s^'tcb MejiKHM'b mpH(j)TOM'b, laK^ KaKi npejiino- 
jiaraexca, ^to HaTOHaroniiifl yMieii) TOJibKO AH(|)(|)epeHUHpoBaTb 
a;**, a j^ja axoft saAa^H TpeOyexca anaxb, 1x0 npoH3BOAHaa 

oxT> no x pasaa npoH3BOAHofi no y, yMHOiKeHHofi na-^ 

CiX 

du 

H.1H paBHa 2i/ . . KoHeqHo, ecjH cxyAenxT) noAyMaexi), xo 

fiesT) oco6eHHaro xpy^a nofiuexi), B'b ^ml> saKJno^aexca cyxb 
A^Jia, HO OHT) MOHcexi) HaflxH axy riJioniiaAb cj^AyioniiHM'b o6pa- 
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30MT.. nycTb F ecTb o6'Lex~b mapa pajiyca r, F=-^r^, 

nvHK. 46. IlycTB F-f-oF ecxb ooLeirb mapa paiiyca r-{-^r, 
Towa 

tfV •* ^ ~ 
o F = or . — -=^rf4-i^), 
or 

TTO cnpaBexiiiBO lajbKo apH oesKOHcqsoMi^ yobiBaHm or. Ja- 
jte, ecjH 5 npejcraBjaerb noBepxHLxrrb raapoBoro caoH. 
TOJiOHHOK) or. TO GOhen ero paseBi* or.S. <>rci);^a or.S — 
or.4:rr^, H oiomajb mapoBoi noBepxHociH paeHa 

npuMnph. HaSm njomajb mapoBofi nosepxHOCTH. Ilpeji- 
craBHiTb ceot. qxo KBajpaHTB Kpyra AB pa;pyca a, qep. 23, 

Y 




qepr. 23. 

Bpamaercfl oeojo ocb OX^ h BoabMeM'B BjBofiHt noiyHaeMyio 
luomajb. Bupaxeflie njomajn TaKOBO: 



4. f ,1 i_ 



yrt -h = a\ un y — ti- — jr^ 



2. -^21/ 



1 — 



: i\ BJH 



r 



I 



: 4i:a». 
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49. Ecjm Kaay^yio sjeMeHTapHyio qacib KpHBofi yMH^^Halj |p 
Ha oo, ea pascToame ot^ mockocth (ccjih KpHBaa uai jl^- 
hchttj bt> oAHofl njiocKocTH, TO 3a X MoaceTL 6HTb BSflfc^ pas^ 
cToanie orb npsMofi JHHiH, jreacaniiefi b^ 3Tofi miocKocjrM} & 
cyMMy 3Ty paa^tJiHTb na nojiHyio A^Hny KpHBofi, to mil flo- 
jryT?HMT> X, pascToame n,eHTpa KpHBofi, hjih, KaKi* 3to imorm 
Ha3bTBaeTca, iienTpa TaacecTH KpHBoft. SaMiTHMi), qTO j^aieKo 
He Bcer^a coBnaj^aioT'b i^eHTpn TaacecTH njioma;i,H h Of^i^Bit* 
iHBaromefl ee KpHBofi. 

Teopeww TyjibAeHa. I. 0(jT>ein> KOJibua. HojioacHM'b, qto^C^ 
H^feKOTopaa njocKaa (j)Hry- 
pa, qepT. 24, Bpamaacb 
OKOjio ocH 00, o6pa3yeTT> 

KOJ[I>li;0. 06l>tWhdT0V0 KOJb- 

ua paBea-b njromaAH BC, 
yMHoaceHHofi aa OKpysK- 
HocTb Kpyra, npoxo;i;amaro 
qepes'b i];eaTp'b raomaAa 

Ba 

IIpej^cTaBHM'bcefi'h Becb- 
Ma Majibifi ajoMeaTT) njro- q. 
ma^H a OKOJio T01KH P aa 
pascToaaia r oti. och. 06^- ^^Pt. 24. 

CMX ajieMcaTapaaro KOJibii;a, oSpaaoBaaaaro apanteaieMi nmTo 
3JieMeaTa paaeai) a . 27rr, a oe^eMi, acero, K0jrbii,a npe;iiCTaB,ini t k 
cyMMy Bcix'b Tanax^ qjieaoB-b, bjb V= 2T:Lar. Ho Lar =rA, 
ecjB J. ecTb nojaaa n^niiaAb BC, CTyjieaT'L ^o.mea'b camf. 
pasHTb^To cjoaaMa; r oSoaaaqaeTT, rueaTpanjioaiaAB. IfTatfl* 
V=2Tzr X ^, ^To B TpeSoBajTocb jiOKasaTb. 

li. RjioiuaAb KOJibua. njioniaji;b noaepxaocTB KOJbii,a paBiia 
^JBB* nepBMerpa, bjib orpaaaqaBaioniea njioaiajiib BC npn- 
Bofi, yMBOHceaaofi aa oKpymaocTb Kpyra, npoxo^an^aro ^mmp. 
n.eaTp'b TaacecTa orpaaaqaaaiontei Kpaaofi. 

HpejlCTaBBMTb ceSi, qTo aieMeaTapabifi OTpteoK^ opimjui- 
qaaaiomefi Kpaaofi, nojiomaM'b aaxoABTca aa pascToaiiiij r 
orb och; BpaDi;aacb, oai» oOpaayeTi* noaepxaocxb 2T.r 
OTCK);i,a nojiHaa mouiSijih paaaa 27rEos . r. Ho Hos , r = 
= r X 5, ecjB r ecTb paacToaaie orb oca nieaTpa Tawicrii 



i 
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orpaHSTKBannxefi cpiEBofi, a s — noxBas efl ;|iEHa. HTaEi> 
noJHas Tuous^jb KOJbiia pasHa 2rr X s. 

npuMthph. Hairs njoma^^b fl]RopHarQ soibua, ct^eme eo- 
Toparo ecTb Kpjrn, pa;pyca a, npn qein> ueffipL aroro Kpyra 
jezHTL Ha paacTOimm R on> och. OrBtrB: nepHMexpB cfe- 
qeHi2 paBeHX 2ira. a OKpyaxocTb spyra, onncafiHaro ero uen- 
Tpojrb, paBHa 2rJ?. oTCDja ojon^ajb paBHa 4K'ai?. 

ynpa.jiCHeHie. Hafirn ooiieirL n naomajb oooj^a MaxoBoro 
KOjeca, irpH qeMT> cpe,jHifl pajiycL ero paBesi 10 ^yr., a 
nonepe^Hoe ct^eme npejcraBjaerL sBa^paTB, cropoHa ko- 
Toparo paBHa 1-3 ^yi, Omkrh: 

= { I'Sy X 2- X 10; IIjoniaaB= 4 X 13 X 2Tr X 10. 

50. EcjH Eaamufi HeooJBmofl ajeiieHTb Maccu yxHoacBTb 
Ha KBajparL ero paacroflHia orb ntKOTopofi och h nojy^eH- 

HKfl IipOH3BejeHifl CJOZHTB, TO XH nOJyTOSTB TO, TTD HaSU- 

BaercH miieiiTon NHepiiiN Bcei iiaccu oTHOCHTeJbHO 3Toi! 

OCH. 

.lerK'j joKaaaTB. mo MOMeHTL HHepuin OTHOCHxeobHO Ka- 
Kofl Hfloyib OCH paBeHT> MOMenry HHepuin oiHOCHTeJbHO ocn 
ei napajjej^Hofi n npoxoaflmefi ^epe3T» uenrpL THxecxH, 
cjoxeHHOMy ct» np3n3BejeHieirB Bcefi Maccu 
Ha KBajpaTL paacToaHia Meacjiy t>cffliH. J.'feft- 
cTBHTejbHo. nycTb HJOcKOCTb 6yMarH cocxaB- 
-iflerb npHMOi yroxb ci ochmh. IlycTb aieireHTb 
Macchc »i, cocpe;toTOieHHMfi okojo totou P, 
.leacHTb BT, njooKocTH OTMarn. HojoasiiM^, mo 
oyjerb ocb. npi^xojamaa nepea^ uenxpi 
THxecTH, a 0' jpyraa. efi napauejbHaH. 
Ham, HTXHO HafiTH cymmv HaeHOEn* niiiioo- 

4^PT. 25. J{,, , Qrpy2 = ^^(y Q)J _^ Qpi _ 9 , QO^ . OQ, 

rjk Q ecTb ocHOBanie nepneHj^iiKyjflpa, ony- 
meHHaro P na Oi/, njocKOCTb, bt» KOTopofi aeararb o6k 
OCH- Jarfee, •^ooaHaqflin. I//i.(^0'P)- qepe3T> J, a Iw. OP^. 
M'.MeHTb HHepiuH tTTHOcHTejbHO OCH, npoxojameS 'lepeai* 
neHxpi* THxecTH, Hepe3T> IqI 'totjix /={ (^O)^!//!-!- Jq -[- 
— l.OCy , Im . OQ. Ho Im . OQ oooanaiaeTb, qro Kasj^wfl 
ajexefirb naccH m YMHOJEaerca na paacroflHie ero on> luio- 
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CKOCTH 6yMarH, h axa cyMMa j^0Ji3KHa 6uTh pasna no 
njHK. 45. HfaK'B , npe^-iomeHie j^OKaaaHO. 06o3Haqaa 2m, 
noiHyio Maccy, qepe3T> M; HMieMt 

1= lo + M . W. 
HaSj^eMT. MOMeHT-b MHepuiM Kpyrjiaro i;M;|MHApa ajihhoio I 
OTHocHTejibHo ero och. IlycTL 
^epT. 26 HsoSpaacaerb ci- 

qenie ero no och 00. PaacMO- . • j q 

TpHM-L ajieMeHxapHoe KOJib- ^ ^ 

n,o, noKaaaHHoe b'b ct^eniH 
TQPR ci, BHyTpeHHHMi> pa- 
fl.iycoM'b r h BHimHHM'B r-|-8r. 
IIjioniia;i,b ct^ema paena 
1 . 5r, TaKt ^TO oStOMTj ^ ^^P*^* 
KoiBua paBen-B 27rr . ? . 6r, a ero Macca m2'Krl , 6r. MoMeHTt 
HHepiliH ero othochtojilho 00 paBeni) 27rm? . . dr. Hh- 
TerpajiTj aToro BupasKenia umjij npeji:fejiaMH r — B — Bntm- 
HOMy paji,iycy njajiHHApa h r = npe;i,cTaBHTi> MOMenTi) nnep- 
iliH Bcero iiHJ[HH;i,pa, a HMenHo, Iq = ^ 1 2TzmiR^ , a TaKt KaK-L 

nojinaa Macca n,HJiHHji,pa J!f=mi!Tt7?2, to Jo = ~o~- Ecjih mh 

HasoBCMi paAiycoM'b MuepuiH ^ TaKoe, qio /o = JS//i;', to 

M0MeHTT> HHepn.iH OIHOCHTeJIbHO 

OCH iVS paseH-b 

TaKT, qxo pa^iycb Hnepuin othoch- 
TejibHO iV/S paeeH-b i? "j/^'2. 

MoMeHTi) HHepn;in npyra othocm- 
Te/ibHo ero neHTpa. Hep. 27. PaacMo- 
TpHMT) KOJibn,eByio nJion]ia;i,b Mewy Kpy- 
raMH pa;i,iyca r n r -(- or. Ilpn 6e3K0- 
He^BOMij y6HBaHiH or aia njioniaji,b Hepi. 27. 

paBHa 2Trr.8r. MoMenTi. HHepn,iH 

paBeKT> 2itr=' . 8r, a HHTerpa.i^ aioro BbipaHcenia Mem^y npe 
;i'fejiasiii H J? paBOHT, Va^i^S r^t i? — paAiycT> Kpyra. 
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KBaj^pax'L paJ^iyca HHepi],iH paBeHT> ^l^r^R^ : njiomaAb = — . 

Hepea^ HiKoxopyio loqKy DpoBe;^eM^> ab* JMHin OX h 
OY, HanpaBjiPHHbiH noj^7> npaMWM'h 
yrjiOMT» OAHa ki> Apyroft. Ilycxb 3Jie- 
MeHTapnaa njoma^b a 6yjieTi» na 

paaCTOflHiH X OTT, OAHOB JIHHiH H i/ 

orB Apyroft na paacToaHin r on* O. 
SaMliTHMTj, ^TO aa;^-|-a2/^ = ar2, 
TaK-L qXO, eCJIH MOMeHTH HHepiiiH 
BCefi MOmajlH OTHOCHTejIbHO 9THX1> 
JlByXT) JIHHifi CJIOaCHTB BMicrli, TO 

cyMMa ecTb momcht'l HHepii,iH otho- 
MepT. 28. CHTeJbHO TO^KH 0. Oxciojia MoneHTL 

HHepuiH Kpyra oxHOCHxeJiBHO ^.iaMexpa ecxb nojiOBHHa Bbirae- 
^pHBe;^eHHa^o hjih ^4^^*- KBajipaxt pajiiyca HHepi^in pa- 
Ben^ V4^^ 

MoMeHTb MHepuiM afliiMnca oxHOCHxejibHO rjiaBnaro ji^iaMexpa 
AO A, nycxb OA^a, OB = h 






B 






aI I 


o I )a 

B 



Mepi. 29. 



MoMenxTj nnepuiH KaaiAofl hojockh ;^jiHHbi ST paB«HT> 

paai) B3i£X0My MOMenxy HHepain Ka»ji,ofi hojockh Kpyra, 
xaiv-b KaKt OHi naxoAflxca Ha OAHflaKOBOM^ pascxoflHin oxt 

AO A II -|^=y . nocji'Bji.Hee oxHomenie Bbipaacaex'L xopomo 

HSBtcxHoe BctM'b HHaceHepaMT> cBoficxBO ajjinnca h Kpyra. Ho 
MOMeHT'L HHepuiH Kpyra pajniyca h oxHocHxejbHO AO A pa- 
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BeHt » ^TtS*, TaKl> WtO MOMeHT^ HHepAiH 3.1.1Haca OTHOCHTeJb- 

HO AO A paBeHi ^UTzb^a, HoAofifiLiMT, ace o6pa30M^ MOMeHTT> 
HHepniii oTHocHiejibHO BOB pasen^ ^l^iza^T). 

BwmenpHBeAeflHHft cnoco6x npeACTaB.iaenb co6ok) Maxe- 
MaTHqecKyio yJOBKy, ipedyiomyio cMtanBocTH, h b-l o6HAeH- 
Hoft HHHceHepHofl paSort ohtj Moacexx OKaaaTboa nenpaKTHq- 
HbiMT,; OHT) npHBe^eH-b sA^cb, noTOMy qio mh eme He nosna- 
KOMHJHCb cb rfeMi, HHTerpajioMT,, KOTopHfi HyaceHij 3;iiicb npH 
np^MOMi xo^i pa6oTH. HHTerpaJiT) 3tot^ oqeBH^HO Sy^^erb 
TaKofi. Hjomajib hojiockh ajhhoio ST e mnpHHOio S«/ paBHa 

2x . 01/. ypasneHie ajuinnca —-j— ^ = 1, TaK^ qxo 

/ a / / 

no3TOMy 2 J y^.2x. dy hjh 4 -yj y'^y b^- — . dy=I. 

CTy^^eHTT* BCTpiTHTT) dTO Wb BEJl^k npHMtpa BT> III TJiaB*. 

51. MoMGHT'b MHepi^iM o6oAa Maxoearo KOJieca. Ecjih o6oA'b 
MaxoBaro KOJieca HMieTi* Bviji.'h nycTortjiaro aH.iHHji,pa mnpn- 
HOK) I, npH^eMT) ero BHyxpeHHifi h BHiniHifi pa;i,iycbi 7?i h iZ2, 

TO MOMe-HTx HHepum ero 27rm? J ^ r^ar hjte 27:ml |^^— j-J = 

=S'2irwi! (7^2* — -Bi^)- Macca ero dy^eTT, tt (i?2^ — Ri^)lm = Jf, 
TaKT) qTO 1 — y^ (R2^ -\- Ri^) M. PaAiyci> nnepniiH paBen'b 

}/V2(J?2^ + ^i^)- 06biKH0BeHH0, npH noAcqert MOMeHTa HHep- 
W o6oji,Q> MaxoBHKa npHHHMaioT'b, ^T0 Bca ero Macca cocpe- 

AOToqena na paacToaHiH cpe^Haro pa^iyca h.iii orb 

i^eHTpa. MoMCHTTb HHepii,iH, BHqHCJieHHbifi iipH aioMT) npe;iino- 

JOaefliH, OTHOCHTCa nCTHHHOMy MOMCHXy HHepi^iH, KaKT> 

r/Fa I p 2\ • TaKHMT) ofipaaoMT), ecjiH B2 = B-\-a h 

^ti=:J? — a, TO npH6JIH3HTeJbH0e / OTHOCHTCa HCTHHHOMy, 

KaK% 1:^ H ecjH a Majio, to 3to OTHomenie npn- 
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f ni'K.y^x^dx^ hjih 

j mizx . a^x . dx — m'Ka^ J x^ . dx^ hjih 
rOB 1 

mTra^. Vs^^ paBHbift ^ I ^miza^ . OB^ . HoACTaBJiafl BMtcTO 

. AB' 

a, KaKT) H npem^;e, ero SHaqeme ; mh riojiyqaeM^ hh- 

Terpajii) paBHtiMt ^\zrm: ,0B^ .AB^, Btotx HHTerpajiT) paBCHT) 
Bcefi Macci, yMHOJKeHHofl na x, pascToanie ueHxpa MaccH 
OTT) BepniHHH, HJIH BLipajfiemio m^l^Tz.AB^.OB.x, xaK^ ^to 
X = ^UOB. HraKTb i^eHTpi. MaccH napafiojOHAa Bpan^enia Jie- 
acHT'L Ha ero och b-b paacToaniH paBHOMi, ^/s ea jijihhh, cih- 
Taa oTi> BepniHHH. 

npuMThpz. KpHBaa y = ax** Bpamaexca okojio och x; naflTM 
o6ieM^, orpaHHqeHHLift odpasyioniiefica noeepxHOCTbio spaiMeHifl 

Wh npeAi-iaxi x = h x = h. 

Oe'BeM^, orpaHHqeHHBift jiK)6ofi noBepxHOCTbio BpaDi,eHifl, 
nojiyqacTca nyxcMTj HHTerpnpoBaHia BBipajKenia r.if .dx, Ta- 

KHM'B 06pa30MT) Hamt OTBtTt fiyjiieTT) 

2w -f - 1 Lo J 2n-\-l 

Hafi^eMi) ii,eHTpT> Maccu, ecjH m ecxb Macca e;i;HHimw 06'teMa. 
^jia JiH)6oro rtjra Bpamema mh ji,oji«hh HHTerpnpoBaTb 
m.xity^.dx h A'^JiHTb Ha nojinyio Maccy T-fejia, KOTopaa ecib 
HHTerpajn) BwpaHcema imzy^.dx. Ecjh m nocToaHHoe, to mm 

HMteM'B 



xa^x^^ . = nma^ f x^^-^^ dx = 




1/ J 2«-f2^ ' 



~ 2«+2 _! ... - |- 

a noJiHaa Macca paBHa - — r—^ 6" +^ , xaK^ qio x = 
2w-f-2 

2#2 + 2 
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npeAno/io»KMMi>, HTO m He nocTOfiHHoe, a cjrt;i;yel'i> 3aK0Hy 
m = niQ 4- cx'. 

Hafi^i.eMi> Maccy h n.eHTp'L MaccH BHinenpHBej^eHHaro rhjia 
jlJiR DToro cjiyqaa. Ham'L nepetifi HHTerpajn> npHHHMaext 

-\-cx'^-^'-^')f[x, ujin 

Macca pasna a^iz f (diq cx') x^"" . dx 
J 

I 

IIoi^CTaBJiaa b bm4cto x b-s o6oHx^ BbipaaceniaxT) h ji^kjifi 
(1) _Ha (2), Haxo;i;HMT> x, 

Cnoco6HHfi cTyji.eH'rL MoaceTi> caM'L cocxaBHTL cefii MHoro 
ynpaacHenifi no/i;o6Haro po^a, saKJiioqaiomHX'B HHTerpnpoBaHie 

x\ 

x^ 

^yra ojuinnca + -^i- = 1 BpamaeTCH okojio och ;r'oBi>, 
HaiiTH o6i>eMi> qacTH aiiJiMncoMAa spaiueHin MesK^y AByMa njo- 
CKOCTaMH X = H .x = c. Sjitcb = — {a^ — x^), HaTe- 
rpaJi-L paBeBT> 



^2 "I J3 

4- 

OSxeMTj nojiaaro ajiJiHncoHji,a paBeat —-h^a, a mapa 

o 



3 



47. AjiMHbi KpHBUx-b. Ha qep. 21 KOopAaaaTBi to^kh P 
cyxL :r H ?/, a TO^KH Q H y-\-^y* Ecjih mh SJiaay 

KpHBofi orb ateoToparo oapeji.'fejieBaaro Micxa ;i,o to^kh P 
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HTO, ecjiH ;i;aHH pasMipH (|)HrypBi, HanpHMip-b, ecjiH na 
qepx. 32, ^aHBi AB, PQ h BQ, to mli MoaceMi* HafliH no- 
joaceme ii,eHTpa momaj^H (j)yHKi^iH otl 3thxt> pasMipoB^. 




^epT. 32. 

54. MoMeHrb MHepuiM npnMoyroiibHMKa. 

MOMeHTlj HHepil,iH npaMOJTOJIbHHKa OXHOCHTeJIbHO JIflHiJf 

00, npoxoAaniiefl ^epeaij ero uenxpi) h napajuejiLHofi oahoS 
HST) ero CTopoHT). IlycTb AB = h, BC = d (qepx. 33). 

^ PaacMoxpHM'b oxp'baoKt njiomaAH Mem^y 

OP = y w OQ = y-^^. Ero njioma^b paB- 
Q Ha feoi/, a momghxtj nnepuiiH oxHocHxejibHO 
00 paBeH'b by^oy^ xaKX) qxo M0MeHxi> HHep- 
uiin Bcero npaMoyro.ibHHKa paBCH-b 



(h 



HJIH 



12 • 



*lepT. 33. 



9toxt> MOMeHX'b HHepi^iH o^eHb Baacefl'b 
btj pacqexax'b 6ajioKx>. 



55. CMiia TflwecTM. OunoponHbifi c^epaqecKifi cjioS npaxa- 
THBaiomaro BemecxBa He BbiKasHBaex'b HHKaKoro aMcxbIh na 
xt.io, Haxoji,aii]ieecH Bnyxpn ero. Ha ej;HHHi;y Maccbi, naxo- 
;iiani,efica Bni ero, ;i;'hficxByex'b xaKT), KaK'b 6yAX0 6u BCH ero 
Macca 6bijra cocpe^ioxo^ena bt> ero uenxpt. 

3eMJ[H no3xoMy OKasHBaexX) npHiaaceHie na eAHHHii,y Mac- 
CH, jiesKamefi bh4 en bi* niKOXopofi xo^Ki P, ogpaxHO upo- 
nopii,ioHaJibHoe KBaJ^paxy r — pascxoHHia P on ea ii,eHTpa. Ho, 
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ecjiH P Haxo^iHTca' BHyTpa sgmjih, to npHTaaceme na eAMHHi^y 
MaccH paBHO Macci c4)epw enympeHueu no OTHOineniH) Kh P, 
A'S^eHHOfi Ha KBaApax^ r. 

1. no.i03KHMTb, qxo seMHofl mapT> npeAcxaBJiaerh OAHopoj- 
Hoe rhjo. Ecjih m ecTb Macca na eAHHHuy ofi^eMa h B pa- 
ji.iyc'b seMJiH, to npHTameme, OKaawBaeMoe na HiKOTopyK) Toq- 

Ky, jieacan^yH) bh4 ero, paBHO —,mR^\r'^, 

HpHTaaceHie m> ntKOTopoft xo^iKi, jeacamefi BHyTpn ero, 

paBHO ^mr^ : hjih ^r. Ecjih mw saT^Mt naaoBeMT) npa- 

TflaceHie na nosepxHOCTH e;i;HHHi;efi, to ntKOTopofl BHim- 
Hefl TO^Kt OHO 6yAeT^ i?^ : r^, a bt* KaKofi jih6o BHyTpeHHefi 
r :R, CTyACHTH aojiskhw bhhchhtb 3to noMombio j^iarpaMMH. 

2. Ecjih m yBejiH^HBaeTca no HanpaBJieHiH) kt> ii,eHTpy, 
noJioacHMt, m = a — br, Torji,a njioniia;i,b c(|)epHqecKaro cjioh 
pa^iyca r paBHa Aizr^, ero Macca Aizr^m.^r, TaKT> ^to hoji- 

/r 
(a — br) dr hjih 


— ar^ — irftr*. OTcioAa npHTflaceHie, OKasbiBaeMoe na KaKyio 
jih6o BHyrpeHHioio ToqKy, paBHO -^ar — 7:6r^ a Ha KaKyio 



JIH60 BHtuiHlOH) TO^IKy 




: r'-^. ]i^m o6myK) 



Maccy 3eJOH na ea 06'LeM'L mh naxoAHMt, qTO ea 

cpeAaaa luoTHOCTb paBHa a — ^UbR^ a oTHomcHie cpe^Hefi 

HJIOTHOCTH K'L HJIOTHOCTH Ha nOBCpXHOCTH 

(4a — 3&i?):(4a — 46J?). 

56. ripOHHOCTb l^M/IMHApOB'b, noABepweHHbix'b A2iB/ieHiio. 

nepBaa qacTb cjit^yioniiefi cTaTbH npe^cTaBJiaerL MeToji,!) 
BHBOAa o6iii;eH3BtcTHofi TeopiH TOHKofi n;HJiHHApHqecKoft cTtn- 
KH napoBoro KOTJia. 3aTpy;i,HeHia co saaKaMH -f- ^ — 
oSoftAeMt rhMT), ^ito d'j^^wh npeACTaBJiaTb ji,aB.ieHie cnapyacH 
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MepT. 34. 



OojrbniHM^, q-tMX j^aBJieHie H3BHyTpH, h noTOMy MaTephHJKb aB- 
jraeica cacaraMi. 

PaacMOTpHMT) ajieMeflTapHHfi TOHKifi mmBji.^'b pa;i;iyca r 

H TOJimHHH 8r. IlycTb (qepT. 34) 
BHyTpeHHee ;i,aBJieHie 6yji,eTi> 
a BHiniflee p-{'Op e nycxb catH- 
Maromeo nanpaaceHie bi Ma- 
TepbflJLi, nepneH;i,HKyjiapHO ki> 
pa^iycaMTb fiyAert q. Pa3CM0TpHM7> 
^acTL KOJima PQSR, HMiromaro 
ji^Jimy paBHyio eAHEHut no na- 
npaBJieHiK) nepneHjiHKyjiflpHOMy 
Ki> ujiocKocTH 6yMarH. 

Ilo HanpaBJieHiio paji,iycoBT> 

MH HMieMT) CB BHtlDHefi CTOpO- 

HH ;i;aBJieHie p~\-op^ A'tficTByio- 
mee Ha njioma^B RS Mif 
ecjiM yroji^ QOP = 

= 66, xaK-L KaK'b ^yra ES paBHa pa;^iycy, yMHoaceHHOMy na 
yrojn>; h p,r.ob cl BnyTpeHnefi CTopoHH, OTcioji,a 

iPirr^P) (r + or) 60 —pr . 66 

npeACTaBHTij co6oio b^ i^^tjioMi, paAiajiLHyio coy, npHJioffien- 
Hyio HBBHi, itMi) 6oji'fee TO^HO, ^^MTb Mente 6yAeTi> yroji^ 60. 
9Ta cHJia ypaBHOBifflHBaeTCfl AByMa cHJiaMH, paBHWME Ka}K- 

Aaa^.6r, HaooneaHbiME noA'b 
yrjiOM'b 60, a to^iho TaKae, 
KaKi) BT* nyHKrh 98, eciH mh 
HanepTHMi) TpeyrojibHHiv'b, Ka- 
Hc^aa miy cTopOHT> Koxoparo 
AB H CA (qepT. 35) napajuieJibHa 5. or, h yroji'b BAG pa- 
BeHT, 66, TO BC npe^cTaBHTT, CHJiy, ^ificTByioiuyH) no na- 
npaBJLeHiH) pa^iyca, n mh BBABWh, qxo 3xa pa^^iajibnaa ciaa 
no Mipi yMeHbuiema 60 Bce 6oJite npHfi-inacaexca kt* bcih- 
MHHi ^.6r.60. OTCK)J^a 




MepT. 35. 



HJIH 



{p-{-hp) (r + 6r) 60 — j»r .60 = 9.6r .60, 
p.hr -\-r .hp-\-Zp.fjr =q. 6r, 
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HJIH npome p-\-r^-^ = q (1). 

TaKt KaKTj BejiH^HHa hp Bi> npe^^ijit paBHa 0. 

Kor;i;a MaTepbjurt noABepaccHt cacHMaioniiHM'B Ycmmwb p 
H HanpaBJieHHHMT, noA'B npaMHMT> yrjiOM-L Apyr'B kt, Apyry 
B-b nJiocKOCTH 6yMarH, to b% nanpaB-ieniH nepneHAHKyj[apHOMT> 
Ki> njiocKocTH SyMam npoHCXo;i,flrL y^JiBHeHia, kotophh npo- 
nopn,ioHajibHLi p-\-q. 

Mbi HMieM'B npaBo c^;4jiaTb j^onyiii,eHie, hto njLOCKia ci- 
^ema. ocTaioTCff TaKOBbiMH h npn ;i;McTBiH na hhxt> chji., bt. 
TaKOMTj cjyqat y^JiHHeHia 3th He saBHcaTi) orb r, OTcio;i;a (1) 
cjitAyeTb conocTaBHTb ci> 

p + q = 2A ;(2), 

r^i 2A — nocTOffHHaa BOJiHiiHHa. 

IIoACTaBJiHa BeJinqHEy q hs^ (2) bi> (1), HMioMt 

ar 

SarhM-b nyTCMT) npo6HHXT> no;i;cTaHOBOK^ MoacHo nafiTH, 
qTo 3T0 ypaBHenie y^;oBJieTBopHeTca npn 

P = ^ + ^ (3), 

a 0TCI0J^a H3T> (2) q = A — — (4). 

Hafi^eMTj aiH nocTOHHHbia A vi B. IIojoschmT), ^T0 mh 
HMifeeMx ^yjio pyacbH hjih rHApaBJinqecKifi npeccb, no^;BepaceH- 
HHfi BHyxpeHHeMy j^aBJieHiio Pq npn r = rQ n BH'femHeMy a^b- 
jieHiio npH r = ri, Bhoch 3th BeJiimHHH p bi* (3), HMieMT> 

/^=^+-„ 
= ^+^^; 
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TaKi, 1T0 B=2'o-[—i i =i'o— 5 5, 

W nV — ro 

CacHMaiomee HanpaaceHie — q HaaoBeMt pacrarHBaiomHM'L na- 
npaaienieMT) f, 

r,^ n^ + r^ 

^=^V7^^ • -V— 

/* HaH6ojibfflee npn r = ro h Tor^a oho paBHO 



fo=Po"A^^ (6). 



3X0X1. 3aK0HT> HMteXt MhCXO npO^HOCXH n,HJ[HHApa, KOTO- 

pHft BHaqaji ne 6hji'l HanpHaceaT). SaMixHMT,, ^xo hh- 
Kor^a He Moacex'L 6bixb paBHo BHxarHBaioniieMy Hanpfla;eHiH) 
B^ MaxepbAJii. Mk BHAHMt H3x» (5), qxo, no Mtpt ysejiHqe- 
Hia r, f yMeHBHiaexca o6paxHO nponopD,ioHajiLHo KBa;i,paxy 
paja,iyca, xaK^ qxo jrerKO noKaaaxb ero HSMineHie noMon^bio 
KpHBofi. HxaK-B, cxyji,eHXH ;i;oJiacHi>i Bsaxb ri = l-2, ro = 0'8, 
^0 = 1500 (j)yHX. Ha kb. j[,¥)Pwb h naqepxHXb KpHByio f oxb 
BHyxpeHHefi noBepxHocxn ao BHtmnefi. / 6yAexT> BbipaaceHo 
BTb x4xT> ffie e;^HHHn,axi>, KaKt h p. Mbi MoaceM-L cMoxpixb na 
(5), KaKT> Ha ypaBHenie, ^aioniiee naMt BOJiH^HHy BbixarnBaK)- 
niaro nanpHSKenia bi> d,hjihh;i;p'6, noABeprHyxoMi* paspHBaro- 
meny AaBjieniio, ecjiH Bt naqajit oht. ne HcnbixHBaji'b HHKa- 
KUTb Hanpaaceflifi. Ecjih ace npn Po = ecxb yace nanpaate- 
Hia B^ Maxepbajii, xo nanpaacema, nojiyiennbia nat (5), aji- 
re6paHqecKH coa^biBaioxca cl cymecxByiomHMfl yace bt. xofl ace 
XOHK*. HoaxoMy npH oxjiHEKi rHji;paBJiHiiecKaro npecca ero 
oxjiaacjiaH)XT> HSBHyxpn, a npn BbiAiJiKt pyacefiaaro ;i;yjia ero 
]ijkjLSL¥)Ti> HST* xpy6oKX>, HSi) KOXopbixX) Kaacjiaa HaacHMaexi. 
npe^HAymyH) Bnyxpt, h mh cxapaeMca npn axowX) nojiy«iHXb 
xaKoe HaqajibHoe cacHMaiomee Hanpaacenie npa r = ro h xaKoe 
Ha^ajibHoe BbixarHBaH)ni,ee nanpaacenie npn r = ri, qxo6bi, 
Kor;i,a BHxarHBaioni,ia ycHJia, cooxBtxcxByioniiia j9o> naqflyxb 
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iipoaB.iaTi>ca bt> MaiepLfljit k ujiJiviB.]ipT> 6yAeTT> dJHSOKT, 
paspHBy, TO HanpaaeHia Maiephajia otb Tq ;^o Be 3^4 6h.ih 
6bi oah* n ace *). 



Touniu uHJiuudph. BosbMeMs rQ = R h ri = I{-\-t, rjtt 
^ o^eHb Majo cpaBHHTejbHO ct> 7i^, 




^epT. 36. 

*) IIpe^CTaBHMi) ceM ^HJIHHJ^pHHecKoe rkiio, apamaioiueeca ch 
yrjioBog cKopocTBK) a, npH HOMi p-— Macca eABBHau o6i>eMa. Ecjh bbb- 
CTH Bt pacqeTb ueHTpodteHyio cniy, A'feScTByioiuyK) na aiojieHTL, pas- 
HOBtcie KOToparo paacMaTpHBaexca, to ypaBHCBie (1) oOpamaeica bi 
dp 

p + r — r'pa2 z=q. e p-femeflie aioro ypaBHeHia Syflerb p -4. + 

+ Br~^ + ^/4poc2r2; BBOca SHaMenia p jim ;^Byxl> BCJiHHHH'b r, HaxoAHMi 
nocToaBHua Jl h B; q no3TOMy naBtcTHo. Ecjn mu B03BMeMip = 
npa r — ro, a TaK«e h npa r = rj, to 

yra BOJiHiHHa HM-feerb HaHSoJibmee aHaieHie npH r — Tq. 

£cjH uhjIhh;ipi> cniomBofi, to mu MoseMi uanHcaTb ycjioBie, hto 
npa r = Ae4>opMauia paBBa 0, h ayaBo noiyHHTb anaHeHia aanpa- 
aeaift. OTBOCHTOJibHoe yAJHHeHie no nanpaBJieHiio pa;^iyca = 
ecjiH a ecTb o6paTHaa Bejia^HHa MO^yjia K)Bra, a p/a ecTb OTHoraeBie 
nyaccoHa, Boo6me pasnoe 0'25. 

TaKHMi oCpaaoMi) mm aaiiAeMb Hanpa»eBia h OTHOCHTCJibHbia 
yAJiHBBHia BO Bpamaion^eMca cnjioinHOH'b uHiHBApt, ho, npajiaraa Bamii 
peayjibTaTU cjiy^aio TOHKaro ;^HCKa, mu BH;^HM■b, hto ypaBHCHie (2), 
npHBeAeHHoe Bwine, BcnpaBHJibHo. Haa^e roBopa, p-feinenie dy^erb riwh 
;^aJIL^Ie orb HCTMHaaro, q^M-b TOHbme ahcki. Bojiie npaBHjibHoe p-ferae- 
nie, j^aaaoe Dr Chree Be aaKiioqaerb bi ce6i ocoSchhuxi TpyABOCTefl. 
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^ ' *>Jf2 ^ 2^ CTaHOBflTca see Mente h MeHte no wh- 

pR 

pt yMeHbinenia ^. Mh Mo»ceMT> npHnaxb f=^ (7), 

r 

KaKi. (})opMyjiy, KOTopofi mohcho noJibsoBaTbCH, Kor;^a crfeHKa 

pR , p ^ , 

o^eHb TOHKa, H f = — ~\--^ (8), KaKt 6oxte ToqHoe npH- 

6jiHHceHie, KOTopoe nojrywTCH, ecjiH Baaxb bt> (j)opMyjit (7) 
cpe^Hifi paj^iycb. Ho na npaKXHKt, ecJiH 6jjiewh paacMaxpH- 
BaTb KOTejiT* HJiH ipySKy, to BcxptTHM^ cTOJibKo Heonpe^*- 
jieHHocTH Bi> Boiipoct HCTHHH08 BCJiHHHHt Epe^'tJibHaro Ha- 
npaacenia f\ ^T0 mh HMtoMt npaBO npeHeSpeqb nQiipaBKoft 
B-b ofiHKHOBeHHO ynoTpedjifleMofi ^opMyji* (7). 

57. NHAHKaTopHan AisirpaMMa rasoBoS MaiuHHu. Mohcho ;ioEa- 
3aTb, qTO, Kor^;a 06'beM'b h ji.aBJieHie coBepmenHaro rasa (aa- 
KOHT, KOToparo ecTb pv = Bt ji;jia ^ynia rasa, npn nein> 
R — nocTOHHHoe, paBHoe K — Ic pasHOCTH rjiaBHbix'b y^^t- 
HbixT» TenjioeMKOcxefi; 7 ooosnaiiaeT'L OTHomeme Klh) h3m4- 

HHIOTCa KaKHMT> JIH6o nyXOMT), TO KOJLHqeCTBO nOrJIOmeHHOfi HMT> 

TeMOTbi na eAHHHi;y npHpameHia od^eMa, KOTopoe mbi Haao- 

\ r ^ ^ 

BCMl) h (BT> eAHHHD.aXT> paSOTbl) OH paBHO 

dv 



T- 

H.IH h = — 

T 

CTy;i,eHTbi ;^ojracHbi o6paTHTb BHHManie na to, hto npoH3- 
BOAHaa ^ oanaqaexT, coBcfeBTb ho xo, hxo , xaicb KaK-b 

Mbi MoacoMX) J^aTb efi KaKoe yro;i;HO SHaqenie. 

Mbi Bcer^a npoAnojiaraeMX), qTO H Bbipaateno bt> e;i;HHH- 
i^axT, pa6oTBT, qxo6H Hso'tacaxb Heo6xoABMOCXH RBoji;HTb J 
3KBaBajieHTT> jl,acoyjH. 

ynpao/cneuie 1. FasTj pacniHpaeTca no 3aK0Hy2>t;* = c. .(3), 
r;i,'b c nocToaHHoe; nafiTH h. 

y § 

OTBtx-b; h = - — —J) (4). 

Y ^ 
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OqeBHAHo, ^^o Kovji^a 5 = 7, h = h oxcioAa mh uwhewh, 

^TO pv^ = DOCToaHHOMy BBipaffiaeTL aAio6aTHqecKifl 3aK0Hi> 
pacDiHpeHifl coBepmeHHaro rasa. 7 = 1-41 a-^^ BOBj^yxa h 1-37 
^.jixi rasa, o6pa3yioiii;aroca Bt n.HJHHAp'fe raaoBaro hjih Kepo- 
cHHOBaro ;iBHraTejifl. Korjia s= 1, xaKij qxo 3aK0Hi> paciiiH- 
penia 6y;ieTT> pv = nocToaHHOMy, mh HMteM-fc HsoxepMHHecKoe 
pacmnpeHie rasa h saM'tqaeMt, ito SAtcb h=p^ hjih kojih- 
TiecTBO norjiomcHHofi' xenjioBoft onepriH paBHo KOJiHqecTBy ot- 
;i,aHHOfl MexaHHqecKofi aneprm. SaM^THM^, ^ito bo Bcixt cjiy- 
qaax^, Kor;i,a saKOH'L naMiHenia rfeji'B Tipe3,CTaBJieHT, b'l BHAt 
(3), A nponopEtioHaiBHO 2^- Ecjir s Sojite 7, to rfejo OT;i,aeTT> 
TeujiOTy. 

EcjiH ypaBHenie (1) npoHHTerpHpyeMi> oTHocHiejibHO t\ to 

noJlJ^RWb HQi^^^^^—ip^Vi-- pqVo)-^ . . . (5). SAicB 

i?oi ecTB KOJiHqecTBO TenjioTH, coofimeHHoe o;^HOMy ^jwrj co- 
BepmeHHaro raaa Meac^y cocToaniaMH ero Pq, Vo, ^0 ^ Pi', ^ly 
ti , a Wqi paSoTa, npoH3Be;i;eHHaa hmt> npn pacmnpeniH Meai;i,y 
nepBLiMii cocToanieMTi h btoplimti. 

9to BHpajKenie MOJKCT'b Gbitb npe^cTaBJieHO bt. Apyroft 

(j)OpM't, TaK^ KaKTj MH HM^OM^ CBHSb pV = Rt . . . (6). OhO 

OTOHb nojie3HO BT* pacqeTaxT, ra30BHX^ Mamnn^. TaK-b, ecjiH 
oSTieMX ocTaeTca nocToaHHbiM'b, TFqi panno h mohcho onpe- 
;^tJIHTb HSM'feHeHie AaBjienia, npoHcmeAraee ott> BocnjaMeneHia 
H, cjrtj^OBaTeJibHO, cooomenia HSBicTHaro KOJiH'iecTBa TenjioTH. 
EciH AaBJienie ocTaeTca nocToaHHHM'b, W^i paBHO p (r, — v^) 
H -lerKO HafiTH H3M'feHeHie o6T>eMa, cooTBtTCTByioHiee 3aTpa- 

^CHHOMy KOJIH^eCTBV Ten.lOTH. 

Jl,pyroe nojesnoe BHpaJKenie ecTb ~^ — ^'~^~i~P • • 0)^ 

k — nocTOHHHoe, npeACTaB.iaioni,ee y^'hJibHyio TenjioeMKOcTb 
npn nocToaHHuMT* ooxeM'b. HHTerpnpya ero OTHocHTOJibHO 

MH HaXOAHM'b 

H,,==k(t,^t,)+W,, (8). 

Bra 4>opMyjia Aaex^ naM^ tohho xaKofi me otb^tti, KaK^ h 
iipeAHAymifi MCTOA^, h Moacerb 6biTb BHBeAena H3'b (5) npn 
nocpe;iCTBi (6). Il3^ aroro Bbipa/Kenia bhaho, qTO, ecjiH ne 
npoH3BOAHTca paSoTa, to coo6n;eHHoe KOJiH^ecTBO tchjioth 
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paBHo h (ti — ^o)s a xaKace, qio, ecjiH xeMnepaxypa He wk- 
Haexca, to cooomeHHoe KOJiflqecTBo TenjioxH paBHO coBepmeH- 
Hoft paSorb. 

58. VnpyrocTb onpeAijaeTca, KaK'h qacTHoe otl jiikjiema 
npHpameHia Hanpaxcenia na npHpameme OTflocHxejibHaro y^JiH- 
Henia. TaKTb, MOAy^ib ynpyrocxH lOara ecxb BMxarHBaromee 
HJiH cacHMaioiiiiee nanpaaceHie (hih CHJia, A'hflcxByiomiaa na e;i;H- 
HHny ^.lOI^a.^fl nonepeTOaro ct'ieHia 6ajikH mh cxofiKH), jifb- 
jieHHoe Ha oxHocaxeJibfloe y^JiHHeHie hjh na J^po6b, Bbipaacaio- 
myio HSMineme ^JiHHbi. MojijjLb acecxKocxH hjih nonepe^Hofi 
ynpyrocxH ecxb nepepisHBaioniee Hanpaacenie, A'tJieHHoe na 
nonepeTOoe oxHOCHxeJibHoe c;i;BHaceHie. OS'beMHaa ynpyrocxb e 
ecxb HanpaaceHie hjih npHpamenie ;i,aBjieHia, ^;ij[eHHoe na 
;^po6b, BBipajKaromyio yMenbrnenie o5i>eMa. HxaKb, ecjiH xtao 
npH p V ^epexo;^Hxx> bx* cocxoanie p -\-op^ v-\- ov, TO^j^a 
o6x>eMHoe HanpaseHie ecxb op h o6'beMHoe oxHocaxejibHoe cjKa- 

xie , xaKx* qxo corjiacHo onpe^teHiio e = — o» : — , hjih 

V V 

e= — v^. Onpe^tJieHie 3xo KoneTOo npe;i;nojiaraex'L, ^xo 
Hanpaacenie h cacaxie SesrpaHHqno yfibiBaioxx, h noxoMy 



Tenepb nocMOxpHM'b, KaKOBa MoacexX) 6HXb axa BeJH^HHa 
B^ paajiH^Hiix^ cjiyqaaxx). Tarb ynpyrocxb npn nocxoaHHOM'b 
;^aBJieHiH panna 0. ynpyrocxb npn nocxoaHOMt oSxeMi paB- 
Ha — ^. ^xo6bi HaflxH ynpyrocxb npn nocxoaHHofi xeMnepa- 



xypt, MM ;^oji»HH HafixH l-f-\ (cm. nyHKX^ 30). TaKx, KaK-b 



pr = Bf, xo J) = Btv \ 3;3,icb Rt nocxoaHHoe, xaicb qxo 



OobiKHOBeneo o6o3Haiiaioxx» axy BejiH^nny h mh bh;i;hm^, 
qxo ynpyrocxb npn nocxoaHHofi xeMnepaxypt pasna p. 3xo 
6HJia BeJiH^HHa ynpyrocxH, npHHaxaa HbioxoHOMx.. Ilojrbayaeb 

aXOfi BeJIH^HHOfi BX) CBOHXTi BbiqHCJieHiaX'b CKOpOCXH 3ByKa, 

OH-b nojyHfljTb oxBix'b, Koxopbifi chjibho oxjiHqaexca ovh onpe- 
ji.'fejTeHHoif onHXHWHT, nyxeMT* cKopocxH 3ByKa, xaK-L KaKT> npH 
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6wcTpLixx nepeMtnaxi AaBJienia TeMnepaiypa He ociaeTca no- 

CTOHHHOfi. 

VnpaoiCHeHie. HafixH ynpyrocTb coBepmeHHaro rasa, Kor^a 

BTOTh ra3T> cjitAyerL aaKony jni^ = c— HtKoxopoMy nocxoaa- 
HOMy. 8x0 ecxb aAia6axHqecKifi aaKonX), Koxopbifi mbt hm^jih 
B-b nyHKT* 57, saKOHi, CBasbiBaiomift p n v, Ko^;^a BemecxBO 

He Tepflexi> h ne nojyiaeT'b xenjioxbi MSBHt. p = cv^^, xaK'b 
dp , 

qXO ^ = T H 

HpHHaxo o6o3Haqaxb axy BejiHHHHy 6h, h mh bhahmt», hxo 
BT> coBepmeHHOM'b raai eR = ^e^. Ecm m> BbiqncjieHiflX'b 
Hbioxona npHnaxb 3a ynpyrocxb B03;^yxa axy BejiH^HHy, xo 
oxBix'b corjiacyexca cb HaftAGHHoft onbixHbiM'b nyxeM'b cko- 
pocxbH) 3ByKa. 

59. TpeHie bt> njiocKott nnrt. Ecjih mh HMieMx naxy pa- 
;^iyca R, necymyio rpys^ TT, h rpyaii axox^ paBHOMipno pac- 
npe^iJieHT) no noBepxnocxH ea, xo Harpy3Ka na e^HHimy njo- 
majiiH 6y^;ex^ w= TTriri?^. Ilycxb yrjioBaa CKopocxb fiy^ex-b a 
(B'b pa^iaHaxT)) bxi ceKyHji;y. Ha Koibn,eBoft njioma^,H Meac^y 
paj^iycaMH r h r-f-Sr Harpy3Ka paBna w?.2Trr.6r, a cHJia 
TpenifiE . 2TCr . 8r, rji,* fi. — K09(|M|)HuieHX'b xpenia. CKopocxb 
ecxb V = ar, xaK'b qxo pa6oxa, 3axpaHHBaeMaK KasKj^yio ceKyn- 
^^y Ha npeoAOJiinie xpenin no axofl ajieMenxapHofi njion^aAH 
paBfla \i . 2Tzw(xr^ . or, a noxoMy noJinan anepriH, saxpaqHBae- 
MaH B'b ceKyHAy paBHa 

/Hi 
,dr= ^l2Tzwa\iB^ = ^ 'ajxa Wli. 


npH KOJibn,eBofi mrk BHyxpenHaro pa^iyca Ri h BHtni- 
T^''=7r«<;(iJ2^ — ^1^) H oxcjo^a anepriH, aaxpaqeHHafl B'b ce- 

7? 3 7? 3 
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60. ynpawHeHifl, KacaiotMiflCfl M3rM6a 6ajiOKi>. Kor^a H3rH- 
6aK)iii,ifl MOMesTT, M ciqeniH 6ajiKH mwlcTewb, mh mo- 
aceMt BHiHCJiHTb KpHBH3Hy wb dTowh Mtcrt, ecjiH 6ajiKa 6MJia 
npflMaa ji,o HarpysKenia, hjih H3MiHeHic kphbh3Hh, ecjiH 6ajiKa 
eme HarpyaceHia fiwja yace KpHBofl. 3to oSwKHOBeHHO 
H3o6pa3KaeTca xaKi, 

1 I 1 M 
r r Vq El 

vfl.'h I MOMeHTt HHepuiH nonepeqaaro ciqenia oTHocHxejibHo 
jiHHiH, npoxoAamefi qepe3i> li.eHTp'L ero laacecTH a nepneaOT- 
Kyjiapaoft kt> mockocth H3rH6a, a E ecxb MOjiyjib lOara jy^Jisi 
^aaaaro Maxepbajia. TaK^, ecia 6ajiKa HMteTT> iipaMoyroJibBoe 
ctqeaie bwcotoA d a mapaaofi b, to 7=i/i2M^ (cm. 54); 

ecjia 6ajiKa Kpyrjiaro cb^eaia I=—B^^ ecra 7? pajtiyc^ ct- 

qeaia (cm. 50); ecjia 6pyci> ajuianxaqecKaro ctqeaia, xo 

I—— a^b, ecjia a a 6 cyxb pa^iycbi ciqeaia bT) ajiocKOcxa 

H3ra6a a nepaeajiaKyjiapBO k-l aefi (cm. nyaK. 50) f- 

KpMBM3Ha. KpaBa3aa Kpyra ecxb oopaxaaa Bejiaqaaa ero 
pajiiyca, a KpaBa3aa KaKOfi jib6o Kpaaofi — axo KpaBa3aa xa- 
Koro Kpyra. Koxopbifi Jiyqrae acero coBaaji,aen> cl KpaBofi. 
KpaBa3Ba KpaBofi ecxb xaicace a «yr;ioBoe a3MtBeaie (bt» pa- 
;i,iaBax^) BanpaBJieaia KpBBofi aa CAaaai^y ;^JIBBu>. Tenepb 
aanepxaMT) o^eab iiojioryio Kpaayio BecbMa MaJiHlrL yoo- 

BOMt. SaMtxaMX), ^T0 a3MiaeBie ^ apa aepexoA'b ox^ xoq- 



KB P Kt Q noHTB BT> xo^BocxB paBBO B3MliBeBiio yrjia y a3Mt- 

aeaie ~ ecxb bt> A'McxBBxejibaocTa a3MbBeBia xaareaca yr-ia, 

BO, KO^;^a yrojit Ma-iii, xo yroji^, ero caaycL b xaareacb — aoqxa 

paBBH Mea^J^y co6ofi ^ . Oxcioj^a npapaaieaie ^ ott> P jifi Q, 

j^bjieaaoe Ba jJ,mEy Kpaaofi, ecxb cpe^Baa Kpaaasaa oxt> P 
AO Q a, qtM'L MeabuiyH) eepcMii Munj PQ, rhwh 6oJi'be xoh- 
ao 3Ta BeJiaqaaa npaGjiamaexca 3BaqeBiio KpaBBSBH wb 



TO^K* P. Ho, KorAa KpHBaa oqeHb iiojiora, ji^JiHHa ^yrn FQ 
paBHa npH6jiH3HTejrbHO ox, vl H3MtHeHie , ji,teHHoe Ha Sx, 
no M^pt YMeflbmeHiK ox, npaSjiHHcaeTca BeJinqHRi npoH3- 

B0;i.HOfi OTt ^ no X^ a J^M 3T0r0 MH HM'feeM^ CHMBOJIt 
OxClOAa MH MO^OMT, npHEHTb ^ 3a KpHBH3Hy KpHBOfi BCIOJI,y, 

rji.'fe .ea yooHt Maji^. 

EcjiH 6aJiKa caMoro Hanajia HMten, KpHBHSny h rcjih ^' ecib ea 
aeoojiLraofi uporH6T> m, KaKofl: jih6o To^Kt, to ea nepBOHanajiLHaa 

KpHBHBHa ecTb "^JT- Mlt MoaeMi o6o6mHTL BUBo;^M, noibsyacb Be3;^'fe 

BupaaceHieMi - (V — y') BMtcTo . 

JlerKO ;^0Ka3aTL, hto 6aJiKa paBHaro conpoTHBjieHifl, t. e. laKaa, 
vb KOTopofi Haii6ojibnjee Hanpa»eHie / (ecjiH cacHMaioii^ee, to nojioacE- 
TejibHoe, ecjiH BUTarnBaiomee, to OTpnuaTejibHoe) bo bcakomi cfeqemH 
OAHo H TO ae, HMteTb Be3;^t o;^Hy h Ty ace KpHBHSsy, ecjin BHCOTa ea 
nocToasHa. 

^ EcjiH d BucoTa, TO ycjioBie paBHaro conpoTHBJieHia 6y;;eTi 
-J . z=i±f — nocToaHHOMy. Ho j^=zjEx KpHBHsea, OTCio;^a Kpa- 

BH3Ha = ±^. 

ynpaotcHenie. IlycTb b^ fiaJiKt paBsaro conpoTHBJieHia d — ^jqrgj- 
d^y 2/ 

To^;^a = (a-\- hx). HaTerpHpya, Haxo;^HM^ 
E dy E 

2/ ~ ^ "I" ^ "f" ^1'^^^^'^ 2f'y = ^ + ^ + V3«^^ + 'M/?^ 

r^-fe c H e ;;ojiaHH 6utl onpe^ijieHH no ai^KOTopuM^ ^aHHWMi) ycjio- 
BiaMt. TaKT>, ecjiH OaiKa aaKptMeaa oahhmi KoauoMt npn .r = 0, to 
dy 

BTi BTOft TOHK-fc ^ = H ^ = 0, a nOTOMy C = H e = 0. 

Mbi 3HaeMi, Tenepb, qxo, ecjin Bt npaMofl 6ajKt x — pa3- 
cToanie, H3MipeHfloe ot^ ntKoxoparo Mtcra ea Aannaro ck- 
^eaia, h ocjih y ecTb npornS'b ea b^ stom^ ct^enia a 7 mo- 
MeHTb HHepi^iH ctqenia:, to 

d2y_M 
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rA* M HsrHoaromifi MOMeHTi) j^aHHOM'B chqeniH, a J5 mo- 
jiyjiB lOsra ji,Jifl J^aHHa^o Maxepbaja. 

Mbi ^aeM-L^ 3HaKT>, KOTopBift ji.'fejraeT'L ee nojioacHTejib- 

Hofi npH nojioJKHTejibHOM'L. EcjiH jlf BHrH6aeTT> 6ajiKy BBepxt 
H y HSMtpaeMt cBepxy bhh3^, TO^;^a (1) npaBHJibHO. SsiAwh 
(1) npaBHJibHO, ecjiH M BbirH6aeTT> 6ajiKy bbhsii h y hsm*- 
paeM'L cHHsy BBepx^. 

IIpuMrbph 1, Ea/iKa OAHOo6pa3Haro ctMeHifl ajimhok) I (qepx. 37) 
3aAtjiaHa oahmmi> kohl;omi> h na ApyroM^ Konut narpyaceHa 
rpysoM'b W. nycTb 6yja;eTb paacToanie ctqenia ora saKpin- 
jieHHaro KOHn,a SajKH. Tor;i,a lf= W{1 — x\ xaKt qxo (1) 
npHHHMaex-b bha'b 



(2). 



w 



c 



-l-x— 



^epT. 37. 

HHierpHpya, iiMieM-b, xaK^b mK^h E e I nocxoHHHbia 



EI dy_ 



H3i> axoro ypaBHenia mh MoaceMX BbiqHcjiHXb yKJiOH'b bx jiio- 

^X06bl HaftXH C, Mbl JI,0JI3KHbI 3HaXb HaKJIOH'b BX OJ^HOfi Ka- 

Kofi jih6o xoqKt. Mbi 3HaeMx, ixo bx saKpinjeHHOM'b KOHDt't 
du 

Hti'T. HaiuioHa, a noTOMy ^ = npa a; = 0, OTCioAa c = 0. 
HHTerpnpya bhobb, nojiyiHMi 
EI 



w 



Hto6bi HafiTH C, MH 3HaeMi, wio y = npn x = 0, ot- 
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cjom C=0, xaKx qxo ji,m ^opMLi, KOTopyro npHMei'L SajiKa, 
MM HMteMT) ypaBHenie, ^aioiniee HaM'B y bi> KaHc^ofi TO^Ki 



(3). 



HaMt o6HKHOBeHHo HyacHO eBiBaeTt SHaxb y npn x = lj^n 
9Ta BejiHqHHa x HasBiaaeTca D npornSoM^ 6ajiKH, TaKT> qxo r 



(4). 



npuMYbph IL BajiEa a^hhoio Z HarpyweHa rpy30iin> TF no 
cepeAMHt M noAAepHtMsaeTCfl no KOHuaMi> (qepx. 38). npej[^CTa- 
EHMT) ceoi, qxo noJiOBHHa daJiKH nocji Barpyacenia ea 3ajinxa 
ueMenxoMt h xaKHMt odpaaoMi, HenoABiiacHO saKp'feQjieHa; xorj^a 
;ipyraa nojioBHaa npe;^cxaBHX'L co6ok) npocxyio SanKy a^h- 

HOK) — , saKptfljieHHyH) oahhm'l KOfluoMt H HarpyaceHHyio Ha 



w 



2 



Mepi. 38. 



W 

J^py^0MT» rpyaoMt — , h na ocHOBamH npeAWAymaro ea npo- 



.(5). 



SET ASEI ' ' 

CTy;^eHx^> ;i,ojiaceHT> cAi^axb cxeMaxnqecKifl qepxeact bli- 
acHenia oxoro Mexo^a p'tmenia 3aji,aHH. 

UpuADhpi III, BajiKa 3aKptn/ieHa oahmml kohuomi> m pae- 
HOMtpHO aarpymoHa no Bcefi cBoeft ji;jiHHt cnjioraHofl aarpys- 
Kofi w Ha eAHHHuy ji,Jimu (qepx. 39). 

Harpy3Ka na qacxH PQ ecxb w X = w(l — x), 
PaBHOAMcTByiomaa 3xofi Harpy3KH HMtexii xoHKy npnjio- 

8 
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;KeHiH Ha cepeAHHt mnj P Q, TaKt qio, yMHbacaa na 

^'12(1 — 0C\ MLI HaXOAHM^ M BT, TO^K't P 

M=^{l-xy (6). 



IIoj^cTaBfl axy BejiH^HHj btj (1), iiMtewb 
2EI d'^y 



IV dx I o I 

3to ypaBHenie ;iaeTT> naM'b yooHt bt> jhoSom-b ctneHiH 6ajiKM. 
3aT^Mi> ^ = npn a; = 0, TaKt KaK'L 6ajika 3;^tcb sanptn- 

jiena. Oxciojiia c = 0. 

HHTerpHpyfl bhobb, noJiyqHi\n> 

H, xaKt KaKt 2/ = npH ir = 0, to (7=0 h OTCH)J^a ypaB- 
Heme HSorHyxofi 6ajiKH 



?/ HaH6ojibmee Ha KOHub, rut x = Z, xaKii hxo nporH6i> paBeHi> 

91? 1 W73 

^ = 2lEr'^' H^H/) = | ~. ...(8), 
ecjiH Tr=«<;Z— noJiHaa narpysKa na 6ajiKy. 




BpuMnph IV. BajKa A'^hhok) I, sarpyweHHafl no BceN A^HHt 
€njioiiJHoM paBHOMtpHoit HarpyaKoA w sa eAHflHiiy a^hhh h 
nojy^epacHBaeMaa no KOHiiaMT» (uepi. 40). 

Kaaj^oe h3^ onopHHX'L conpoTHBjenifi paBHO no.ioBHHt 
nojHaro rpyaa. MoMenrL 
BT, ciqeniH P on rpyaa 

— Ha paacTOffHiH PQ 

BanpaBJieHT) oopaiHo ji,b\L' » 
aceniH) qacoBofl CTpijKH, h ^^p^ 4q 

SL HasEiBaio ero HanpaB- 

iieHie nojioaHTejbHHMT); momchtb rpyaa w ^-^ — npH cpeji- 

HesTB paacTOflHiH ^loPQ noaxoMy OTpHii,aTejieHi», h noxoMy H3- 
THSaiomifi MOBieHTb B^ ciqeHiH P 6y;^ex'L 

V2«H0/V — ip)— V'iW'CV-ii! — ^)', HJH l/gM?^' — ^2^'^' . (9), 

xaKt qxo H3i (1) 

npH qeMi» 2/ ecxb BOSBBimenie xohkh P naA^ cpeAHHofi SajiKH 
(cm. 60). HHxerpnpya, HMteafL 

(t)opMyjia, Aaiomaa HaMi, yoon^ b^ jik)6omi> ct^emH 6aJiivH; c 
onpe^tjiaexca Ha ocHOBaniH xoro, qxo mw 3HaeMT>, qxo 
dy 

^ = npH x = 0, oxcK)Aa c = 0. 

HflxerpHpya bhobb, noJiyqHM^ 

Ely = 'jicwPx^ — 'l2it('x^ + C, 

rj^t C = 0, xaKt KaK^ t/ = o npH x = 0. OxcioAa ypaBHenie 

w 

HaoFHyxofl fiajiKH 2/^ = (^^^^"^ — 2^*) (^^)' 

9eM^ 2/ HMterL HanSoJibmyio BejiHqHHy iipn x = -^ h xaici* 

8* 
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5 WP ' 

HaawBaeMhifi nporHfi'L 6ajiKH D 6yAeTX D = ^g^-^j ^ gc-ih 

W — wl — nojiHaa narpysKa. 

61. Ea/iKM, 3aKptn/ieHHbifl KOHuaMi». 6paii;aH)]u,ie mo- 
MeHTbT, j^ificTByroniiie no KOHij,aMT> SajiKH aaKpbnjieHia ea 
(t. e. A-^ia yAepacania ea KOHii,eBBixT> ctienifi bi, BppxHKajit- 

HLTXT) nJIOCKOCTflXT>), paBHH H UpflMO npOTHBOHOJIOaCHtl, eCJH 

HarpysKa pacnpe^ijieHa cHMMeTpH^HO no ofit CTopoHw orb 
cepeAHHH 6aj!KH. ITpn paBencTBi Bpamaipmax'L MOMeHTOBT> 
onopHLia conpoTHBJieHia 3Ke, ^to h bhuig. Jl^ajite, ecjiH m 
ecTb n3rH6aK)ni,ifi MOMeHTt (noji03KHTeJibHsifi, ecjin GajiKa cia- 
HOBHTca Bornyxofi KBepxy), Koxopufi BLisBaJiH 6h narpysKa h 
onopHHa conpoxHBJieHifl npn cbo6oahhx1) KOHi^axT,, xo H3rn- 
6aH)n;ifl MOMenxt bt> nacxoaniieM'B cjiyqat paBen^ m — c, xaKi> 
KaK-b KOHueBbie Bpaniaron^ie momchxh c paBHbi n npoxHBono- 
jiOHCHw, a onopHHfl, conpoxHBieHia ocxaioxcfl HensMtHKHMH. 

TaKHMt 06pa30M'L 

d^y _ m — c 

EciH oajiKa oji,HHaKOBaro ciHema, xo, HHxerpMpya, nafi- 
J^eM'L 

EI^ = j ni.dx — Cit;-j- const (2). 

BoBbMeM'L 3a X — pasGxoanie ox'l oahofo KOHn,a. Mw nw^ewh 

;^Ba ycjOBia: -^ — ^ npn x=:0 h ^ = npn x = l, ecJia 

/ ;i,jiHHa 6ajiKH. OxcIOJ^a, ecjiH mm BHHxeMi, anaqeHie (2) npa 
x = miy 3HaqeHia ero ace npn x=l, xo nojiyqaMt 

/./ 1 /-Z 

= I mdx — cl HJiH c = -y- / mdx, 

X. e. c ecTb cpeAHflfl ee/iMMMHa m he BceMi> npoiiert SajiKii. 
OxcK);i;a cjiijiiyioni.ee npaBHJio (jim CHMMexpnqnaro aarpyaceaia): 
aaqepxHXb ii,iarpaMMy HBrnCarontHx-b momgrxob^ m bt> npeji;- 
nojiojKemH, ixo 6a.iKa cbo6o;i,ho JieiKHx^ na Konn^axi). HafixH 
cpe;i,HioK) BHCOxy ^arpaMxMbi h oaycxnxb oqepxanie KpnBofi na 
axy Bejinqnay. IIoJiyqeHHaa B^b pesyjibxaxt j^iarpaMMa, koxo 
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paa oyjifiVb oxpnuaTeJibHOK) no KOHuaMi,, h Oyj^erL HCTHHHofi 
;^ia^paMMofi MsraSaromaro MOMeHxa. BaJiKa o6paiu;eHa Borny- 
TocTbK) KBepxy TaM^, r^t Harngaiomifi MOMeHX'b no.ii03KHxejieHi>, 
11 BHnyKJocxLK) xaMT,, r^t oh'l oxpHuaxeaeHi), a bt> xix'b xo^- 
Kax-L, ^j^'b H3rH6aioni,ifi MOMeHX-L paBen^ syjiio, kphbh3hh n'kn, 
T. e. 3T0 cyxb xo'iKH neperii6a. 

TIpuMtb/jT,, Bc'bMX xopofflo H3BtcxiiO, qxo/'ecjiH 6aJKa ji^m- 
HOK) I CB060AHO iiemMTb Ha Asyxb onopaxb m HarpymeHa no 
cepeAMHt rpyaoM'b W, xo narHSaiomifi MOMeHX'b no cepeAHHirrr 

= — , Ha orropaxT) 0, irpn newT, ;i,iarpaMMa cocxoHX'b hst, ABVX'b 
4 

npflMbix^ .THHifi. IIpe;i;nojiaraexcH, hxo cxyAeHx^ na^epxHX'b 
3Ty ;i,iarpaMMy (cm. xauace npHM'bpb II). Cpe;i.Haa Bbicoxa ea 
paBHa iio.iOBHH'b bhcoxh 110 ccpeAHHb II.IH Vg^, h 9T0 h 
ecTb c— Bpaiii,aK)ii;ifl MOMenVb, Koxopwfi, ji,omQWh 6HXb iipn- 
JioacesTi Ha Ka^Kji.oM'b KOHut, qxo6bi aaKptnnxb ero, ec-iii koh- 
usi 6a;iKH npMHMMaiOTCfl 3aKptnjieHHbiMM. TaKi> KaK^b bch ;i,ia-< 
rpaMMa ;i,o;i5KHa 6bixb noHHaceHa na 3xy Bbicoxy, xo oqeBUAHO, 
HTo HcxHHHbifl H3rH6aK)ni;ifl momghxTj xaKoS 6a.iKH, ecjiii pa 

Wl 

KOHii;bi 3aKptn.ieHbi, paBem, — no cepe;^I^Ht, na nojo- 

8 

BHHt pa3cxoaHia oxi) KaacAaro KOHn;a ;iio cepe,T,nHbi, xaKi) qxo 
Tyxb oyjyxi) xo^kh nepemfia, h 3- na icaJK^i.OM'b Konu'fe. 

o 

IIpaMoyrojrbHaH 6ajiKa h.ih UHJiMHiipnqecKaa.HJiH Apyroro Ka- 
Koro jih6o ctqenia, cHMMexpn^Haro oxnocMxejibHO nefixpajibHofl 
ocH noABepraexca ojunnaKOBOMy HanpaaceHiio no cepe^HHli n 
Ha KOHuax^. 

npuMThph, Ea/iKa OAHOodpasHaro ctMeHifl, HarpymeHHafl paB- 
HOMtpHOtt cn/iOLUHott HarpysKOtt iv na eAHHtmy a-^hhh, cbo- 
%H0 jieacHX'b Ha AByxx* onopax-b; ;i,iarpaMMa ji.ia m ecxb na- 
pa6ojia (cm. npuM, 1\\ r;i;t> M=^IqwP — ^j2ivx^); nanSoJib- 

maa BeJinqana m no cepeAHHt npojiexa panna — j-, no koh- 

• o 

najfb m paBHo 0. ^1,3^1*6, cpe;i,Haa BejmqnHa w ecxb ox-b 
BejiHqHHbi no cpeJ^HH^i (cm. nyHK. 43, njion];a;i;B napaSoJibi). 
OxciOAa c = ^li2^P' Bhmewb axy cpeAniOH) BejiH^Hny m mi^ 
opj^HHarb ;i,iarpaMMbi h mh noJiyqnMi, ja;McxBHxejibHHe narn- 
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fiaioniiie MOMenxLi ]i,m Bcix'B ctqeHifi 6ajiKH cjiyqat, ecm 
KOHUbi 6ajiKM 3aKptn/ieHu. 

HoaTOMy TaKofl SajiK'fe cl aaKpinjieHHUMH KOHn,aMH h3- 
rH6aK)mifi MOMenrb no cepeJ^HH* paBeHi) V24«^*'^ a no koh- 
uaMT) = — Vi2^''^*5 AiarpaMMa npeji.cTaBHT'L napaoojiy, KaK-b h 
fiajiKH cBo6o;i.Ho Jieacamefl na AByxt onopax'L, xaKt KaKT* oHa 
nojiyqeHa m^h nocjit;i;Heft qepes'L noHHSKemc Bcefi AiarpaMMH 
Ha To^KH neperji6a 5jiHace ki> KOHuaMt, qiMii bt> no- 

cji'fe;i,HeM'B cjiyqai. BajiKa 6ojite Bcero Hanpaacena no KOHi^ani,. 

CryjiieHTM jsfiJimnu nocxpoHTL ;i,iarpaMMLi ji^jia pasjinqHMX'L 
cjiyqaoBt cHMMeTpHqnaro sarpyacema; nyacHO naflTH 7ri o6rk- 
HOBeHHHM'L rpa$HqecKHMi» cnocoCoM'b h noHH3HTb ;i,iarpaMMy 
na ea cpeAHioro BHCoxy. 

KorAa 6pyci> CMMMerpHMHO HarpymeHHbift ci> daAtjiaHHUMu 
^ KOHuaMM MMteTi> HeoAMHaKOBoe ctqeHie no BceMy npojiexy, 
HHxerpaji'L (1) SyAeit HMixh bha^ 

^2=/7^-«/?; • • • • ■ 

H, TaKT) KaK^ 9Ta Bejinqnna pasna npn x = u x = ly 
TO, qTo6bi nafiTH c, Heo6xoAHMO naqepiHTb ^iarpaMMy, noKa- 

3HBaioni,yio BeJinqHRy bo BcaKOMi* ctqeniH 6aJiKH, h nafiTH 

en njion^a^B. 3artMT) paa^ijiHTB aTy njioniaAb na njioni,a;ib 

1 

ji,iarpaMMH, KOTopaa noKasHBaeTt BejinqKny y btj KaacjioM'B 

ctqenin, h;ih nnaqe cpeii,HK)io BBicoTy j^iarpaMMBi y paa^t- 

1 

jHTb Ha cpeji,HioH) BBicoTy AiarpaMMbi -j , n Tor^a noJiyqHTca c, 

BbiqHTafl 3Ty BejiHqnny c h3'b Bctxt BejiHqnn'B m, mbi no-iy- 
qKMij ncTHHHyio j^iarpaMMy H3^H6aK)n^a^o MOMenTa 6ajiKH. Fpa- 
({)HqecKia ynpaacnenia ropa3;^o pa3Hoo6pa3Hte h HHTepecnte 
a.ireSpaHqecKHX'B, TaK^ KaK^ rpa(|)HqecKH oq^enb jierKO naqep- 
THTb ;^ia^paMMH m, Kor^a H3BicTHa narpysKa. 

ToJibKO qTO AaHHoe pimeHie npHMtHHMo kt, SajiKi, fb KOTopoft 
7 nonepeqnaro ctqenia nsM'feHHeTca KaKHMX) HH6yAb npoH3BOJib 

HBIM'B06pa30M'B, HOTOJIBKO / nHarpy3KaCHMMeTpHqHB10TH0CHTeJIb- 
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HO cepej^HHH npojieia. no.i03KHMT>, qxo Ibssio xaKoe, ^ro6b^ 6a.iKa 

M 

obua paBHaro conpoTMBJieHia, t. e. qTo6Bi — ^ =f^ hjm . (4), rjifk z 

HanGojiLmee pascxoanie H^KOTopofi tohkh ct^ienia otT) nefi- 
ipajibHofl ocH, ^ f^Yi nocTOflHHLifl no A-^HHi HaH6ojibinifl 
cHciiM-aiomia h BBiTaraBaioiuia HanpaaceHia, KoiopBiM^ noABep- 
raexca Maxepbaji. bt* khhcaomi, ctqeniH. IIpHHHMaa /"^ no ™- 
caeHHoft BeJiH^HHi paBKbiMt f^ h z=^\id, d bhcotu 

3/ 

6a.iKH, no.iy«iaeMi>, hto (4) ofipamaeTca btj y <i = i:2/*.(5), 
npii qeMT> -j- Sepexca bi» HacTaxt 6ajiKii, r;i,i 1/ nojioacHxe- 
.leHT, H — , TA'fe il/ OTpHn.aie.ieH'L. TaKX Kani) / ^ d;r = 0, 
TO, nojibsyacb (5), no.TyMHMT> 

/ + |^rf^ = 0. (6), 

npn qeM'b oTpHuaieJibHbift anaKi* aojiskch^ 6biTb Bsaxb ox'b 
kohii,obT) 6ajiKH J^o xo^eu'L nepernfia, a no.ioa{Hxe.ibHbifi Mewy 
xo^KaMH iieperH6a. Mbi bh^hm'b xaKiiMx o6pa30M^, hxo A-^a 
xoro, gxo6bT yjioBJiexBopaxb (6), mw aojihchh p'tniHXb cjiiAyK^- 
myiD 3a;iaqy. Ha qepx. 41 EATUCGIU ecTb ^.iarpaMMa, opAH- 

1 . 

Haxbi KoxopoB upeAcxaBjflioxi, oopaxHyio BejimnHy bh- 
coxbT 6ajiKH, Koxopaa Moacexx obixb Bsaxa iiponsBOjibHofi, ho 



F 




Hepi 41. 

TOJbKO' cb co6.iioAeHieMx ycjiOBiu, qxo6bi d 6ujio xoace caMoe 
B'L xoqKaxT), paBHOoxcxoaiUHXT, oxT, ueHxpa. EFGE npe^cxaB- 
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jinen AiarpaMMy BeJiHqHfli> m, h ee jierKO na^epTHTB, snaa 
HarpysKy. Otl HacL Tpe6yeTca nafiTu Taityio xo^Ky P, qT06bi 
njiomaji;b EPTA = iiJiom,dLjifi P001\ rji;* ecTb cepe^iiHa 
6ajiKH. KorAa Hafl^eHa aia To^Ka P, to ona h ecxb ro^Ka 
ueperHfia, a PR ecxb xo, hxo mh HasHBaeM'b c. TaKHMii o6pa- 
30MT> 7)1 — PB ecxb j^'McxBHxeJibHbifi H3rii6aiomifi MOMeHXT. M 
BO BcaKOM'b ctqeHiH, HHaqe roBopa, qxofibi nojiynHXb j^iarpaw- 
My Jf, HvacHo noHH3HXb BCK) AiarpaMMy JSl^G^ no BepxBKajiH 
fla BejHqHHy BP. Snaa 3f h rf, .lerKO naflxn I nocpe.i- 
CXBOMl) (5). 

OqeBHAHo, qxo, ecjiH xaKaa oaJiKa paeHaro conpoTMBiieHifl 
HMiext xaKJKe h OAMHaKOByio eesAt SbicoTy, xo xoikh nepe- 
THfia HaxoAflTca na cepejtBHt Me/Kji,y ueHxpoMi, h saKptnjieH- 
HbiMM KOHuaMM fiajiKH. BajKH paBHaro conpoxHBJieHia OAHna- 

KOBOfl BblCOXbl IlM'blOXT> BeS^t OAHHaKOByiO KpHBH3Hy 3a HCOK)- 

qeHieMT> JiMfflb xoro, hxo btj xo'iKax^ neperH6a 3HaK'L ea bhc- 
3anHo Mtnaexca. 

61. Bi> caMOMi> o6iMeM-b cjiyMat pacnojioweHin HarpysKM M3rN6aioiuie 
MOMeHTbi, KOTopbie AOJiwHbi 6biTb npM/ioweHbi K-b KOHuaiw-b 6a;)KM f^n sa- 
KptnjieHiH Mx-b He pasHbi Me>KAy co6om. UoJiomHM'B, nii ecTb BpamaK)iuif} 
MOMeHTx m> KOHat A (qepi. 42\ HMtiomiii HanpaBJieHie o(5paTHoe na- 
coBoit CTptjiKii, a MOMeHii BT> B, Bpauiaioinifi no' nacoBoft qjrp'fejiK'fe, 
II nycTB H3rH6aiomifl MOMeHit npK CBoSoAHbix'b KOH^ax^ paseHi w. 

PaacMOTpHMi HeBtcoMyK) H HeHarpy«eHHyK) OaJKy Tofl ae jijhbu 
MOMCHTawH H Wg, npHjUOHGHHUMH HO KOHuaMi; HTo6bi y;iepiKaTi, 
ee Bi paBHOBtciH, Heo6xoAHMO npHjioiKHib KOHaaw^ ea J^B1i paBHua 
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MepT. 42. 

li npoTHBonojio«HUfl CHJibi P. noKaaaHHWji na MepTOKt. Tor^a (no 

HCpT. 42) PI + 1712 = ^^1, TaK^ HTO P = ^ — - . 

HiaKx, ecjiH kt> 6ajiK'fe npoojKeHM MOMeHTM in^ h m^, to ohh 
A0Ji>RHBi 6iii'n> ypaBHOB'^meHU noKaaaHHUMu ua MepTeat CHJiaMH P; 
T. e. Bi j9 Ao.i«Ha 6uTb npMoaeHa CHja, nanpaBJieHHaa bhb3^; 3to 
SHaHHTb, HTO btj B CajiKa CTpeMETca noiiRaTLca, h, cjit^oBaTeibBo, 
o6wKHOBeHHoe onopaoe conpoTHBJieHie b-l B aoj«ho yMeaLmHTbca na 
3Ty BejiH^HHy P. Bt> HtKOiopott TOHKt C H3rH6aK)mitt MOMeHTT» Oy^eTb m 



(MoaieHTb dajiKH cboGoaho jreacamefi Ha onopaxi)— wia — P.BC — (1). 
Kto He xonerb oco6eeHO pasMwinjiaTb Ha;^^ mrnvh, TOiwy AOCTaioMHO 
CKaaaTb: 6ajiKa 6ujia paBBOBtcin. CyAyHH Haq)y;ReBa h hm^a cbo- 
6o;^Ho jicaamie kohuw; HsrHSaiomitt MOMeHTb Bb HtKoiopoft TOHirfe 
6ujT, m\ MW BBejiH lenepb soByiD cHCieMy CIlJl^, Haxo;^aI^HXca Bb 

paBHOB'i^CiH, H H3rH(5aK)mifl MOMeHTt Bt C OTT, 3THXI HOBUXb CHJH 

paBeHi> 

TaKOMi. oopaaoMb hcthhhmH H3rH6aH)iiuM MOMeHTL Bb C paBeHt 
m,2 — P.BC. 

nojioatHMb, = 0, TOW = "p " H3rn6aK)nj.itt MOMeHTT* Bt C 
CyABT-L 7w — ^.BC H JH m — P.BC. 

62. Ba;iKa, aaKptnvieHHaR KOHut ^ m cbo6oaho Jiewaiuan bii 

npa HeMT> o6i onopu HaxoAaicfl aa oahomtj ypoBHife. Taio. KaKb 
nt^ = 0, TO, nojiaraa BC = x, mu nojiyMHM'b KaKb pa3^ Ton, cJiynafi, 
o KOTopoMb celiMacb ynoMHHajiii, h noToiy 

El^^^m-Px (2). 

CHaMaJia pa3CM0TpHMi> 6ajiKy OAHHaKoearo ctMeHin paeHOMtpHO Ha- 
rpy meHHyio, KaKb Bb npHMtpi^ IV nyHK. 60. Mmo yCt^HTbca, mto, 
ecjiH X fl3M'fepaeTca ort KOHua 6ajiKii, to MOMCHTb m — ^ mljc — V 2^.^'^ 
ecjiH OajiKa .lejKHrB cbo^oaho na onopaxb. a narpysKa Ha eAMHHuy 
AJBHU paBHa w. OTCiOAa (2) npHMcrb bha^ 

EI - — 1 ymr^ - Px (3) 

EI^, = - 'U^^' - V2iV + c (4). 



Mw nMteMT> ycjiOBie, hto ^ = npa .r = 1. . .(5), tbkx KaKi), hto 
Heo6xoAHMO 3aMtTHTh, MW HSMt.pfleMb OTT> HesaKpinjieHHaro KOHua. 

HHTerpapyeMb ein.ft pa3T., 

Elif = \ ^^wlv' — ' 24«^'.^' — ' '^P'r^ + CX (6). 

IIocTOflHHaro mu Moxewi. He npHCasjifltb, TaKb KaKX = npe x = 0. 

Mw EM^ewb TaKace, hto y = npn x — I. EojiMyacL 9thmi> ycjio- - 
BicMb, a TaK«e (5), Haxo^HMb 

0^\.,M' — \'.2PP + c (7) 

= '/24tvl'-\Pl' + cl (8), 

H 0TCH);^a MosKOMb onpe^tjiHTb P a c. 
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^tjiHMi (8) Ha / H BWHHTaeM'b H3T> (7), Tor^a nojiyHHMX 

OTCIo;^a Ha ocHOBaniM (7) 

= Vi22^^' — Vu-.«t'/' + c, c — — 'U^ivl\ 
TaKHMT3 oopaaoMi. HCTBHHutt HsrHOaiomift MOMeHTb 6yAeTT> 

a (6) AaeTb naML (^opwy HaornyTott 6ajKH. 

63. EcJiM HarpysKa pacnojioweHa KaKi> HM($yAb npOMSBOvibHO, M ctMe- 
Hie MiHReTCH npoH3BOjibHo, TO npH p'tiiieniH BumeiipHBeAeHHaro npH- 
Mipa cji-fcAycTi [iDHMtHHTb rpa(J)HHecKifi MeioA^. Ecjih ^pe;^CTaBIaH)- 
mafl (j[)yHKiiiK) x a noKaaana noMoiubio kphboM, to mu He HM-feeMi m 
OAHoro cpe^OTBa, KOTopbiM-b mofjih 6w ct> yB'hpeHHOCThio BocaojibaoeaTb- 

ca, MTo6w HaHecTH Hoayio KpHByio j s.dx^ t. e. nocTpoHTb jiio^yio 

opAHHaTy HOBoft KpHBofi, HpeAOTaBjaiouiyK) njiomaAb KpHBott z orb Ht- 
KOTopoS onpeA^JieHHofl opAHHaTU ao npMHaTaro SHa^eHia x. il HHorAa 
nojibsoBajica KJitTqaxKOH h CHHTajni hhcjio KJitTOHeK^. I lojibsoBaica a 

H MaHHMeTpOM'b, MTOObI HaftTH HJIOHiaAW Bl. npeA^JiaXl HSBtCTHUXl 

3HaHeHifi X', CTpoHJi'b B^ 3THX'b TOHKaxT* opAHHaTU, DpeACTaBJiaBinia bi 
MacniTadt njiomaAH, ,h HepTHJib oti pyKH KpHByio nepeat ACcaTb hjh 
ABtnaAaaTb HoflAeHHux'b TaKHMX o6paaoAn. tohgrtj. LcTb B-b npoAa<Kt 

H HHTerpaTOpU, ho, XOTa 6MTb M0»eTb H pHCKOBaHHO Cb MOeft CTOpOHU 

CKaaaTb 3to, a ne stpio m> TOHHocTb rbxi aai 8thxi npn6opoBi. ko- 
Topue MHt npHxoAHJiocb BHA^Tb. JleoieBbiii h TOHHbifi HHTerpaTop-b ae 
TOJibKo Morx Cbi CbiTb BecbMa aojieauuMi} npn ptmeHin rpa(t)HqecKHX'b 
aaAani, ho noJibaoBaHie HMb oKaauBaJio 6bi orpoMHyio noMomb, cnocoo- 
CTBya DOHHMaHiK) anajiHaa. 

IIpeAnojiO/KMMT>, hto cryAeHrb aaaeTb Kawic jihoo npieMw, hto6u 

HaoopaaHTb J ' zaIx HOBott kphboH; aycTb uarpyaica pacoojoaccHa KaKi 

HHoyAb npoHaBOJibHo, h / MtHaoTca. TaKb Kau-b 

TO, HHTerpHpya, iiMteML 

^du r m , ^ C X . dx 

Mbi BBAHM'b, HTO Heo6xoAH>io nocTpoHTb AiarpaMMy, opAHHaTM ko- 
m 

Topofl npeACTaBJiajiH 6bi -j .iK)6oro ctHcnia, h BaaTb BHTerpaj'b 
3Toro BbipaaceHia. OooaHaHHM^ / j"7^'^' "^^P^^"^ ^' ^P" -^^^^ 1^ 



i 
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m 

o6pamaeTca bb noJHyio njiomaAb ^iarpaMMu -j , uviu Ha30BeMT> ee i^-i. 

Heo6xo;^HMO TaK«e nocipoBTb ;^iarpaMMy, opAHBaiu KOTopofl npe;^- 
CTaBJiflJiH 6u BT» jiK)6oM^ ctHeHii! -J , H B3flTi> HHierpajn 3Toro Bwpa- 

/X X 
-J dx HepesT* X. IIpH = X o6pam.aeTca b l 


nojiHyio nioinaiB ^larpaMMM -y, h xMH HasoBSMi ee Ai. 

SaTtMlj, TaKl» KaKT> BT* ^(9) 

dy 

^ r= npw X = I, TO 

= 1^-1- -P^i + c . . ._ (10). 

HHierpHpya bhobb (9), nMie.>a 

Ey—j |x.cZ.r — P j X.dx + cx-\-C, 

Ecjii Hbi BT> ^TOM^ nocjitAHeMi> BbipaseniH BOcnojibayeMca ycjio- 
BieMT>, HTO npii x — 0^ y = 0, to mu Haft;^eM^>, hto = 0; ecjiH 2Ke mu 
erne npHMeMT> bo BHHMaHie, hto npn x = l, y = 0, h o6o3HaMHM'b 
Hepeai Mi h nojiHua njiomaAH kphbuxi |x h Z, to mu nojiynHM^, 

HTO 

0:=Mi— P.Xi+d* (11), 

(10) H (ll) AaiOTT. B03M0»H0CTb HafiTH P H C, npH HeMt, KOHeHHO, 

3Haa F, M0»cH0 bi jhoOgmI} cineHtH onpeAtjiHTb H3rH6aK)in.i(t MOMeirrb. 
c 

— -g7 ^pe;^CTaBJaeTb jkiohi npe x — 0. 

64. llpuMthph, BaJiKa nepeiMiHHaro ctMeHiR ci> saKptnJieHHbiMM 

*) EcjiH HO nojibaoBHTbca 6yKBaMn ,u, X, '^i, Xi h aP-i to Bwine- 
npHBeAeflHoe H3CJl'fe;^0BaHie npHMCix bh;;i, 

[x = l ^jly ] m , x.dx 

x = o^£\=-'-'J„ T'^^-^J,, —...(10). 

MBTerpapya BHOBb Meai^y npe^'feJiaMH h / h apHHHMaa bo BBBMaeie, 
MTO y OAHHaKOBO npH oooHXT, npe^ifejiaxi, HMtemi 

EcjH BbinojiHHTb MHTerpHpoBanie b-l (10) h (11), to MoacHO HafiTH ne- 

H3B'feCTHUa P H C; HCTHHHUft H3rH6aK)mifl iMOMeHTl B^ ^1060811 CtHG- 

HiH paBeHi, KaKi) h npex^^ ^^^o yKasaeo, 

m — Fx, 
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KOHuaMM sarpymeHa npoHSBOJibHo. HsMtpneMi x otl KOHua, r;^t saKptii- 
laiomitt MOMeHTT> paeeH-b Wg, lor^a 



M~m — m2 — Px (1), 

^i?=T-T— P-r (2), 

^dy C rri C dx ^ C '^•^'^ 

jbj-^ — J -j.dx — ^2 J ~i ~P J — 'i~ + nocTOHHHoe (3). 

IlycTb u. r= J^-^ dx II no-maa ^JIOI^a;^b KpHBoft y , 
Y~ J ^ n Yi— nciHafl ^JIOIna;^b KpHsoft -j • 

, X = J ^£^ H Xi — iiojHaa njjomaAb KpHBofi -j^; TO^;^a 

= i^i-W2Yi-PXi (4) 

HflrerpHpya BHOBb, HwteM^ 

Ey = 1^ \)..dx — m2 j Y. dx — P J X.dx-]- nocTOAHHoe. 

06o3BaHaa nojDHbia ujiouia;(H, hjih HHTerpajiu oti> ji^o I, KpHBUxi> [x, 
Y ^ X ^epe3T> Ml, Yj n X^, HMteMi* 

Orzi Ml — w.Yi -PXi *) (5). 

H TaKT> KaK7. II31 (4) H (5) JIOFKO HafilH Wg " P, TO H (1) TaiCHCe B3- 
B-feCTHO. 



*) Mbi BBGJiH o6o3HaHeHifl jj., X. Y, jAi Xi, Yi, M, Y, Mi, Yi, X^, 
6oacb, MTO CTyieHTU eme HeAocTaioHHo ocBOHjiHCb ct> CHMBOjaMH aea- 
iH3a; 6uTb Moaceii) JiyMrae 6ujio 6h BecTH HSCJi'feAOBaHie, coxpanaa co- 
oTBtTCTByiomyH) eMy 4)opMy, m uonpocHib ciyAeHTOBi., hto6u obh caMH 

XOpOmeHbKO OCBOHJIHCb Cb 06mHHUMH CHMBOJaMH, nim^ BBOAHIb OJHH- 

naiuaTb HOBbixi o6o3HaHeHi{i. 

llocjit nojiyHeHifl BupaaceniH (3) BMincyKasaHHUMX cnoco6oMi> mi- 
me mt. AJ^Tfee TaKi> 



.(4). 



HHTerpiipyfl CHosa btj itx^ ace ^pei^tJIax^, HM-feoM^ 

EcjiH BunojiHHTb vicaaaHHwa bi (4) h (5) iiHTerpHpoBaeia, to momcho 
oape;;l>jiHTb ^ P no^^cxaBHTb hx-l SHaneHiji bt, (1). CTy;^eHT^» ;^oji- 
«eHi caMi> Bbi6paTb, Mero emy ;^ep3KaTi>Cfl; nojibsoBaTbca jih CTparanuMH 

Ha BHA1>, HO ;(tfiCTBHT6JIt»H0CTH JieFKHMH ^JTfl nOHHMaHifl CRMBOJilMH 

BToro upHMfenaHifl, hjih bbocth o;^nHHaA^aTb 6yKBi, 3HaMeHia KOTopux'B 
o6uKHOBeHHo 3a6wBaK)Tx. Cmotphtg xaKae npe^iHSymee npHMtMaHie. 
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65. rpa4)MMecKiJI cnocodi. IlycTb AGB (qepT. 43) npeA- 
cTaB.ijierB m — HsrHfiaromifi mombht'l wb cjiyqat, ecm 6hi 
6ajiKa CB060AHO Jieacajia Ha AByxiy onopaxij; nycTB AD npe^- 
cTEBJiflerL mi 'H BF — m2. IIpoBOAHM^ DE. Tor;i,a pasHOCxb 




MepT. 43. 

opAHHarb KpHBofi ACB h ABEB npe^cTaBHT'L ^ificTBHTejiL- 
Hbifi HsrHfiaromifi MOMeHX'b, t. e. 0H^ H3o6pa3HTca BepTHKBJib- 

HHMH Opj^HflaTaMH, 3aKJIH)qeHHbIMH Me3K;^y KpHBOfi AFCGB H 

npsMofi Z)jB. 3th nocjit^iHia orb A j[o H n orh T ao B — ot- 
pHuaTejbflbT, OTX H /— nojiosKHTejibHbi. F e G cyxb Toq- 
KH neperH6a. 

66. nojie3Hbifl aHa/ioriM bi> aaAanaxb Ha 6ajiKM. IlycTb w 
npe^^cTaBjaex-b Harpy3Ky Ha 
eAHHHuy A-iHHbi 6ajiKH, M — 
H3rH6aK)nxifi MOMeHTi. b^ ct- 
nema (nojioHCHTejibHbifi, ecjiH 
6ajiKa CTpeMHTCH iiporHyTbca 
cBepxy BHHS'b *) H X — ropH- 
30HTajibHoe pascTOHHie; jiiOKa- 

^ = w...(l). 

EcjiH B'b c't^eaiH P, ^ep. 44, 
OTCTOHnteM'b BnpaBO orb ni- 
KOToparo Haqa-ia na Bojinqa- 
Hy X, npoHBJiHeTCfl H3rn6aio- 

UI,ifi MOMOHTT) M, 0603Ha4eH- 
HUtt AByMH paBHMMH H HpO- 
THBOnOJIOaCHblMH CHJiaMH 




HepT. 44. 

ABHaCOHieftTb npOTHB-b 



qacoBoii 



*) 3x0 ycJTOBie hcoSxcahmo lOJibKo J^JIfl cjcfe^yiomHXi ofimnx'L BUBo:^OB^ 
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CTptjiKH, H nepepteHBaromafl CH.ia S bt* HanpaBJieHiH, noKa- 
3aHH0M^ Ha HepTeact, npn ^gmtj oHa nojioacHTejibHa, ecjiH Atfi- 
cTByeTL csepxy bbhs'l Ha Maxepiaji'L snpaBO oti, cfeqeHia; 
ecjH PQ o6o3HaqHM'L 0^, TaKT» ^TO Harpy3Ka .na arofi nacTM 
fiajiKH Meacj^y ctqeniaMH P Q pasHa w . 8^; ecm HsrHSaio- 
mj8 MOMCHT'L B-L ctqeHiH Q paBCHt M-{-oM^ a nepepbsbi- 
Baiomaa cHJia S + ^S, Tor;i;a am paBHOBicia cmtj, AtficTByio- 
mHxi, Ha pa3CMaTpnBaeMyio qacTb 6ajiKH, ao-ihcho cyni;ecTBo- 

BaiL paBCHCTBO 

dS ^ 

oS' = tV . 6./', HJIH = w (2), 

a 6epfl MOMeHThi oTHocHxejiLflo Q, HMteM-b 
a BT> iipeA'krb npn oesKone^HOM'b youBaniH ox 

ST-^ 

a noaTOMy cnpaBeA^iBBO ii paBeHCTBO (1). 

JI,a.Tte xopomo HSBtcxno, qio, ecjiH bi» 6ajiK't ?/ ecxb npo- 
rwSii, TO 

^— — 

EciH Mb! HM•heM^ ^iarpaMMy, ji,aK)iij,yH) b^ jhoSom'b ciqe- 
HiH BeaHqHHv ti\ mn TaKi> nasbiBaeMyio j^iarpaMMy narpysKH, 
TO Jiiooofi cTyAeHTi* Moacexi, bij Bunfk yiipaHCHenia Ha^epiHTb 
npn noMomH rpa^HiecKofl CTaTHKH j^iarpaMMy, ^^aion^yio Kb 
jnoSoMT) cfeqeHiH b-l MacmTa6'h BeJiu'iBHy M\ HHaqe roBopa, 
MbT MoaceMT) oMeHb jierKo rpa^H^ecKHMi, nyxeMi, piniHTb ypae- 
Henie (1) *. Ha^ (4) mm bh^hm^, qTO, ecjiH mh nocTpouM^ 

* Mm oohiKHOBeHHO HaxoAHMi. M fl^jia 6ajiKH cboooaho jieaKameit 
Ha AByxi onopax'b. IlycTb oh^ BupaateHi Kpneoft ACB, qep. 43. Ecin 
Ha caMOM^ ;^•tJl'fe no KOHuaiu^ oyAyrb HarH^aiomie mombhtu, to mu ot- 
KJiajiwBaeMT> hxi bcjihhhhu btj B0;^t .iHHifi AB h BE h npHBOAHMt 
J)E. Ajire6paHHecKafl cyiMMa opAHHarb AByxi. AiarpaMWb ^aerb A'feft- 
CTBHTeJibHyK) ;^iarpaMMy HsrHoaioniaro MOMCHia. 
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AiarpaMMV, j^aromyio jhoSomt* ciqeHiM to mh MoaeMi. 

ToqHO TaKHM-B HCG cnocofioMX HaflTH BejiH^HHy y (iipiiAepjKH- 
Baacb rfex'L ace npaBHJi^ oTHOCHTejibHO MacniTaCa), t. e. na- 
qepTHTb BHAT* HSorHyxofl 6ajiKH. Bci HHwenepbi nojiacHM iipo- 
AtiaTb MHoro TaKHXX ynpaaiHenifi. 

ITpuMrbpz. BT) JiK)6ofi 6ajiKt, JieacHTX m ona na onopaxi, 
CB060AH0, HJiM Htrb, ecjH '^r nocTOflHHO, TO, HHTcrpHpya (1), 

= 'b-\-tcx H Jf=a-j-i/r-1 7- . . .f5). 

onpeA'bJteHiji a h ^ HM'tioTCfl Aannbia b'l caMofi aajiaqt. 

BosbMCM'b ciyiafi 6ajiKH, paBHOMfepno HarpyaceHHofi, ifMtio- 
niefl oj^HHaKOBoe cfeqenie 110 ji.JiHH'b npoJieTa h cbo6o)i,ho Jie- 
acaiuefi Ha onopax^. 

ByAeM^ HaMtpaxb BBepxt ot^ cpe^iHHbi npojiexa 11 a 
TOKHce OTh 3Tofl T^^KH. Tor^a Jf = OnpH x = ^l2l H — 

= a -|- * ' 2^' + ^ / s^^'i^'* 
H = a — V'iW + '-s^^i'. 

OxciOAa 6 = 0, a = — ^awP h (5) iipHHHMaeT'L Bn^i* 
Jf=_V8«r/2-^-\2«^-./''^ (6), 

Toace BbipaaceHie, KOTopbiMi mm iioJibaoBaJiHCb bt, njm.Hnjjfh 1 V 
(iiyBK. 60), TA* Mw jiiuTHJiH saT^MT, M Ha JS^7 H peayjibTaTi. 
AtJienia ABa«;i,bi HHTerpnpoBajiH, qTo6bi HaflTH x. 

nycTb i o6o3HaqaeT'b ^ hjiii yooHi> bt* CaJiKt. 

II MM HM'feeM'b nOCJI'tAOBaTeJIbHblfl pfl^T,^ KpHBblX'b, KOTOpMH MM 

MoaceM^ nojyqHTb nyTeM-b AH(|)(|)epeHUHpoBaHia y, eciH naMi* 
flSBtcTeffb BHii^ Haornyroft 6a;iKH, hjih nyTeMT> HHTerpnpoBa- 
Hia W', ecjiH HaMT> HSBtcTHa narpysKa Ha 6ajiKli. Kor^a h:3- 
BtcTHo H\ TO ecTb jierivifl rpa(j)HqecKifi cnocoSt j^jih naxoa^A^i- 

HiH — ; Kor^a nsBtcTHO, -rrf, TO MM TtMTj aco CnOCOOOM'h 
Jill TjL 
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Haxo;^HMi» y, XlpieMbi, KOTopne, oqeBH;i,Ho, cnpaBeAJiHBH npH 
. M 

nocTpoeniH no w h He Tpeoyroii) MaxeMaTHqecKaro ^oKa- 

saiejEbCTBa, KoneqHo npHMtanMH 6631) ;i,0Ka3aTejiLCTBa h npn 

nocTpoeniH y m HxaK-L njiomaji,b KpHBofl Meac^y op- 

AHHaxaMH npa Xi h X2 ;i,aeT'i> npHpamenie i MesK^y Xj h X2, 
a KacaTCJibHHa ki> KpHBofl, Ji3o6paHcaK)inefi bhat» HSorHyroft 
SaJKH, bT) TOTOaxi> cb KOop;iiHHaTaMH Xj h X2 nepectKaroTca: 
B^ To^Kt, jieHtaniiefl Ha o;i;Hofi BepxMKajiH cl ueHxpo'vi'L xnace- 

M 

CTH pascMaxpHBaeMofi qacxH n.iomaAH KpHBofi . TaKHMt 

o6pa30M'b nojiHaa MomaAB KpHBofi na npoxaweniH HJ 

dif . ■ ' 

paBfla npHpani;eHiK) ^ na xomt, ace npoxaaceniB, a KacaxeiB- 

HHfl 6ajiK'b uo KOHi],aM'B Hii I nepec'tKaroxc^ bT) io^vit P. 
.leacamefi Ha ojmo^ sepxHKajiH n;eHTpoMiCb xaacecxn nojiHoft 
M 

HJomaAH KpHBofi r— . 9xH ji,Ba npaBHJia aojischu cjiyn^nxb hc- 

xoAHUMT) nyHKxoM'L juiK iioJiHaro H3CwitA0BaHiff Bonpoca irpn - 
M'bHHMbiX'B Ki> 6ajiKaM^ rpa(J)HqecKHX'L cnoco6ax^. 

EcJiH BepxHKaJib, npoxo;i;ani.afl qepe3'b itenxp'b xaacecxH, 

HaXOAHXCH Ha ropH30HXa.lbHOMT> pa3CX0HHiH HG 0T1> H H 

GJ oxT) J, xorj^a xo^Ka P Bbime xoqKH H na BejiH^Hny 
HG X , r;;4 o6o3Haqaex'L yKJioHii bx xo^K't H\ J Bbi- 
me P Ha BejiHqHHy GJ X bl xoqKt J", oxcioAa J BHnie na 
BejiH^HHy 

EGA A-GJa , 
fl ' I ' 

cooxHOuienie, Koxopoe Moacex'b Cwxb oneHb noJie3HO, Kor;i.a ;;a- 
Hbi oxHOCHxejibHbiH Bbicoxbi onopT>, KaK-b 9X0 Bcxptqaexca bt* 
aa^aqaxX) Ha Hepa3pt3Hbifl 6ajiKH. 

67. TeopeMa Tpexi> MOMeHTOBi>. ntKOxoparo Bpetfenn 
acejit3Ho;i,opo^Hbie HHacenepH BMt»cxo xoro, qxo6bi noJibSOBaTBCfl 
oxA^JibHbTMH (pa3pteHbiMH) (J)epMaMH jiiJiH npojEexoB^ Mocxa, 
cxBJiH coeAHHHXb cMcacHbie K0Hn,bi ^epMi*, iixoSbi noMiniaxb 
HXT> nojtHHxiio, H xaKHM'b o6pa30MX> c;^tJia.iK xo, qxo naaH- 
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BaeTCfl HepasptsHbiMH 4)epMaMM. JlerRo noKasaxb, hto, ecjiii 
ouopHwa TO^KH a6cojK)THO TO^HO Morj'T'L coxpaHHTb CBoe no- 
jioTOHie, TO HepaapisHBia (j)epMbi ropaa^o ^eineBJie paapt^- 
Hbixt. Kb HecqacTfaK), cpaBSHTejibHO Majiaa oca^Ka OAHOfi hs'l 
onopt cosepraeHHo M'bHaerb nojroaceme Bemefi. Bo mhophxi* 
j^pyrHXT* oTA^iaxT, npHKJiaAHofl MexaHHKH Toqno xaKace 6h- 
BaeT-b TpyjiHO ptinHTb, qoMy OT^aTb npe^noiTeHie, ^enieBHS- 

Hi JIH Cb HtKOTOpOH) HeTO«lHOCTbBD, HJIH HCO 601bfflHM'b Saxpa- 

TaMT>, HO 3a TO CT) ToqHocTbH). TaK^ HanpHMipi), B^ aaoe- 
noHHHX'b coe;i,HHeHiaxx ropaaj^o fiojibme Heonpe^tJieHHOCTH b^ 
pacnpej^tjieHiH jiiMcTByiomHX'b chjii, qiM^ bx fiojiTOBbixi,, a 
iiOTOMy HocjitAHHM'b OTAaGTca npeAnoqTeHie, xoxa, ecjiH 6h mu 
MorjH 6biTb BnoJHt yBtpeHH btj cbohxt? BbiBoj^axi., to o;i,h- 
HaKOBoft npoqnocTH saKiieiioqHoe coopyaceHie oSouuocb 6bi ro- 
paaj^o jiemeBJie. 

CTyflOHTbi, HHTepecyiomiecfl Teopiefi nepaaptaHHX'b 6ajiOK'b, 
xopofflo c;i;'bjraH)T'b, ecjiH npoqTyT'b cxaTbio, HaneqaTaHHyH) bt> 
Proceedings of the Royal Society 199, 1879, rjut ohh nafi- 
j^yib rpa(j)HqecKifi cnoco6T> pinieHia caMtiXT* oSiuhxij saj^aq^ t- 
il a^tcb H3Ji03Ky xopomifl npaKTHKH npHM'fep^ pacqeTa 
63Jim, cocToamefi hst* Asyxi* paBHbix'b npojieTOB-b, ct> onop- 

HblMH TOqKaMH Ha O^lHOMT) ypOBHt H CT> OJ.HHaKOBHM'b HOrOH- 

HbiM^ sarpyaceHieM-b KaHC^aro npojreTa. HycTb ABC npe;i;cTaB- 
Mevh JLViEm ;i;Byxnpoj[eTHofi (t)epMb[ nepBOHanaiibHO npflMOtt, 
oiiHpaio^efica Bb ToqKaxx A, B f[ C. OoosHaqHM-b pascTOH- 

BL 



c 



Q 



HepT. 45. 

eie AB qepea-b Zj, a BC qepeai) I2 h nojoacHM'b, qxo 06a 
npojeTa aarpyHOHbi ndLivh HH6y;i;b npoH3BOJibHO. 06oaHaqHM'b 
qepea-b A, B vl C HarHearomie mombhth bx onopHbix-b Toq- 
Kaxx A, B n C a ycioBHMca cqaTaTb Hx-b nojroHCHTejbHbiitfH, 
6CJIH OHH npotuSawmh 6ajiKy ceepxy enuah, 

nycTb m — BejiaqHHa Harnfiaiomaro MOMCHTa B'b ctqenm P 

9 



Ha paacToaHiH x ort A b'l tomT) npeAHOJioaieHiH, qio npo- 
jieTH coBepuieHHO OTAtjeHH Apyn> ora jipyra. Mh yace bh- 
;^•kJH, Tro, BBOj^fl no KOHi^aMij A vl B napw nti h m2 (cxpe- 
Mamiaca BMrnyTb 6ajiKy bt> ToqKaxT> A B cHH3y BBepxt)^ 

MH CJltjiaJlH TO, ^TO A'hfiCTBHTeJTbHblfi H3rH6aH)in;ifl MOMeHTL B-b. 
TO^K't P 6yAeTT> HMGHHO TaKOfi JKe, KaKOft OblJIt Bl. nyHKTt 61. 

Bi> HacToameM'L cjiyqat m2 = — A, =. — B, h noaxoMy 
H3rH6aK)ii;ifl MOMeHTT> b'l xo^iKi P ey^ext 

r^t m— npe;i,cxaBjD[aexT> ii3rH6aK)iii,ifi MOMeHxi) wh cjiyqai, ecjiff 
6ajiKa CBo6oj^Ho jieatHx-b na onopaxt, h onopHoe ;i;aBJieHie 
B^ xo^K'b A yMCHLffleHo Ha BejE^Hny 

-A=.5.. .,...,...(«. 

IIpHHHMaa EI nocxoHHHbiMx II HHxerpnpya oxnocHxejib- 

HO X, HMiieMT) 

r . rfo; + + ^/ 2X' 2 ^ 7— -f- c 1 = J . ^ . ( 3 ) 

*J l\ (tX 

IIojib3yacb SHaKOMTj f f^^^- ■ ^^-^^ ™6bT o6o3HaqHXb hh- 

xerpHpoBanie KpHBOfi, npe,TCxaB.iaiomeft Jm.dx, HMteiiij 

J Jm.dx, (lx-^'l2Ax^-\-\ 6 x' ^^~^Aj^CijcJ^e=EI . y. . . (4). 

TaKX KaKT) .«/ = iipH x = 0, xo, o'leBHAHO, y J m.dx.dx=0 
npH a; = 0, He xaKace paBHo 0. ^ajilie = npn x = l]. 
nojib3yacb cHMBO.iOM'b jxi ji;jia oSosHaMenia cyMMbi J Jm .dx. do; 
pacnpocxpaneHHoft no bccmv npojexy, HMieM^ 

,,,^^;,Al,'^-i-^ljY{B-A)^'c,h = ... (5) 

Bbiqnc.iHMx mi> (3) Be.iH'mny i^I^^ bx> xowfe B h 060- 
.^HaMHMT> 6yKBoft njonwb KpHBofi m no BceMy npojiexy 



H.IH J" ^ . dx, Tor^a BejinMHHa EI ^ b'l xoiKi B ^yj^erii 

a,-^Al,-\-\^l,{B~A)-^c, (6). 

Ho B'L j[K)6ofl TO^Ki Q BToporo npojieia, o6o3HaqHBx BQ qe- 
pe3i> X, m>i iiojyqHJH 6h Tam ace vpaBHeniH, Kain> (1), (3) 

H (4) CL TOH) JIHOIb pa3HHi;efl, ^TO npHHIJOCb 6bI SaM^HHTL 

oyKBy A 6yKBOio B, B saMtaHTb C h nocTOflHHoe oSoana- 
HHTb C2. HxaKi), npoHBBOAa axy aaMiny m> (3) h naxoAa 
dti • 

-E/^ B b TO'iKt B, r^t — 0, noJiynHMT), qxo (6) paBHO (?2? 

HilH 

c,^c,=.a,-\-Ah^^'J,{B-A) . . . (7), 

a BM'bCTO (5) MH HBdieML 

\H + ' 25/2' + ^'6^2' (C — B)^ c^,U = . . . (8). 

BuHHTaa (5) hsi, (H), pasj^tj.iHB'b npeABapniejibHo (5) na 
a (8) Ha U HMteM'L 

C2 - = ^ - p + — ' 2BU -i-^!,l,{B — A) — 

-'[.UiC—B) (9). 

IIpHpaBHnBaa (7) h (9), no-iyqaeMT> 

Ah + 2B [h 4- Id + ^^^^2 = 6 ( ^ - «i - 1^^) . . . (10), 

ypaBHenie, CBH3biBaH)n],ee J., B e C, H3rH6aK)ni,ie MOMeHibi Bb 
TpexTi HOCJitAOBaTejibHbix'b onopHbix'b xo^Kaxij. Ecjih mw 
HM'beM'b jiK)6oe ihcio onopi), h bl KpafinnxT) H3rH6aK)Uj.ifi mo- 
MeHTb paBeni. 0, TaKX) KaK^ laMi) ({)epMa cbo6o;i,ho JLeHCHTT, 
Ha onopax^, hjh, ecjiH HaMi> jiaHM j^Ba ycjioBia jim naxoHijie- 
Hia MOMCHTOB'b B^ BTHXT) onopaxTj, Kor^a ({)epMa no KonuaMb 
coBepuieHHO hjh xojibKo qacTbH) 3aKp'fcn.ieHa, to, cociaBJiflfl 
pa KaacAbix^ ipexT^ nocjitAOBaTejibHbixi> ouopT* ypaBHenie (10), 
MW HOJiyqaeM'b j^ocxaTO^Hoe hhcjo ypaBHeniH j\Jisi oupej^ijie- 
Hifl BcixX) HarnfiaioiUflXT) MOMeHXOB'b Ha onopax^. 

IIpuMfhph. Ilycxb Bx, jiBjx-b CMeHCHbTxi> npojiexaxX) /j h I? 
noroHHbiH Harpy3KH na e;i,nHHny ;^JiHHbi 6yjiyTT> h'i h 
Torj^a 

9* 
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ni = ^\2tvlx — ^I'zU'x^, j m . dx = ^i^wlx^ — ^!qU'>x^, 
OTCioj^a ai = ^li^ H J j^m.dx.dx=^l^^wlx^ — V24^^*'^*- 

J[dijAe -\-ai — oopamaeTca bt> ^ 34^'2'2^+7^ — Voi^' iV? 

to "12' 

a noTOMj BT) 3T0M1) cjiyqat xeopeMa ;i,aeTi> cjitAyK)iii.ee ypas- 
Henie 

All + ih + ^2) + C?, + V4 (^-2^2^ + = O...(10). 
Ecjih npojiexH paBHbi 11 ojiHHaKOBO sarpyaceHw, to 

A-^4B-\-C + '!2wP^0 (IIX 

C.iyiafi. I . BajiKa oAHHanoBaro no js.JiEwh ciqenm, paBHO- 
MtpHO HarpyaceHHaa, cbo6oaho JieacHT'L na S-x'l onopaxi*, pa3- 
CTOflHia MeH^y kotophmh paBHW. Bi> dTOWb cjiyqai A = C = 
n B = — ^IgwP, BeJiH^HHa m = ^l2W {Ic — x^)^ a noTOMy 
HarHdaiomifi MOMeHT-L b'l to^k'^ P, OTCToamefl OTt A Ha paa- 
CTOflHiH x^ paseHT) 

(ir — ^^2) -j- — Vg^f 

OnopHoe AaBJienie bt> A yMeHbinaeica cpaBEHTcibHo ci> rbM'i>, 

KaKHM^ OHO 6bi.io 6h, ecjiH 6h qacxb 6ajiKH AB 6bijra OT^rt- 

jiena, na BejiH^Hny, ^aBaeMyro BbipamenieMT) (2). t. e. Ha 
^ 

^ HJIH Ha ^\^wl. Ho OHO 6biJio paBHO ^2^?, a noTOMy 

B^b jitficTBHTejibHOCTH OHO fiyj^orb paBHO ^Uivl Ha KajK^ofi H3^ 
KpaflnHx-b onopi), h, TaKT> Kaic^ bch narpysKa paBna 2wl, to 
Ha cpe^HioH) onopy ocTaeTca ^^l^^ii. 

Cjiyqafi 2. BajiKa, o^HHaKOBaro no ji^mK^ ct^eHia. paBHo- 
MipHO HarpyaceHHaa, cboooaho jieacHrb na 4-x'b onopax^, pa3- 
CTOflflia Meac^y kotophmh paBHH. H3rH6aioni,ie momghth bt> 
onopHbix^ ToqKax-b o6o3HaqHMT» qepea^ A, J?, C h D. Bi. 
j^aHHOMT) cjiyqat A = D = 0, a no cHMMexpiH B=C. Ta- 
KHM-b o6pa30MT> BbipaHceHie (11) ;i,aeTX naM^ cji'hjijjomfie: 
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EcjiHow ^acTb oajiKH AB oLua oxA'LioHa, to AaB-iewie bi> uep- 
Bufi onopii 6bLio obi ^iiivl, a xenepb OHo6yAen> ^j'ytti — ^!^qwI=z 
= *IiqwL OnopHoe ji,aBjeHie b'l D laicace paBHo ^iiotd. Ha 
Apyria j^Bt onopw nepeji,aeTCfl nopoBny ocTaJibHaji uacTb uo.i- 
Hofi HarpysKii, paBHofi 3wl, TaKT> qxo na Kaatjiyio iipHxo;^nTca 
110 ^^UqivI. IlTaiv-b onopHbifll AaBJienia 6yAyTT3 ^/lo*^'?, 

^V, 10 II ^'loW'/. I 

68. nepept3biBaK)Luee ycHJiie e-b fiajiKax-b. IlycTb pascioii- 
Hie, H3M'lipeflHoe orb ntKoxoparo ctqeHia 6a.iKH, noJioiiHM'b 
Bb O (uepx. 46), AO HtKOToparo Apyroro B'b A oy^exx h 



o 




^epi. 46. ^epT. 47. HepT. 48. 



iiycTb OB = a- - \- rjj. Hycxb H3rn6aiomifi MOMeHX^ b^ 
6yAexx,i¥, a bt> DBir — M -^oM-, OAB (qepx. 46) h ^J. 
(nepx. 47) iipeAcxaBJiflrox-b HefixpaJbHyio njiocKocxb. Mh ace- 
jaeMT) 3Haxb xaHrenniajibHoe hjh riepeptsbiBaiomee nanpaace- 
Hie /* B^ -B Ha iijiockocxh HsBtcxHO, qxo axo ecxb xo 

ace caMoe, qxo h xaHrenuiajbHoe Hanpaacenie B'b HanpaBje- 
HiH EF Ha IIJIOCKOCXH EF, Koxopaa cocxaBJiaex'b npaMOfi 
yrcxb cx> njocKOcxbio 6yMarH h napaji.iejibHa nefixpajbHOfi 
luocKocxH AB. PaacMOxpHM'b paBHOB^tcie qacxH 6a.iKH ECDF 
lUH EGE Ha nepx. 47, yBejinqeHHofi na qepx. 48. Mh yna- 
aajH Ha qepxeact xoJibKo chjiw napajiJiejibHbia nefixpajibHofl 
MocKocxH H A'fcficxByBoniiia no ax* npHMbiMx, yrjiOM^ k'b ciqe- 
HiHM'b. CoeoKynuocmh I'deumwmuxh ciij^h, dthiicmeyiomuxh na 
mocKOcmb DF 6oMiue coeonynnocmu cdeumnmuoc^ cum, dtbu- 
cnwywmuoch na nMcnocmb CE, u mauieuuiajibHmH ctiMn, 
dmcmeymmH no EF, cocmaeAHwnvh uxh paanocmh, HaMij 
TojbKO HyacHO npe^cxaBEXb axo MaxeMaxHqecKH h xor^a nauia 
'ia^aqa piraeHa. 

M'tcxi H Ha njocKOcxH CAO na pascxoaniH y oxt> 
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HeftTpajibHofi njiocKOCTH CHCHMaH)ii;ee HanpaHcenie, KaKb ws- 
M 

B'tcTHO, paBHO p = Yy'> ecjiB J) lUHpHHa c'iMeflk HH wh 

j^aHBOM-L Micrh (qepi. 47), to noJiHaa c^BHraiomafl cHJia, 
ji.'feficTByiomaff Ha njocKOCTb ECE, paBna 

nAC M M rAC 

^=Jae^J^'^^ ^=jJae^^'^^-"^'^' 

SaM'iiTHM'L, qTO, ecjiH b nepeMiHHaa BejiMqima, to mh 
;^0Ji3KHH 3HaTb 66, KaKT, (j)yHKi^iio y, ripe}K;ie ^^mT) npoHSBeciii 
HHTerpHpoBanie B'b (1). 06o3HaqHM'b nojinyro c;i;BHraK)myio ch- 
jy, A'fcflcTByiomyH) na EC qepea^ P, Tor;i,a na n.iocKOCTb DF 

dP 

Syji.eT'b A'feficTBOBarb nojiHaa CABnraiomaa CHJia F~\-ox . 

TaHreHU,iajibHaa cHJia, A'feficT^yioiiiiaa na njomaj^b EF = fX 
njiomaAb EE hjih f . ox . EE n oTcipAa 

. , x^,. . dP , I dP , 
r8..1./. = o^- H.H/ = ^^.^ ... (2). 

npuMrtph. BaiiKa, OAMHaKOBaro no A^iMHt npnMoyroiibHaro 
ctneHifl nocToaHHofi mnpHEbi b h BbicoTbi d. Bi> stom^ cjiyqaii 

^--W J ^j.'-'-''^-' rf^ [ae ''^ 

H OTCioAa 

TaKT> qTO f HSBiCTHO, KOJIb CKOpO HBB-feCTGH-b 31. 

^TO KacacTca ilf, to B03bMeMT> aanpHMtp-b, cjiyiafi 
6pyca, CB060AH0 Jiemaiuaro Ha Asyxb onopaxb co cn/iouiHoil 
paBHOMtpHott HarpysKOtt w na eAHHHuy muru 6ajim. Mm bh- 
A'feJiH, ^To B-b oTOMx cjiyqat, ecjin ^ — paacToanie orb cepe- 

AHHbl, 

OTCDAa ^ = — «r.r, TaKi* qTo (3) npHHHMaeT'b Bu^-b 
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f = -f^i'U^^'-^E')^'^ 

Mh MOHceM'L Tenepb^5o3HaMHTb 6yKBofi y paacTOJiHie AE 
II bh;i,hmt>, ^to bT) ntKOTopofi to^k* 6ajiKH, oxcTOHmefl 0T^ 
•r.pe^HHBi ea :ja ropn30HTajibHoe paacioaHie x ;^K)fiMOB'B h on. 
HeflxpaibHofi ocH Ha paacToanie y ^rofiwoBt, nepep'fesbiBaiomee 
Hanpaacenie paBHO 

f=-^S'Ud'^-f)x (5). 

SaaKt — oeosHaiaeTL, qio qacib 6aJiKH HHHce EF ja^^- 
oTByerb aa qacTb ea Bbiuie EF Bt iipoTHBonojioHCHyK) cto- 
pony cpaBHHTeJibHo cb itMi* HanpaBJieaieM'b, KOTopoe noKa- 
3aH0 cTptaofl aa EF, qepi. 48. 

SaMiTHM-b, qxo TaM-b, rjh 2/ = 0, t. e. HeflxpajibHofi 
n-iocKocTH nepeptsbiBaiontee aanpaaceaie 6oJibme, ^:hwh bo 
BcaKofi APyrofi TO^Kt Toro ace ctqeaia. HepepisbiBaEomee aa- 
npaHceaie = bx C. SarfeM^, Koaa,eBbia ctqeaia 6ajiKH acnbi- 
TbiBatoT'L aaafiojibmee cKajbiBaioniee aanpa'/Keaie. ^Jia cxy- 
Aeaia 6hjio 6h o»ieab noieaao xopomeabKO noj^yMaxb aaj^-b 
BbiBOAOM'b (5). HaTepecBO aaflTH BanpaBJieaia a Bejiaqaabi 
r.iaBBbix'b aanpaaceaift B^ Kaac^ofi to^k* 6ajiKH, t. e. rfc 
BsaBMao iiepneajiBKyaapabia mockocth bx KaacAofi TO^Ki, aa 
KOTopbia AtficTByiOT'b TOJibKo cHCHMaioniia a.iH BbTTarBBaioni,ia 
aaapajKeaia 6e3^ Taareaitiajibabix'b caji-b. 

Mh paacMaTpaaajiB npaMoyroJibaoe ciqeaie. CTyAeaix ;;oji- 
^MQWh npojt'fejiaTb yapamaeaia a cb j^pyi^aMa ctqeaiaMa, KOJib 
<JKopo eMy y^acTca apoaaTerpapoBaib hy OTaocaiejibao y 
B-b (1), h ecTb aiKOTopaa (})yaKn,ia y, Owh AOJSKea'b aa- 

M'txHTb, qxo BaTe^paJI^ j^^hy.dyi^diBQK'bmom,di,]ijiEHCHE 

aa qepT. 47, yMaoa^eaaofi aa paacioaaie ea ueaxpa TajKecia 
on AA, 

Bepa AByTaapoBoe ciqeaie, cTyAeaii ySiAHTca, ^to / aa- 
^Toacao BT) ero noJii;ax'b a craaoBaTca 6ojibmBM'b bti Bepxa- 
KajbBofi cxiaKt. ^ame ax apaMoyrojibaoM'b ct^eaia f 6brcxpo 
yMeabmaexca ao Mtpt yii.a.ieaia orb aeftxpajibaofi laaia, ao, 
hto6h nojry^axb ero aeJiaqaay b^ aepaoMi cjiyqa-fc, mh aoji- 
^'Bbi jif^jimh ero aa aiapaay cbqeaia, a axa mapaaa bx hoji- 
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KaxT) cpaBHHTe.ibHO HacTOJibKO BejiHKa, ^T0 Ha npaKTiiK'b mo- 
atHO cqHTarb, qio HHX'b nti'L nepepfebiBaioiAHX'b HaDpa- 
aceHifl H ^To nocji'tAiiiH cocpeAOTo^eHbi B'b BepxHKajibHofi 
CTiHK't. CTyAeBTT, yace SHaeTi), ^T0 Mbi o6biKHOBeHHO pac^H- 
TbiBacM'b njioma;i,H cfeeHifi nojioK-b hjih BepxHHX'b h HH»HMX'b 
noflcoB'L ^epMi, B'b npe^nojioaceHiB, wro ohh cofipoTHBJiflioTca 

OAHHM'b CaCHMaiOmHMI. H BHTflrHBaiOmHMl, yCHJliflMT), a BepTii- 

KajibHbia cxtHKH HJIH ji,iaroHajibHbia cbhsh pacqnraBaeM'L mib- 

Ko Ha nepepisHBame. 

OhI) saMiTHTT., qxo iiepep'bsbiBaHie B'b ctqeniH cTanoBHTca 

^ dM ^ , d (M\ 

oojbmHM'b TOJIbKO TaM-b, r;i,'B hjih B'tpHte ^ [^-^ ) bcjih- 

KO. Ho, TaK'b KaK'b B'b nyHKxi 66 mh BHA'kiH, qxo ^—S, 

nojiHofl nepep'fcabiBaioni.efi chji* B'b axoM'b cfeMeHin, xo h'^tti. 
HHiero y;i,HBHTe.iibHaro B'b xoM'b, ^T0 mh HamjiH, qxo 
cxBHxejibHoe nepepfebTBaioniee naiipflSKeHie B'b cfe'ieHin 3aBHCHTi> 

orb B'b SajiK'b, paBHOM'tpno sarpyaccHHofl, -^^HaH6ojf>- 

mee no KOHi^aM'b h A'feJiaexca Bce Menbuie h MCHbiue no na- 
npaBJieniK) cepeAHH^, r^t oho M'tflaex'b anaK'b,' noaioMy 
CBHSH (J)epMbi, HarpyaceHHofi xojibKO co6cxBeHHbiM'b B'hcoM'i., 
ropasAO cjiaSte no cepeAHHi, q'iiM'b no Kosn.aM'b. 

nporM6i> 6ajioKi>. Ecjuh bi> HtKOTopoMx ctneuiE Cejikh A'feflCTByerb 
H3rH6aK)mitt MOMCHTt J/, TO btj uacTH AJiHHW ea o.r padoia ;^e4JopMa- 

MauiH 6y;^e'^l 2~g7~, TaKt KaKt -^j ecib yraoBoe HaMiHeflie (cm. 

nyHKTb 26), h noTOMy nojiHaa paCoia Ae4)opMamH bi oajiK-fe, BUSBaii- 
Haa HsrBoaioinHMTi momghtomI), paBna; 



1 CM' ^ 



EcJiH /' ecTb nepeptauBaiomee HanpaaceHie, to pa6oTa 4e(j)opMaqiH ott> 

nepep-feauBaHia Ha eAHHHny oCieMa 6yJ^eT^ (7), h noMomBio 

cjioacenia mu MOHteMTi HaflxH ea nojiHyio BejiHMHHy ;;jia Bceft 6ajiKH. 

EcjiH npapaBHaTb pa6oTy ;ie(j)opMamM npoHSBefleHiio rpyaoBi) Ha 
nojioBHHy nepeMtoeeift, ^poH3Be;^eHHux^ hmh, to mu uojiynHMi hhtc- 
pecHua cooTHomeHifl. TaKi, b% 6ajiKt ;tJiHHoio I, npaMoyrojiLHaro ct- 
iCHia, 3aKpinjieeHo2 o;^HHMl) kohhomt. h HarpyajeHHott na ;^py^OM^> 
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KOHiii rpyaoMi W, MOMeHTb Ha paacToaein x oti KOHna M= Wx, h 
l>a6oTa orb earHOa paBHa 



1 ri W.r^ ^ W'P 



2L 

Bu^IenpHBe;^eHHoe BwpaateHie (5) ;^aen> J^JIa DepepiawBaiomaro 
HanpaaeHifl 

f^-T -W.C^^^"~ f) ^ 

CooTBtTCTByiDinaa paCoia b^ ajieMeHTapHOMt oCieM-fe Mx.ly pae- 
Ha " o2{~ • HHTerpHpya 3to BMpaateHie-OTHocHTejibHO y Bt npej^x- 

jiaxi OTb —-^ AO + "g" ) HaxoAHM^, mto pa6cTa b-l laciH oajKH 
;^JIHHOIO ox paBHa 

6Nbd » 

TaKi HTO nojiHaa paGoia Ae(j)opMauiH otl nepeptauBaHia btj 6ajiKt> 

paBHa (10). 

EcjiH rpy3T> W dpohsboaht'l bi KOHut oaJiKM nporH6i> z, to npo- 

HSBeAeBHaa hmt> pa6oTa 6yAen> 72 ^''^.. (11). 

IIpHpaBHHBaa (11) cyMwt (8) h (10), HaxoAHM'b 

Wl 

'^JEI+'I^-Nhd -....(12). 

SaaitTHMT), HTO iiepBaa nacTt aioro Bbipaatenia, cooTB-^CTByBomaa 
H3ri!6y, paBHa nporii6y, noACMHTaHHOMy b^ nyHKT'fe 60, npHM. I. Mw 
yB-fepcHw, HTO BTopaa nacTt, cooTBtTCTsyiomaa nepeptauBaHiio, eme 
HEKor^a ue BU^HCJiajiack. 

EcJiH nporH6'i>, cooTstTCTByiouUfi HarnCy, ecTt ^i, h nepeptauaa- 

^2 ~ ^Ed^ ' 

IlpHHHMaa N='^/'^E, hto oneHb 6jIH3K0 K-b HCTHnt, nojiy«iaeMT> 
— r= . EcjiH 6ajiKa HMteTi BwcoTy 10 aioBmobi, a ea ^JinHa 8*6 

AiofiM., TO nporH6H, cooTBiTCTByiomle H3rH6y h nepept3biBaHiH), paBHU. 
Kor^a ea ajlhea paBHa 86 Aiottw., Tor^a nporHdi), cooTBtTCTByiom.iH h3- 
rH6y Bi 100 past Co-Tfee nporH6a orb nepep'fe3biBaHia. Kor^a ea AJuna 

paBHa 0*79 ;^K)flMa, to npornSi ea orb H3rfl6a = uporaGa orb ne- 

pept3biBaHia. BipoaTHo, o^HaKo, 4to npHHaTbie HaMH 3aK0Hbi HarnGa 
He npFJioaHMw TaKOfi KopoTKoft SajiKt. 
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69. Marnd-b npymMHT*. IlycTb ^epi. 49 jisoepajKaerL oce- 




^epT. 49. 



saKpihnAeuuou bTj -4 h 
HarpyaceHHofl bi, A ne- 
6oJibmHM'L rpyaoMi* TF, 
;i;'bficTByK)mHMi> btj yKa- 
aaHHOM'L HanpasjieHiH. 
Hafl;^eM'L BejinqiiHy npo- 
rnfia bt? ^. Hpejinojia- 
raeTca, ^to rpys'L h npo- 
rH6T» o^eHb Majbf. Paa- 
cMOTpHMT) qacTb npyacHHbi MesKAy JlByMii cbHemaMH P h ^. 
IlycTb PQ = 6s, a ^jiHHy ' npyjKHHH Meac^y A vl P Haao- 

BeMT) s. 

H3rH6aK)ii;ifi MOMeHTb b^ P paBeni) ir.PP ilih Tr.x, 
ecjiH X ;i,jiHHa nepuenAHKyjiapa, onymenHaro h3X P Ha na- 
npaBJenie TF. HaaoBeM^ AR — y. PaacMOTpHMT* CHaqa^a ry. 
qacTb ABHHceHia 5, KOTopaa BHSbTBaeTca HSMiHeHieM'b bhm 
moMKo QP, T. e. npeACiaBHM-b ceSt. uto J.^ coBepmeHHo 
HecrnfiaeMo, a P^ xaKace He rHyn^ifica yKaaaTejrh. TaK^ KaKT> 
chqenie Q saKptajieHO, to ciqenie P nojiBepraeTca yr.iOBOMy 
nepeMimeniH) paBHOMy os X HSM'tpenie kphbhshh bt* 3tom7> 



. M 5s . Wx 

CBqeHlH HJIH 0S.-=- HJIH 

EI EI 



. . (1), r;^'f> E mAjAb 

lOnra, a MOMeHTT> HHepii,iH nonepeqnaro chqenia. /tBHate- 
Hie TO^KH B, Bbi3BaHHoe BTHM^, 6y]i(dTi> laKoe ace, KaKi* ecjiH 
6bi PB 6biAi> npaMofl yKasaxejib; HxaKb yKaaaieJib PB oiih- 
cbiBaerb yrojiii, h nepeMimenie B paBHO 3T0My yrjiy, yMHO- 
aceHHOMy na ajiviej npaMOfi PB hjih 



OS . Wx 

EI ~ 



. P5 



(2). 



Tenepb, KaKi* ace BejiMKO iiepeMtn^eHie B no nanpasjie- 

PJ? 

Hiio W? Oho paBHO ero noMo^y nepeMimeniK) X -p^ 

X 

HJIH X , H oTcioAa nepeMtn;eHie B no HanpaBjenii) TT^ 



paBHO 
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"■J^ <3, 

noAofiHBJMt ace o6pa30M'i> HaflAeMT,, ^to nepeMimenie B 
iio HanpaBJieHiro nepneH;i;HKyjiapHOMy Kh W paBHO 

05 . Wxy 



EI 



(4). 



Bt caMbiXTi ofimnx-L cjiyqaaxT> jierKo nafiTH HHierpajiBi 
(3) H (4) rpa(J)HqecKH. 

Mh o6HKHOBeHHo j^^mwh nojiHyio ;i,JiHHy npyjKHHH otT) 
;i.o -4 Ha oojibinoe hhcjio paBEHXt qacTeft o.s, h TaKHMT> 

oopaaoM-B j^o;i}KHi>i yMHoacHTb ^ (ecjiH s oyji.eT'B nojiHaa 

xy 

AJiHHa npyacHHH) Ha cpeAHia BejiH^KHH -j- h -y- am Kaa:- 

;i,ofl Taiiofi HacTH. Xoponio c;i,4iJiaHHaa npyacHna ^oJiacHa Beaj^t 
HCflbiTHBaTb OAHHaKOBoe HanpaaceHie, TaKHMij oSpaaoMij, ecjiB 
i mapHHa ea no HanpaBJieHiK) nepnenAHKyjrapHOMy nio- 

CKOCTH 6yMarH h ^ ea TOJiiii,HHa, TaKi, qxo 7=— , to 

—-^'=:f nocToaHHOMy. IIpH xaKHX'B ycjiOBiax'B (3) h (4) o6- 
painaiOTca b^ 

2f, X 2f .hs_ 
E • T ^ ~~E~ ' t 

H ecjiH npyacHHa nocToaHHa no TOJimnni, a inHpHHa ea 
H3M'hHaeTca nponopi^ionajibHO x, to (3) ofipamaexca bi* 

-Ef- ' • ^' 

EcjiH a? H 2/ cyTb Koop^HHaxbi n;eHTpa TaacecTH KpnBofl 
(cm. nyHK. 48), xo 

2fsx 

-ivT- ecxb nojiHHfi nporafi-b no HanpaBjeHiio W. 

— nojHbifi nporH6i> no nanpaBJieHiio nepneHji,HKy- 
jiapHOMy Kh W. 
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70. ynpawHeHifl. KpHBH3Ha KpHBod paBHa 

1 dx^ 



-7 . (cm. iiyHKTi>224). 



dx^ 



Kor;i,a ypaBHenie KpHBofi ;iaBO, to jierKO HafixH ^ h -^^^ 

H BbiqHCJiHTb r ecTL paj^iycL KpHBH3Hbi. TaK^ KaKT> 

3;^icb AaioTca npocTO 3aAaqH AJia ynpaacHenia, to n H'trb 
Heo6xoAHMOCTH upe^BapHTejibHO j^0Ka3biBaTb, qTO 3Ta (|)opMy.ia 

AJIfl KPHBH3HH B'kpHa. 

1. HafiTH KpHBH3Hy napa6o.ibi y = ax^ bTi ToqK't x = Oy 
y = 0, 

2. YpaBHenie H3orHyTofi oajiKH, cbo6oaho Jie;Kamefl na 
J^Byx'b onopax^, npn ciuomHofl paBHOMtpHofi Harpy3K'fe nM-feert 

BHAi» y~~^^i^^^^'^^ — ^y^^^Ti) 60, npH qeM-b Ha- 

qaao KOopAHHaT^ b'b cepeAHHt 6ajiKH; I ji,jiHHa Sa-iKii, tv na- 

rpy3Ka na e;iHHHiiy jijihhh, Mo^yjib HDnra AJia Aaanaro 
MaTepbflja h / MOMeHTT> Hnepuin nonepe^naro ctqenia. BaaTb 
Z = 200, IV =b, £=29X10'', 7=80 H HafiTH KpHBH3Hy 

AJH = 0. HoKasaTb, rto b^ otomt, cjiyqat eejiHMHHofi 

M02CH0 npcHeCpeqb cpaBHHTejibHo ct, 1, h ^to noaTOwy Kpn- 

BH3Ha MoacexT* 6biTb npe^cTaBJieHa noMOiubio ^ . HoKasaTb, 

^To H3rn6aK)n^ifi momohtT) BHmenpHBe;i,eHHofl 6ajiKH paBCH^ 

w 

M= ^ y — ix^), H qTO OHi) HM'teT^ HaH6ojibmee 3Haqe- 
Hie no cepe^HHt 6ajiKH. 

3. HafiTH KpHBH3Hy KpHBOfi y = a log x-\-bx-\-c AJia 

TOqKH X = Xi. 

71. JiflBJienle mMAKOCieH. ynpaotcueme 1. ^OKaaaTb, qxo 
eciH ;i,aBJieHie hhakocth, hoctoahho, to paBHOAificTByio- 
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m.afl Bcix-b chjI-l ^aBJieflia na njoma^b A paBHa A^j h A^fi- 
cTByeiT) Bb i^eHTpli ea. 

2. ^aBienie bt> hcha- d h E 

KOCTH Ha rjiy6HHt h 
paBHO wh, rj^i m; ecTb 
B'tcT) eAHHHUbi od'beMa; 
^eMjr paBHO no.iHoe Aa- 
BJieHie ea na ntKOTopyio 
norpyaceHHyio b^ nee 
nJiomaAb? IlycTb DE — 
noBepxHocTb, ott> koto- 
poft H3M'bpfleTca rjiyoH- 
na A, H Tjii AaBjenie — 0. 
HycTb BC BepTHKa-ib- 




HepT. 50. 



Hbift paaptsTj njiocKocTH. XIpeACTaBflM-L cedt njiocKOcib 
npo;i,oji«eHHofl fl,o nepecfeqeHia cb ypoBHeM^ noBepxaocTH 
ffiHi^KOCTH DE bij TOHivt Z>. HasoBeM^ yrowiT) £Z)C — a. 
IlycTb paacToaaie DP 6yji,eT'L a DQ — x-\'Ox. UlapHHy 
luomaj^H B^ TO^Ki P B^ HanpaBJieHiH iiepneHAHKyjiapHOM'b 
Kh MOCKOCTH 6yMarn Ha30BeMT> ^. Ha kb. e^. aJCMeHxa njio- 
ma^H . 8^ jiaBJeaie 5yAeT'L ^rA, ecjia // = FH ecxb rjiy6HHa 
To^KH P, HO A = ^- sin a, no3TOMy nojiHoe ji^SiBJieme na no- 
jiocKy ^ox paBHO 

sin a 



ax 



a jiaBJieHie na bck) njioni.a;^b 



ox. 



F = ?r sin oc / x . z . dx 



DC 



(1). 



Ecj[H paBflOii.'hflcTByioui.aa AaBJienia A'bficTByex'L bt> tohk*, na- 
xojyimeflca na pascToamii X ox^ />, xo, 6epa MOMenxw ox- 
HOCHxejiBHO D, nojiy^HMX) 



FX= w sin a / x^.z, dx 



SaMtXHMT), HXO (1) J 



BC 



DB 

X , z . dx = Ax. 



(2). 



ecjiH A ecxB nojiaaa njiomaj^b, a :r pascxoanie ea iienxpa 
xaacecxH oxt> D. OxcH)ji,a, cpeAHee AasiieHie Ha niioiuaAb ecTb 
Aas/ieHie si* i^eHTpt TflmecTM efl. 
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OTCiOAa ai = ^li^ h J" m . dx . dx = ^l^^wlx^ — ^l^^tvx*. 

HJIH • ^ (W2l2^ + ^^'l^l^X 

a noTOMy dwwh cjiyqai xeopeMa ji.aeT'L cjitji,yK)in,ee ypaB- 
Heme 

Ah + 2B (I, + ^2) + Ch + ^4 (^•2^2^^ + tihh') = O...(10). 

ECjIH npOJIftTBI paBHBl H OJlHHaKOBO 3arpy3KeHBI, TO 

A-\-4B-^ C^'!2wP = (11), 

Ciyiafl. 1 . BajiKa o;^HHaKOBa^o no ji^mwk ci^eHia, paBHo- 
MtpHo HarpyaceHHaa, cboSoaho JiesKHT'L na S-xt* onopax^, paa- 
cTOflHia MeHji;y kotophmh paBHw. Bii 3tomi> cjiy^ai J. = C = 
n B = — ^IsuP, BejiHqHHa m = ^l2w(l(: — x^), a noTOMy 
HsmSaiomift MOMenTT, b-b Toqicb P, oTCToamefl ot^ A Ha paa- 
CTOffHiH X, paBes^ 

ij^t^' Qx — x'^)-\~0—^ 'l^wP. 

OnopHoe ji,aBJieHie b^ A yMeHBUiaeica cpaBHHTejiBHO cb rbn-L, 
KaKHM-B OHO Sblto 6h, eciiH 6bi qacTB 6ajiKH AB 6Bijra OTxt- 
jiena, na BejiHqHHy, .^aBaeMyio BBipamenieM-B (2). t. e. Ha 

J HJIH Ha ^l^wl. Ho OHO 6bijio paBHO V2W^^, a noTOMy 

Wi> JlMcTBHTeJIBHOCTH OHO 6yfl,erB paBHO ^Uivl Ha KaJKAOfl H3T> 

KpafiHHX'B onopi), H, TaKTi KaK7^ BCfl HarpysKa paBHa 2tvl, to 
Ha cpe;i.Hioio onopy ocTaexca ^^l^ivl. 

Cjiyqafi 2. BajKa, OAHHaKOBaro no ajihh* ctqenia. paBHo- 
MtpHO HarpyaceHHjia, cbo6oaho JieacHTT> na 4-x'b onopax'B, pas- 
CTOHHia MeatAy kotopbimh paBHBi. Harnfiaiomie MOMeHTBi m> 
onopHBixTi ToqKax^ o6o3HaqHM'B qepe.s'B A, J?, C h B. Bi> 
AaHHOM'B cjiyqafe = D = 0, a no cHMMexpin B=C, Ta- 
KHM^ o6pa30M^ BHpaacenie (11) .TiaeiT, naM^ cji4AyH>mee: 
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-|- 5 B + ' !2ivi* = 0, njiii B = - ' / iowl\ 

EcjiiiObi ^acTb oajiKH AB 6bija oxA'LieHa, to AaBJicHie bt, uep- 
Bo:ia: onopt 6bLio 6bi ^i2tt% a xenepb oHo6y;i.eT^ ^l2ivl — ^I^qwI==: 
= -*/iotc?^. OnopHoe ji,aBjeHie bt> I) xaKace paBHo ^iiowl. Ha 
jipyriff j^ei onopbi nepe;i,aeTca nopoBHy ocTajabHaa nacib uoj- 
H:ofi HarpysKii, paBHofi 3fi^i, xaKt ^to Ha KaacjiyK) npHXo;^HTca 
no ^^lioivL IIxaK-b onopHHa) AaBJienia 6y;^yT'b ^/lo^'?, ^^Uoivl, 

68. flepeptdbiBaiou^ee ycMJiie bt* 6ajiKaxi>. IlycTb pascTon- 
Hie, HSMbpeHHoe orb Htaoxoparo cfeqeHifl 6a.iKH, nojio^HMij 
B'b (uepx. 46), AO Htoxoparo Apyroro b^ A oyAext h 

c p 



— 

Hepi. 46. ^epT. 47. Mepi. 48. 

nycxb OB = .r --rjj. Ilj^cxb H3rH6aioiii;ifi MOMeHxt b^ CAO 
6yAeTT>iV, aBT, DBD^ — JM-^UI- GAB (qepx. n AA 
(»iepx. 47) iipc;i;cxaBJiaH)X'b HefixpajbHyio niocKocxb. Mh ace- 
jiaeMt 3Haxb xaHrenniajibHoe hjih riepeptsbiBaiomee nanpasce- 
Hie f B'b E Ha iijiockocth CAO. HsBtcxHo, qxo 3X0 ecxb xo 
ace caMoe, ^xo h xanreHuiajibHoe Hanpa-^-eHie b^ HanpaB.ie- 
HiH EF Ha iiJiocKocxM EE, Koxopaa cocxaBJiflexi> npaMoft 
yro.Tb cb HJiocKocTbH) 6yMarH h napa.i.iejibHa nefixpajbHofi 
luocKOCXH AB. PaacMOxpHM'b paBHOBtcie ^lacxn 6a.iKH ECDF 
HJiH ECE Ha nepx. 47, yBejinqeHHofi na qepx. 48. Mbi yna- 
aajH Ha HepxejKt xojibico chjih napajiJie.ibHbia neflxpajibHofl 
njiocKocxH H A'bficxByiomia noAT) npHMbiMXi yrjOM-b wh ci^e- 
HiaMXi. CotiOKynuocmb cdeumiomuxh ciiJih, dtbucmeyiomuxi na 
fiAOcnocmb DF doM^ue coeoKynnocmu c^6u^a10V4UX^ cum, dtbu- 
cnwyiowuxh na njiocKocmb CE, u mamenuiaMUbiH ctiAU, 
dybucmeymmn no EF, cocmaoAHwrnb uxh paanomib. HaM'b 
xojibKO HyacHO ^pe;^cxaBHXb axo MaxeMaxHqecKH h xor^a nania 
aa^aqa ptmena. 

Miicxi H na hjockocxh CAO Ha paacxoHHiH y oxt> 
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PT Bt TO^K'b P HOpMOJIbHO, TO OHeBH;i,HO, eff yOOHIi nojio- 

acHTejieH'L, laKHM^ oSpaaoMii 

dy 

dx g ' 
i[ ypaBHenie KpHBofi 6y;i,eTi> 

2/= 2^^' + const (2), 

rj^'fe nocTOflHHoe saBHCHT'L ottj Toro ypoBHs, OTt KOToparo h3 




^epT. 52. 



M'bpfleTca y, 9to — napafiojia, h ecjiH ona Bpamaexca okojio 
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ocH, TO MEi HM'beM'L napa6ojioHA'i> BpamjeHia. IIoBepxHocTfa, bo 

BCflKOfi TO^Kt KOTOpofi CHJia A'tttCTByeTT> KT) Heft HOpMaJbHO, 

HaawBaeTca noBepxHOCTbio ypoenn, h mm mjiyiwh, »ito m 
jBepxHOCTH ypoBHa BT> i^aHHOM^> cjyqat npej;cTaBjaH)rB gooorj 
iiapa6oJiOHii,H BpameHifl. 3rH uoBepxHOCTH HaauBaioTCfl sEOr^a 
noBepxHOCTffMH paBHaro noTeHaiajia. JlerKO AOKaaaib, qtd 1^ 
TaKofi noBepxHOCTM j^aBjenie bo BCHKoft ToqRt nocToaniro, i 
qxo axo ecTb noBepxHocib o^HHaKOBofi njioTHOCTn, xaKii firo, 
ecjH piyrb, Macjo, Bo^a h B03;i,yx'b HaxoAaica bo Bpamajo- 
meMca cocyAt, to noBepxHocTH, OTA'bjifliomifl hxi APyri^ fl^T^^ 
;i,pyra cyrb napa6oJiOH;^bi Bpamenia. 

CiyAeHT'b ;^0JI3KeH'b nocipoHTb oj^Hy iia-b JHHift ciLib ^ 
BBiptaatb no Hefi maSjiom. h3^ i],HHKOBofl njiacTHHKH, 
saBT) ero cb Apyrofl cTopoHbi no ocn 00. HepeABHraa W^th 
raaejiOHT) no JinniH 00, mh Mo^Keafb naqepTHTb H'hcKOJbKcf 
Hifi cHJi^. SarhMTi BbiptaceMi, maSjiOH'b ji,ja o^Hofl mi> na|>a- 
6ojn> H npn noMomH ero nocipoHMT* nicKOJibKO noBepxHocieft 
ypoBHff. 3th ABa pfl^a KpnBbix'b nepecticaioTca Bea^b Jipyn* 
Cb ApyroM-b no^T) npHMbiM-b yrjiOMi*. Ha qepi. 52 noKaaaffi^ 
pffAT> nojyqeHHbix'b pesyjibxaTOB-b, rjfe aa, 66, cc cyib jwra- 
pneMnqecKia jmnin cHJi-b, a -44, (7(7 napafiojiOHAaJiiiEMa 
noBepxHocTH ypoBHa. 

73. flBMrncHie mwAKOCTM. IlycTb AB ecib BepTHKaabiiiii^ 




R 

^epT. 53. 



paaptsT) BOAonpoBOOTofi Tpy6bi; paacMoxpHM'b Maccy acHAi'^^f'Tii 
Meany c'tqeniaMH P e Q mvleojo os (J)yTi>, cqaiaa no (k^u 
cTpyn Cb nonepe^HHM'b ctqenieMT, a kb. ^yi-b r^t a M S« 

10 
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Bt npe;^'tjii npeAnoJiaraioTCfl 6e3K0HeqH0 MajiWMH. IlycTb ;^aB- 
jieHie B'L P Sy^eT'L p (j^ym. m Koajip. ^jt% cKopocTb v $ynv 
Bt ceKjHjiy H nycTL P HaxoAHTca na Bwcoxt h ^yvh na^iij. 

H'hKOTOpBlM'B ^aHHBlM'b ypOBHeMT,. 

cfeqeHlH Q COOTB'feTCTBeHHblfl BeJIH^KHBI HM'felOT'L 3Ha- 

qenifl p-\-^2>, h-\-oh, v~{-^v. IlycTB BtcL Ky6. (J)yTa acHji;- 

KOCTH paBCHB W (|)yHTOB'b. 

Hafij^eMii cHJiBi, A'tficTByiomia Ha aiy Maccy btj nanpaB- 
jieHiH cTpyn, t. e. chjibi napajjiejibHHa cxpyi. 

B'L TO'jK't P A'tficTByex'B cHJia pa b-b HanpaBjeHiii ji^h- 
jKeHia JKHJ^KOCTH, a btj Q — cHJia (p-\-^jp)a bb npoTHBono- 
jioacHOMTj HanpaBJieHiH. BtcB qacxH cxpyn Meac;^y P h Q pa- 
BCH'B a.os.w, H noAoCno xoMy, KaKi* Ha naKJioHHofi hjiocko- 
cxH, ero c.iaraioni,aa, j^ificxByiomaa na Bcxptny J^BHaceHilOy 
paBHa 

, BBlCOXa lUOCKOCXH , 

BtCB X HJIH a.OS.lV,— , 

AJIHHa HJIOCKOCXH 05 

OxcioAa cji'feji.yex'B, ^xo cHJia, BHSBiBaion^aa ycKopeme abhhc- 
Hia 0X1) P KT) paBHa 

... . oh 

pa — (p -\- op) a — a.osAV.-^. 

a.os.tc . dv 

Ho Macca paBHa a ea ycKopeme ecxb ^ 

noaxoMy axy CHjry mh jioJiacHbi npupaBHaxB BCJra^HH'fe. 
a . OS . dv 

— - — . ^ . Ha a, Mbi nojiy^HM-b 

8/? OS . w dv 



op — os.w 



OS g ' dt' 



Ecjiu ot — BpeMH, noxpebnoe iiacxHij,t jiJia npoxoHcji,eHia 

oxT) P AO xo ^^ = — , npHqeMTj axo paBeHcxBO cxaHOBHXca 

Bce oojite xo^HbiM'L no Mipi yMeHbinenia 6s. TaKace ycKO- 

peHie -t: cxaHOBHxca Bce 6o.xBe 6jih3khm^ kx -t:. (Oo'b axoM'B 
at tt 

Bonpocli cjitjiyex'L MHoro no^yMaxb, — Gojibuie, ^'tM'B 3xo mo- 

acexi> iioKa3axBca Heo6xoAHMbiMi>* nepnaro B3r.iaAa). 
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r, ^ ^ dv OS ^ ^ 

UTCiOAa, ecjH os oqenb mojio, to 08.-^^ = -^. ov=v.ov, 

at ot 

Taut HTO MBI HMteM^ 

w 

op w .oh -\- — V . or =z (1). 

HjIh, ecwiH MH aceJiaeMTj BbipasHTb, ^to aTO ypasHeHie cxaHO- 
BHTca Bce ooji'te 6jih3khmt> Kiy^ncmwi no M'tpi yMeHbuieHm 
OS, MH MoaceMii HanHcaxb ero bt> TaKOMX BHji.'ii: 

^IlAdh + - . dv = (2)*, 

HHTerpnpya nojyqHM-b 

* + ^ + / = nOCTOKHHOMy (2). 

Mbi ocTaBjaeM'b sHaK^ HHierpajia npH ^ , xaKT* KaK'b w 

Moaterb HSM-tHaTbca. ;khji,kocth cb iioctohhhhm^ tv^ 

oyjiieT'b 

A -j- 4~ = nocTOflHHOMy (3). 

74. Bt> raat mh HMieM'b «(;cv:jp, eciH TCMnepaiypa co- 
xpaHfleica nocToanflofi, hjih npa aAiaCaTHqecKOMii Te^eniH 

M'CNop r^'b Y — xoponio nsBfecTHoe oTHomeHie y;^'feJIbHb^x'b 



* Ha ocHOBaniH Hainero MajieHbKaro onuTa ypaBHeHiawH, aa- 
KiioHaiomHMH Bt ceot BejiHMHHw, noAo6HMfl rtp H Apyr., Mu y«e anaeM^, 
HTo 3TH ypaBaeflia ciaHOBflTCfl BtpnuMH tojibko TorAa, KorAa mh npe^- 
nojiaraemi op h Apyr. 6e3KOHeHiio ySuBaioiuHMB, h noTOMy mu MOJKeiwL 

OTHOineHlfl BeJIMqilHt BHCaTb BHAB ^ ^ T. A-j H MU MOateMTi 

npHHaib 3a npaBHJio nacaxL dp h t. a- BMtcTO op h APyr. 
TaKace, ecjia f(x) .dx-\-F (y) dy + ^(z)dz = (1), 



TO 



jf(x). dx + f F(i/).dy + f^ (z) . dz = nocTOflHHOMy. . . (2). 

3A'fecb onaTb HHKaKoa oniHOKH He aaujiroHaeTca bT) tomi, hto mu no- 
HJieHHO HHierpupyeM^ ypaBHenie noAo6Hoe (1). 

10* 
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TenjioeMKOCTefl. Bb' KaacjiiOM'B h3t» 3thx^ cjiyiaeBTj jrerKO nafixH 

r H BBipaSHTb SdLKOWh. BtOTI, 3aK0H'L HM'teT-b yHHBep- 

cajibHoe sHa^eHie bo Bctx^ cjiyqaaxi), ta* moskho npeneSpe^b 
BasKocTbK), H npeACTaBJiaeT'b orpoMHyio BaacnocTb ji^jisi HHace- 
Hepa rn;i,poTexHHKa. 

TaicL BT) cjiyna-fe aAiaSawiecKaro Teuenia w=^cp \ HHierpajn* 

dp C dp If —1/-, , 1 Y 1-Vy 

— paBeai, J -^Tf.^ hjih — j 'Up hjih— ^^^T^ 

H OTCH);^a, ecjiH Hepeat s o6o3HaqHTB BeJiH^HHy — - — , to nojiy^HMT* 

+ + jp' = nocTOflHHOMy (4). 

Bt> CojibuiHHCTB'fe aaAaqi HSMteeHia ypoBHa HesHa^HTejibHU h mu 
Moateaii nacTo nojibaoBaTbca ]i,m ^a30B^ (j)opMyjioM 

2g 

+ — p^ = nocTOflHHOMy (4). 

TaK-b ecjH ecTb ;^aBJIeHie h «<;o b^cb Ky6. (|)yTa rasa BHyipH cocyj^a 
Bi Mtciaxi, CKopocTb paBHa h, ecjia b-b Buxo;^HOA^^ oTBepciiH 

2g 

AaBJieHie paBHO p, to nocToanHoe b-b (4) pasHo, 04eBHJ^H0, + — /?*o ^ 

Co 

2g 

H OTCiOAa Ha noBepxHocTM BUXoAHoro oTBepcTia i;^ = — p*) ... (5). 
H, TaKi Kaifb c paBHO — t- to h3t» 3Toro ypaBHema JierKO nojiyHHTb bi. 

paajHHHHX'B cjiyqaaxi kojirhgctbo rasa, BUTeKaiomaro bi> ceKyHjiy. 

SawfeTHMi, HTO, ecjiH p OMeHb HeMHorHM-B MeHbine po^ to, ecjH mu 
BOcnojiBayeMca QpHOJiHSHTejibHoft (j)opMyjiofi (1 + = 1 i- K0^;^a 
a majiaa BejiHUHHa, mm Haftj^eMi) 

^'•' = :^(i>o-p). (6), 

npocToe ypaBHeHie, KOTopoe JierKo aanoMHHTb h npHM-feHBTb b^ aa^ia- 
Maxi), KacaioniHxca BOHTHjiauiH h B'j^TpaHux'b MOJibHHm. Bi> boaahoIS 

T10p6HH'fe TOMCOHa CKOpOCTb KOJieCHarO 060Aa eCTb CKOpOCTb, COOTB-feT- 

CTByiomaa nojiOBHHt nojieaearo ^aBJieHia; TaK«e b^ Boa^iyniHofl iiop- 
^HH-fe, Koria fl-ferb 6ojibmoft paaeocTH AaBJieaift, cKopocTb KonecHaro 
o6o;^a cooTBtTCTByeTi. iiojroBHHt paaHOCTH AaBieHitt. 

TaKi, ecjH ^0 npn Rxo;tt paBHO 7000 (j|)yeT. na KBa;^p. (j)yTb w 
ecjiH p npH BuxoA* paBHo 6800 (j[)yaT., h gcjih mu nojioxHMTi Wq paB- 



HUxMi 0.28 (})yHTa bi icyo. <()yTfe, to CKopocTb 060,1a V paBHa npa paa^ 
HOCTH AaBJeHiii bt* 200 (})yHTOB'h na kb. (j|)yT'B 



2a 

0^28" • — 1^1 ^^yri* ^ ceKyH^y. 



Bo3BpaTHMCfl K-h (5). EcjiE OTBepcTie HM-fterb njioma;;i. A, h TeMe- 
Hie HanpaBjieHO TaKt, mo CTpya Boa^yxa napajiJiejibHU Apyri) APyry, 
TO, npeHeoperaa Tpeniew^, nojiyqnM'L oCteMi, npoxoAamift bt. ce- 
KyH;^y, paBHM»n> § = vA^ ii, ec-iH ;^aBJeHie paBeo p, to Btc^ raaa. 
npoTOKaiomaro Bt ceKye^y paBeHt 

TF=: vAw^ 

1 y Y 1 'y 

HJH, TaKTj KaKl W = Cp ' ' H M^o = <<i^o , TO 

Vt 



KcjiH CTy^eHT^ iioACTaBHfb Tenepb ciOAa Be.iHHHHy v h3i (5) h 
P 

oooaHaqHTL — Hepeai a, ohtj iiojiyHarb 
Po 



Sadaua, HaMTu TaKoe SHaHOBie p jifla BHtmeflro ;i.aBJieHifl, MTo6bi 
Aifl A^HBaro BHyxpcHHAro A^BJi^Hia HCTCHeHie 6ujIio MaKCUMajiLHUMi). 

OqesHAHO, hto no M-fept yMGHbrneHia p CKopocTb v BoapaciaeTX 
a TaKae a Q\ bo 6oiibmee Q eme He oSoanaHaerb 6ojihiiioro BtcoBoro 
KOJiHHecTBa rasa. Mu ateJiacMi, 'iT06bi W 6ujio bojihko. Ko^;^a \V ma- 
ximum? T. e. KaKaa BejiHHHHa a c^tjaerb 

V ) HM a'/T -a^+'/v maximum? 
Ji;H(jj<j)epeHiiHpya 3to OTHocHTejbHo a n npHpaBHHBaa 0, ^0JIyMHM^ 



2' 1 

-a- . 



Jli'kia Ha a^'^, mu HaxoAHM'b a= V~V 



cjyqat B03;^yxa y — 1*41, a mu naxoflnMij p=:0'b27po. 
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T. e. MaKCiiMaJibHoe KOJiHHecxBo BosAyxa BwieicaerB h.tl cocyAa 
BL ceKyH;ty Tor^a, Koi'Aa BHtranee .^aBJCHie ueMHoniM'L 6ojiBnie nowio- 
BHHU BHyrpeHHAro. 

3adma. Kor^a p 6e3^pe;^tJII>HO yMCHbiuaeTCfr, KaKOBO t'? 

V Y— 1 

3Ta cKopocTh Goabine cKopocta aByna Bt OTHoraeHin ^ ~ ^. 

;^J1JI Boajjyxa paBHOM^ 2-21. T. e. npcA^JibHaa CKopocTb bt> cjiyMat 

B03;^yxa paBHa 2413 (})yT^ ceKyaayX jy^ r^t ^ ecib a6cojiiOTHaa 

TeMnepaiypa BHyTpa cocyj^a Cb uo.iHbii4'b BaKyy>io>n. H3BHt. 

CxyAeHTbi Bb BH^t ripBMi>pa aojihchw onpeA^JiuTb CKopocTb HCTene- 
Hiii BT> aTMOC(|)epy. 

• BoBBpamaeMca ki ypaBHeuiaM^ (2) h (4); mu npe^viojiarajiii, mo /< 
;^Ja ra3a HMteTijMajio SHaienia bT) 6ojil>fflHHCTBt sa^aq-b, ^peJ^CTaBJ!aK)- 
lUHXca HH3KeHepy MexaHHKy. Ho ecxt mhopo 3aI^aH'b no ^H3HKt, b^ ko- 

TOPWXI HeOOXOAMMO npHIiaib bo BHOMaHie BejHHHUy HSMtHGHia ypoB- 

Ha. HanpHM'fep'b, eciiH (2) nHTerpHpyeica bt> npoitaojioHceHiH iioctohh- 
CTRa xeMnepatypw, h ecjiH mm noiaraeM-b v nocioaHHUM-b; to Haft^eMb, 
MTo p yMeHbrnaexca cb yBOJiH'ieaieM'b h no aaKoey cjio^khuxi upoaea- 
TOBX. (haBa II). TaKace, ecjia npH nocTOAHHOMTi v ;;jifl w 6y;^eTl a;^ia- 
6aTHHecKiii saKoai, to mu HaH^eMb, mto. p yMOHbraaexca BMtcit cl 
h no saiioey, Koiopuft mu MoateMt BupasHTb TaKV. apoHSBoaaaa OTb 
TCMnepaTypu no /* nocioanHa. 

3th ABa cjiyqaa o;;HaKO 6ojite y,^o6HO paacMOTp'tTb bo 
II TJiaBt. 

75. MoacHO ;[i,aTb mhofo iiHiepecHMXT* upHM'tpoB-L npHMt- 
Hcaia ypaBHGHia (2). Oho Aaerb naMX BO3M0iKHOCTb noaaTb 
3aK0H^ HCTeqeHifl ;KH;iKocTefl hst, OTBepcTifi, A'feficTBifl noMnt, 
npHTaateHiH JierKHXi) T•L.^^, BbiawBaeMaro ji,po}KaHieM'L KaMep- 
Tona, noHaTb, noieMy Bt hLkotopwx^ ciyuaaxi, KJianaHu 

BM'feCTO TOr(>, 'IToSbl OTKpblBaTbCH UOA'b AaBJICHieM^ IipOTeKaH)- 

meft CTpyn BOAbi, HaoSopoTTi, saKpwBaioTCJi, h yacBHTb ceCt 
H MHorifl ApyriH BecbMa .iioSonbiTflbifl flBJienia. 

npuMyhj)^ 1. HacTimbi BOAbi Bb peaepByap'h, HanpaBjaacb 
o^eHb MeAwieHHO K'b oTBepcTiH) bx ueHTp'b, jBHraroxca nomi 
no OKpyacHocTflMi) xaKi,, ^ito CKopocTb v o6paTHo nponopuio- 

najbHa paacxoflHiio Hx-b oi-b ueHipa. IIpHMeM-L r = -^, rA'b 

a — HtKOTopoe nocTOflHHoe h x paAiycb oKpyacHOCXH, hjih paa- 
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CTOflHie lacTHii,^ ott> ocii. Tor^a (3) (nyHKTT> 73) npHMeii 

SHAT> 



7*4-— --Lii-r 

^ajrbe, Ha nosepxHOCTH bo^u p — nocTOSHHaa Be^qHHa, 
paBHaH aTM0C(J)epH0M5' AaB-iefliio, xaKi ^to SAtcb 

3to ypaBHenie j^aex^ naMi) BHj^t noBepxHocTM bo;i,bi. Ecjiii 
noA^epeM'b KaKifl jih6o Beja^mabi c h a, to jierKO noA- 
•cMHTaeM^ h ;i,jfl jiiodofi BejHqHHW x h Ha^iepTHMt KpHByio. 
EcjiH cxaHeMi* Bpamaxb 9Ty KpHByio BOKpyrt och, to nojiy- 
^HM-b HCKOMyio noBopxHocTb, KOTopaa npejicTaBJifleT^ noBepx- 
BOCTb Bpamenia. 

ITpi4M)b2)h 2. BoAa BpamaeTCH no cnnpajiH bt, ropiiaoH- 
TaibHofi n;iocKOCTH, npn newh cKopocTb ea Bpamenia Bbipa- 

»aerc paBe,CT.„M^ . = A, . em pa»™„le ,ac™- 

ufn mm OTb HtKOTopofl ueHxpajibHoft ToqKH. 3aMtTHM^, qxo 



"7 



CTy;i,eHrb AOJiHceHT) H3CJi'tA0BaTb nsMliHeHie BejnqHH'b p h 
wb HanpaBJieniax-b nepneHAHKy.iapHbix'b CTpyaMT*. Oh^ 
;^JIfl 3Toro AOJiHceH-b pascMOTptTb paBHOBicie ajreMeHTapnoft Ha- 
€TH CTpyH PQ qepT. 53, Haxo/i,fliu,eflcH no;!,!, ji,'bficTBieM^ chjib 
ji,aB.ieHia, ueHTpo6'feacHofi chjih h coScTBenHaro Bica bt, na- 
jipaBJieniH HopMajibHOMX nanpaB-ieHiio CTpyn. • 

OH'bHafl;i;eT'b,^T0, ec;m qepeaii^^ o6o3HanHTb Mtpy npnpa- 
menifl p no HanpaBJieniio paAiyca KpHBH3Hbi, cqnTaa ot^ n;eHTpa 

KpHBH3HbT, H eCJTH a eCTb JTOJl'h QPR lopT. 53, npH ^Gm, 

cTpya naxoAHTca bt, BepTHKa.ibHofi njiocKOCTH oyMam, to 

dp IV r- . ... 

4- = — . tv sin a (1). 

(Jr g r • 
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EcjiH Bct cxpyH HaxoAffTca bii ropH30HTajibHHXT> njio- 

CKOCTflX'L, TO 

dr g r ^ ^* 

IlpuMfbph 3. Bet cxpyfl HanpaBJieHM no OKpyacHOCTHMt 
H HaxoAaTca bT) ropnaoHTajiLHKX'L njiocKocTaxt, TaK^ hto k 
nocToaHHo. 

EcjiH v = -y, r^i ^ nocTOKHHO, to 

(fl) w 

dr g ' r '^ ' 

, w , 

p = — V2 — . -T + nocTOHHHoe (3). 

TaKHMij oCpaaoMi* mh bb2i;hm'l, ^to naAenie ^aBJienia no 
HanpaBJieHiBo paAiyca, ciHTaa OTh ii,eHTpa, to 3Ke caMoe, ito 
H Bt npeAHji.yin.eM'L npHM'fept. IIoKaaaTb, hto btot^ saKOH-b, 

1; = ~ , jifijiTRewh 6wTb Btpent Tor^a, Korji,a h^t'l «Bpame- 

Hia>. (Cm. npHM^pi* 5). 

IIpuMfbph 4. JKn^iKocTb BpamaeTca BOKpyrL och, Kaiii^ 
TBep;i,oe xtjio, TaK'b ^to v — br, Torj^a 

dp w - 
— = — b^r 
dr g 

9to Aa^TTj HaMTi saKom, npHpaui,eHm A^BJieHia b^ KOJiect 
D.eHTpoSiacHaro nacoca, Korji;a oho HanojineHO Bo;i,ofi, ho bw- 
nycKa ea ae npoHcxo;i,HT'L. 

ynpaMuenie. ^aBJieaie BnyTpa KOJieca ii,eHTpo6'tatHaro Ha- 
coca paBHO 2116 (|)ytiT. aa KBajip. ^yrb, npa qcM'b BHyrpea- 
aifi paji.iyc'b ero paBea-b 0*5 (|)yTa, a Baiinaifl 1 (})yTy. Yrjio- 
Baa CKopocTb KOJieca paBaa 6 = 30 paAiaaoB'b bi> ceKyH;i,y; 
aaqepTHTb KpaByio, ^0Ka3blBaK)^^yK) aaKoa^ HSMiaeaia p e r 
no HanpaBJiealK) Kaapyaca, Kor^a BbinycKaexca aecbMa najioe 
KO.iHMecTBo Bo^^bi. IlycTb Bo;i,a ocTaBJiaeTT> KOJieco, aanpae- 
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jiaacb no cirnpajibHOMy nyra, npa ucm-l CKopocTb Hapyac- 
Hofi cTopoHH HSMiHaeTca ofipaxHO npoiiopii,ioHajibHO r\ na^ep- 
THTb KpHByro, noKasbiBaiomyio 3aK0HT> HSMtneHia wh Hapya;- 
Hofi KaMep't» hpohcxoaht'l boji.obopot'l. 

UpuMrbp^ 5. BHpaacenie 

v"^ 1 

2g 'W^ ^ - 

KOTopoe ocTaercfl nocToaHHbiMi) no ;i;jiHHi cTpyn, Moacno Ha- 
3BaTb nojiKbiMT) aanacoM-b BHeprin 1 (J)yHTa BOjyj bt, cTpyt>, 
ec-iH ;^BHaceHie vcTaHOBBBmeeca. 

dE r ^'dv , I dp ^ dh 

Ho —= — v — -\ f-r — ,a na 'ocHOBamH ypaB- 

dr g dr ^ w dr ^ dr 

Henk (1) noJiy^HMi, 

iir~ 2\r ' dr 

3to Bbipaacenie (^7""^"^) HasbiBarorb «cpe;i,Hefl yrjio- 
Bofi cKopocTbK)» H.1H «BpameHieMi>» 3kh;i,kocth. OTCIOJta 
dE 2v 

— = — X Bpamenie. 
dr g 

Kor^a acHji;KOCTb noji.'b BJiiaflieM'b chjih xasKecTH BUxeKaeT'L 
H3i> 6ojibmoro cocy;i,a qepeax Majioe oxBepciie, npn ^iomt^ BHy- 
xpH cocYAa Ha HtKoxopoMT) pascxoflHiH oxt oxBepcxia mh mo- 
aseM'b c^Bxaxb, qxo sKHjiKocxb naxoAHxca bi> iioKot, xo o^e- 

BH^HO, Hxo E OAHHaKOBO AJis. Bctxt cxpyfi, XaKT> HXO — = 

H, cjit^oBaxejibHO, «Bpaiu,eHia» ne SyAex-b. 

EcJiH pa3CMaxpnBaa Hcxe^ienie boah hsT) eocyji;a qepeat 
oxBepcxie, mh npeAriojiojKHM'b, qxo B'b jhoSom^ ci^emH cxpyn 
cKopocxb ea HopMajbHa kx* ciqeHiio, h qxo AaBJienie noBcioAy 
paBHO axMOc^epHOMy, xo mh MoaceM'b onpeA'feJiHXb BejiH^HHy 
pacxoAa. HyacHO CKa3axb, hxo xaida npeAnoJioaceHia ne HMtroxxj 
AOCxaxoHHaro ocHOBama. O^HaKO, xoxa ohh h neBtpHH, mh 
cAi-iaeM^ hxtj SA^cb, CMOxpa na cboio aajiaqy, KaK/b Ha npo- 
cxoe ynpaacHenie bt* EHxerpHpoBaHin. TaK^ KaK-b AaBJienie 
paBHO axM0C(j[)epH0My h na noBepxHocxH Bo^a aaxoAHXca bt> 
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iioKot, TO ecjH V ecTb cKopocTb niKOTopoft qacTHixH Ha rjiy- 
SHHi: A, H a ecTL a-ieMeHTapnaa ^.lOI^a;^b chqenia, to 
Q = )La ^2gh, ripn HeMT> cyMMapoBaHie pacnpocTpanaeTCfl Ha 
BCH) njiomaviib; Q — ooxeM-b BbiTeKaioniefi boabi B'b ceKynjiy. 
TaK-b, ecjiK OTBepcTie naxoAHTca b^ BepTHKajibHofl hjiockocth, 
H ecjH Ha rjiy6flHt» h oho wMtexb mnpHny to qepe3T> njo- 
maj^b z,oh BOAa CyAeTi, npoTeKaTb co cKopocTbio |/2(/A*TaKT> 
^TO oS-beM-K BOAbT, npoTeKaioni,efi bT) ceKyH^iiy, 6y;ieTii |/25rA . ^ . ofe, 
H ecjiH Ai H A2 cyTb rjiySHHbi HaHBbicmefi h HanMeHbnieft 
ToqeKT) oTBepcTifl, to nojiHbifl pacxO/i;'b 6yAeTX Q = 

npuMuph 6. HpflMoyroJibHoe cfeqeHie mnpHHofl h, 

UpuMrbph 7. TpeyrojibHoe cineHie, BepiuHHa yrjia na r.iy- 
6HH't Ai, ucHOBanie a-^hhoS h ropnaoHTaJibHO h naxoAHTca na 
rjiySHH'Ii A2. JlerKO* HafiTH, mto btj npeA'hJiax'b HHTerpHpoBania 

A'i — 'h 



EcjiH OTHOiiienie t- oooanaqHib qepe;3T> r, to .lerKO naftTH, 
^1 

qTO 

r — 115 

KoTAa (Tvj^eHT'b iioiipaKTHKyeTca B'b HHxerpHpoBaHiH npn 
qTOHiH III rjiaBbi, owh TaKHM^ ace nyTCMi) naflA^rb rnnoTe- 
THqecKifi pacxoj^-b qepea^ Kpyrjibui, ajiJiHiiTHqecKia h jipyria 
chqenia. 
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BosBpamaflcb ki> npaMoyrojbHOMy cfeqeaiBo, aaMtiHM'i,, 
qxo npaKTHqecKH HeBoaMoaceHTj cjiyqafi, Kor^a ^ 0, ho x^si 
iipocToro ynpaHtHenia npMMeMT> Ai = 0, h xorAa nojiyHHMi> 
Q = ^Ub\/2gh2^^'^. ^ajite nojioatriM-b, uto Bo^a npoTeKaex'L 
Mepe3'h jipaMoyroJibHLiS BOJ^oc.lHB'b cl octphmh peSpaMH, 
HM'biomifi noport ji,JiHHofl h, jieJKamifl na rjiyOHut A2, h hojio- 
acuMTj, qio pacxoAT> KaKHMi) HHoyj^b cnoco6oMTj MOHCHO npt'A- 
craBHTt B'b BHAt nojiyqeHsaro Bume peayjibTaxa, yMHOHcen- 
Haro Ha HtKOTopyio Apo6b, naabiBaeMyK) Koe({)(J)nn.ieHTOMx cjKa- 
Tifl, Tor^a Q = cb'\/2g}i^^'^, 3to ecxb laiC'L HasHBaeMaa xeo- 
piH HcxeqeHia qepeai* npHMoyrojbHbie Boj3;ocjiHBbi. Toqaan 
TeopiH BbiBeAOHa jjpo(j[)eccopoMi> James Thomson h3T) ero aa- 
KOHa HcxeqeniH qepeat noAOOHwa oxBepcxia, ojiHoro wstj xhxx, 
Becbata HeMHorax'b aaitoHOB'L, aa Koxopwe MOJKexi) nojioacHXbca 
HHsenepx. ra/ipaBJiMK'b. 'C^ rpycxbio upHxo;i,nxca coanaBaxbca, 
qxo noqxn Bci MaxeMaxaqecicie BbiBoj^w, npuBoj^HMwe bx* .lyq- 
mflXT> coqaaeaiax-b 110 rnji,paBJiHidi, aocaxb BuraeynoMflHyxbifl 
xapaKxepi), x. e. HM'biox'f» aecbMa. Heacnyio caasb ci. ecxe- 
cxBeHHbiMH HB-ieaiaMH. 

76. MarHMTHoe nojie soKpyrb npnMOit npoaojiOKM Kpyr;iaro 
ctneHifl. B'b yqenia o6i> ajreKxpaqecxBi ecxb BasKHbix'b 
saKoaa. Oaa paacMaxpHBaiox-b ABii uina Maraaxayio a 9.ieK- 
xpaqecKyio, Koxopbia Bcer.xa rhcao CBasaabi j^pyrb cb ApyroMt. 

1. /iMHeWHwft MHTerpaJiL (aasbiBaeMbifi, aeaaBacHMO ox'b 
npHHHXbixT> eAHHHi^^ H3M'bpeHia, rayccajKeMb) MarHMTHoW cmjiw 

no HtKOTOpoit COMKHyTOR KpHBOit paSOH-b CH/lt TOKa, yMHOHCeH- 

Hofi Ha 4k, ecjia cajia xoKa BbipaiKeaa B'b xaic'L aaawBacMofi 
a6cojiioxaofi cacreM't ej^aaHO.'L C. G. S. (jnoSonbixaoe cBofi- 

CXBO af)C0JIK)XB0fi CHCXeMLI eAHaHl].T>, 3aCXaBJiai0ni.ee BBOAHXb 
BT> CaMOM-b Bav^KBOMX, H31> 3aKOaOB'b MHOHCHXeJIb): H Ha — . 

eciH cHJa xoKa Bbipamena B'b xoproBbix'b eAaaHuaxX), x. e. 
aMQepaxT>. 

IL JlMHeitHbiii MHTerpaJiL (aaabiaaeMbig aesaaacHMO oxi> 
Bbi6opa cHcxeMbi eAaaauT,, BOJibxasKeMX)) 3;ieKTpoB036yAMTe;ibHotl 
CHiibi no coMKHyToit KpMBOii paBeHV MarHMTHOMy TOKy (abpa'be, 
M'hp'h upapameaia naAyKn,iH). Ecjia aaAyivUia Bbipaacaexca bi> 
adcoJiioxBbix'b C. G, S. eAHaHn,axx, xo mw HM'feeM'b a5cojiK)x- 
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Hwfl BOJiLTam^ Bi> C. G, S.; ecjin HHAyKuia BHpaacaeTca bi> 
BeCepax'fc, to BOJibTaact 6y;^eTT> bi* BOJibxaxt. 

Mbi AO^HH npHnoMHHTL, qTo B'i> HenpoBOAfliueH cpeAt 

BO-ibTaHCL BT> KaKufi jin6o utuH npoH3BOAHTT) nepeMtiu.euie 
3JieKTpHqecTBa h M'fepa ero iiSMiHeHin ecxt cHja TOKa, cl ko- 
TopHM^ MBI nocxynaeM^ laK-L ace, KaK-L h cl TOKaMH bt. npo- 
BO/i.HHKax'L. Kor^a mh uwhewb jj;hjio cl BecLMa MajLiMH ajie- 
MeHxaMH iipocxpaHCTBa, mbi roBopHM'L o6i> ^JIeKxpHqecKHx^ h 
MarHHXHMX'L xoKax-L na eAHHHii;y noBepxHocxH, h bt, axoM'B 
cjiyqat :iHHefiHLie HHxerpajLi nasLiBaioxca ((Cmjiobwmm rpyfi- 
KawM)). OcxaBJiaa b-l cxopoH'h cjiymamie naMij noMtxofi mho- 

acHxeJH 4tc h cKameMi) BMbcxt cl Mr. Heaviside: 

«ajieKxpHqecKifl xokx ecxb cHJiOBaa xpydKa MarHHXHofi chjili, 
a MarHHXHLifi xoKi) ecxL oxpnuaxejibHaa cflJioBa^ xpy6Ka ajieK- 
xpHHecKofl cHjibi». Korji;a Mbi axH ;^Ba nojioateHia Bbipa3HMi> 
B-b MaxeMaxmecKofl (j[)opMi, mw nojiyqHM'L jibr Baa^Hwa bt> 
yieHiH o6x ajeKxppfqecxBt ji,H$(j)epeHi^iajibHbm ypaBHeHia. 

HHHcenep-b ajieKxpHKi) nocxoanHo cxajiKHBaexca cl axBMii 
AByMa aaKOHaMH. B-l nocji'feAyioiii.eM'L SyAexi* Aano nicKOJiLuo 
npHM^poBb npHM'tneHia Bxoporo aaKoaa. Sjifkch mu npHBeAeMT> 
jerKifi iipHM'tp-L, Kacaiomifica nepBaro aaKoaa. 

none BOKpyr-b npoBOJioKM Kpyr/iaro ctneHifl. IIpaMaa npo- 
BOJOKa, HMtiomaa pa^iy cl a caHX., npoBOAHX'L xok-l chjih C 



EcjH H ecxb MarHHXHaa cHJia na paacxoaniH r ox^ n,eHxpa 
npoBOJiOKH, xo rayccaacL no oKpyHvHOcxB pajiiyca r paseH'L 
H X 27rr, xaicL KaKx, H, o^emJ^lo no CHMMexpia 6yji,ex^ oih- 
HaKOBo no Bcefl oKpyacHOcxH. OxcioAa, b-l BH^y Toro, ^xo 
rayccaac^ paBenx* ir.C, 



Bayxpn npoBOJOKn Kpyr^ pa^iyca r npoBo;nHX'L xokx*, CHJia 
Koxoparo fiyjiexX) -^C, oxcioAa H Bnyxpn npoBOJOKH na pas- 

Cl 

cxoamn r oxt> och Sy^ex-L 



HJH A awnepoBX), xaKx qxo C= — 
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2rC r 2r Al 



EcJH BC ecTb njioma,T,b nonepeqnaro ctqeHia npoBOJioKii 
ct paAiycoMt a, H ecjiH 

OD KSSBM JIH6o n-lOCKOCTb, p Q D 

npoBOJiOKH a OF — r, 

Oe = r + 6r, Tor^a qe- ^epr. 54. 

pe3i> ajreMeHTT) njiomaAH 

PQ AJHHofi i caHT. nepneH^HKyjiapHO Kh hjiockocth 6y- 
MarH, uiHpHHOft or h njomaAbio ?.or, HHj^yKi;ia na kb. 
caHT. 6yji,eTi> H. (Mbi npHHHMaeMi, K03(|)(j[)Hii.ieHT'b npoHim,ae- 
MocTH paBHbiMT> 1. EcjiH oHt paBeHT^ a jiaHHofi cpeAH, 
TO HHAyKuia 6yj^eT^ = jxff na kb. caHT.). Ha bch) njio- 
maii,b HHAyHi^ia CyAeTt HA. or. Ecjim HMiioTca j^b* napa-i- 
.lejbHbia npoBOJioKH TOKaMH iipoTHBonojioacHaro Hanpasjie- 
Hia, H ecjin OD ecxb nJocKOCxb, iipoxojiiamaa qepes-L ocii 
o^iaxT* npoBOJiOK'b, to no.ia AByx7> TOKoe-b cfuaAWBaiOTca 
BM'bcrb. EcJiH 0^ ecxb ii,eHTp^ BTopofi npoBojioKH, to ofimee H 

B-b P 6yAeTi> 2C ( ^+75^ 

77. CaMOHHAyKuifl Asyx-b napajiiie/ibHux-b npoBO/iOK-b. IlycTb 
paj^iycb KaacAofi 11 poBOJOKH 6yji;eT'b a h paacToanie Meacjiiy hx'b 
ueHTpaMH 6, npa qeMi> ji;jiHHa Kaacj^oft iiaii hhxtj Mea^jty jiByMa 
nepneHAHKyjiapHbiMH kt* hhm^ njiocKocxaMH paBHa I. IlpeA- 
nojiaraeMX, qTo 3th npoBOJOKH cocTaBJiaioTTb qacTH AByx^ npo- 
BOJTOKX 6e3KOHeqflofi ;i,jiflHbi, qioobi ycTpaHHTb HeflopaayMiniH, 
BOSHHKaromia B-b cjiyiai KOHeqnocTH hx^ ji,jiHHbi. 

HojiHaa HHAyKii,ia ott, och ao och coctohtT) hst, cyMMbi 

;iByxT> cjiaraeMbixT*, Al f oT-b noBepxHOciH KaJK;i;ofi npo- 

BOJIOKH AO OCH Apyrofi H 4M — OTT) OCH Ka3KA0fi npoBO- 

jioKH AO ea noBepxHOCTH. Bra cyMMa 6yAeT^ panna 

2ZC I 2 log — +1 1 , H.iH 1 2 log + 1 I Bi, a6cojiioT- 
I a j 10 I ^ a ' j 

HHXi, eAHHHi;ax'b. Jiim na 10® noJiyqHM'b to 'Me B^ xopro- 
BbTxi, eAHHHii;ax'b. 
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9to o6]nee nojie npn cM.i't xoKa paBHoft 1, ecxB caMOHH- 
AyKnifl L i^toH (Mb! npeAnojiaraeM'b, qxo tokt> paBHOMipHo 
pacnpeAtJieH'L no cfeqcHiio npoBOJiOKH) h 

L ( 

-J- = 2 ;log —-\-lh'h(\G.S. e;iHHHuaxx, h 

V O." 

B7) reHpH Ha canx. j\.mEU j^Byx'b u'bnefi. 

78. 0yHKuifl AByxL HesaBKCMMbix'b nepeMtHHbix'b. chxi^ 
nopx MH saHHMajiHCb qpyHKuiefi oahoS iiepeMtHHofi, Koxopyio 
Mbi o6HKHOBeHHo HasLiBaeMT) X. nwxaacL noHflXb aBjieHia 
npHpo;i,bi, MH cxapaeMCfl c;i,ijiaxb xaKT), qxoObi xo.ibKO o;i,Ha 
BejHHHHa MtoflJiacb. TaK^, npn pascMoxp'tniH aaKOHOBx, ko- 
xopbiMT> uojigHHaioxca ra3bT, mw onpeA'tJifleM'b HSMtHema ^ae- 
jenia, ;i,onycKaa, qxo Mtsaexca xojibKo ofi^eMi), x. e. coxpa,- 

1 

Haa xeMiieparypy nocxoaHHoio, h mh HaxoAHMi,, qxo P^ — - 

3ax'feM^ Mbi coxpaaaeMX) v nocxoaHHbiM'b ii J^o^ycKaeM^, qxo 
Mtnaexca xennepaxypa; aaxowMX), ^Top^t(vxk ^=6^C-}-274). 
Ilocrb xmaxeJibHbix'b onbixoB-b mh HaxoAHM-b o^Horo (|)yH- 
xa KaKoro jih6o rasa, qxo saKOH'b j v = ^ oqenb Gjihsok-b 
HcxHHt, npH qe.M'b I{ — nsB'kxHoe nocxoaaHoe. 

* SawiTHMT), MTo oAHHi reHpt paBGHij 10^ a6cojiiDTHbixi e;^HHH^^» 
caMOHH;^yK^iH; Hama ToproBaa e^nHHua HHJ^yK^iH, HaauBaeMaa Be6e- 
poMT* paBHa 10* aScojuoTHuxi e;i,MHHui. BHAyJcni^. 

^ dA 

renpii ciiiflyerb aaKOHv: bojii>tu = JiA + "gf > 

dl 

Bc6epi cjit^^yeii aaKony: BOJihTu = JiA + > 

rjit 11 BbipajKOHO BT> oMaxTj, A aivinepaxT), L renpn, N qacjio o6opo- 
TOBT* BT, utnH, / Bi Bcdepaxt HHAyKaiH. 

3jeMeHTapHux^ ynpajKHeHiaxT>, noMtmaeMwx^'Bi 3Tu8' KHHrfe, 

H CqHTaK) B03M0iKflbIMT> BBO^BTb K03(i)(^HUieHrb 4?: H MHpHTbCa CI 3a- 

TpyAHeHiflMH, KOTopwa aBJifliOTca ojaroAapa HenayqHoit CHCieMt, npa- 

HHTOfl HUHMe. Bb MOHXT> AaJIbH-fearnHXl. aaHSTiflXT, CO CTyAeHTaMH, KO- 

Topwa nocjiyacaT-b iipe;T,MeTOMT) cjitAyioiueft KHiirn, a Bcer;^a nojbsyiocb 
paaioHajibHoii CHtiieMofi ftaHBHu-b Heaviside h yBtpeni, mto out CKopo 
Boii;iyTb BO Bceofiiuee yiioipeCjieHie. 
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^ajiie 3aMiTHMT>, qxo KaMc^afl h3^ ipex^ bgjihjihh^ p, v 
H / ecTb (|)yHKii^a ;^Byx^ jipyrnx^, lait^ KaK^, ecJH ab* M3"b 

HMX"b AaHH, TO MOaCHO HafiTH H TpeTbH). 

TaKHMT) ofipaaoMT, 

i'^^T 

H MH MoaceMi) cKaaaxb, qio (j)yHKuia AByxi) ueaaeucuMuxh ne- 

EcjiH B3flTb KaKia HH6yAb qacTHbia mm^msi ji^m t v, 
TO Mbi H3T» ypaBHenia (I) MoaceM^ Bbi'iflCJiHTb p. Bo3bMeM^ 
ein,e HOBwa snaqenia, hojiohchmT), t-\-Zt h v-\~ov, h 
oi; — coBepnreHflo HesaBucHMua o;^Ha ot^ j^pyrofi BejiH^aHbi, 
Tor^a 

2)~\-op = R—[^ H hp = li—\-. E — , 

' v-{-bv V-f-OV V 

HxaKT* MH BHAHMl,, UTO npHpamOHie 6^ MOaCOTT) 6blTb Bbl- 

^HOJieHO, ecjiH H3BtciHbi HOsaBHCHMHa npHpameHia h 6t\ 
EcjiH^Mbi npHMeM-b, qTO npHpamenia 3th 6e3KOHeqHO y6bi- 
BaioT'b, TO MH nojiyqiiM^ BecbMa npocToe BHpasKeHie J5,mi 87; 
^epe3'b 6^ H 0^;, a HMenno 

^"=(i)^'+(f)^» w. 

3to BCKop'b SyAeTi, ;i.0Ka3aHe, ho cTyAenT-b ji,0Ji;KeH^ caa- 
qajia ocBOHTbca ct> bthmtj BbipaaceaieMT). IlycTb OH'b nonpo- 
6yerb BwpasRTb ero cjioBaMH h cpaBHHTb saTiM^ cBoe onpe- 
a^hjieaie ct> cji'h;],yioiii,HMX: «nojiHoe iipHpamenie 2^ cjiaraexcji 
H3T, AByxx ^acTefl; iiepBaa npejiiCTaBjiaeT^ npHpameHie, ko 
Topoe npoH3ofiAeT^ wb ecjia v 6yj^eT'b nocToaHHHM'b, a 
BTopa^ — ^pHpaI^e^ie b^ p, ecJH t SyAex-b nocToaHHofi». Ilep- 
Boe H3'b OTHXT) npHpamcHifi paBHo ot X BeJinqiiny npapame- 
Hia p oTHOCHxejibHO t npa v iiocToaHHOM-b, ejivl, KaK-b mi>i 



o6HKHOBeHH0 oSoSHaqaOM-b 3T0 




0^, H BTopoe paBHO 



bv X BejHTOHy iipHpameaia p oTHOCHTejibHo v npa t no- 

CTOaHHOfi. 



Cb dTOit MAeeil nocTOAHHO npMXOAHTCfl CTa/iKHBaTbcn Ha 
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npaKTMKt. Mw AajiH aJireSpaH^iecKiS cnocoS'L H3o6pa3KeHia axoro 
HOBaro noHHTia, h CTy^eHT'L, sKejiaiomifi ocHOBaxeiibHO nosHa- 
KOMHTbca CL OTHM'L BonpocoMt, HafijiieT'L caMii MHoro nojixo- 

;i,flitHXT> UpHMtpOB^. 

HiaKTj, eciH o;^HH^ ^^wrb BemecTBa, cocxoaHie Koioparo onpe- 
AtjifleTca ero p, v h t, nepexo;^HTT> et HOBoe cocTOJiBie, to bto no- 
cjit^Hee BnojiHi onpe;i,'fejifleTca jiio6umh otma ero npHpameaiaMH op 
H Of, HJiH hv H U, vim op H 0^, laKT) KaK^ npe^aojiaraeTCji, hto d3- 
litcTHo xapaKmepucmuuecKoe ypaBHeaie BemecTsa, t. e. aaKOHt, cbh- 
auBaiomift p, ^ h 

JIajThe, KOjiHHecTBO TenjiOTbi o//, coo6nj.eHHoe raay Bt ntKOTopMii 
iiesHaMHTejibHwg nepiOAT> HSMiHeHia ero cocTOflHia, MOHteTL 6uTb bu- 
^HCJieBo no AByMT> hs-l bgjih^ihh^ hv, U H op, H peayjibxaxu BwqHCJie- 
Bia AOjiacHH nojiyHHTbca oj^HHaKOBHe. 

^To6w BbipasHTb, MTO H3MtHeHifl IIpe;^^OJIa^aK)TCfl HpeaBMHaiiHO 

MaJIUMH, MU rOBOpHMT>, HTO 

dH=k .dt-h I .dv\ 

=zK. dt + L.dp \ (3), 

=zP,dpA- V.dv) 
^J^'fe K03(t)ij[)HuieHTbi k, Z, iC, Z, P h V cyib (})yHKiiiH cocToaHia Beuie- 
CTBa, T. e. ;^Byx'b H3^ BejiHHHrn. v a t. 3aMtTHMi, hto Jc.di upe^- 
ciaBJiaeT'b KOJiHHecTBo xenjioTu, noTpe6Hoe jiJia HeaHaHHTeitHaro h3- 
MtHeaia ero cocToaaia, onpej^-fejiaeMaro H3MtHeBieM'b ero xearnepa- 
TypH, B'b cjiyMat, bcjih 6bi o6'hewb ocraBaJca nocioaHHwinL: noaxoMy 
k Ha3MBaeTca xenjioeMKocxbio npH nocxoaHHOMii oo-beaii^. IIoAO^BbiMi xe 
o6pa30Mi> K Ha3UBaexca xennoeMKOcxEH) npa nocxoaHHOMT> A^BJieHiH. 
Hxo Kacaexca ;io I n xo hxt* mojkho paacMaxpnaaxb, KaKi atKoxo- 
pwe BHjibi CKpwxoa xeuaoxu, xaiti uaKi xeivinepaxypa npeflnojiaraexca 
nocxoaHHofl. 

BbimeyKasaHHue K03(|)(})HiiieBTbi oCukbobchbo ho nocxoaBBU, a sa- 
BHcaxT> OTb cocxoaaia xfeja. MaxeMaxHHecKoe jioKaaaxejbcxBo xoro, mo 
dII = k.dt-\- I dv, r;^'fe k n I H-feKoxopua HHCJia, saBHcamia oxb co- 
cxoaaia x'fejia, ecja xojiwco oH Moacexi fiuxb BUMHCJieHO no h or, 
cjitAyiomee: — Ecjih IH Moaext 6MXb BUHHCJieeo no U e or, xo 

hH=k.U + Lovi- a {otf H- b {ovY + c (U . ov) + e (Uf + MJieHu 
xpexbeft H BbicniHXT> cxeneHefi U h oy, npa ^ewb k, X a, h, e vl up. 
cyxb K03(J)(})HaieHxu, saBHcauiie oxi cocxoaaia xtjia. Jttjia 06* Macxa 
paeeacxBa aa 0^ hjih ov u npe^nnojiaraa, mxo o^ h ov SesKoaenao y6u- 
Baioxi), noiyqaeMi B-b peayjbxaxt, hxo npe^Jioxeaie ^oKasaao. 

noflCHMTeiibHbiW npMMtp"b. nojiornHMt, HTO BHpaaceHie (]) 
cnpaBeAJTHBO j^Jia o;i.Horo ^ynra eosdyxa, h nycTb R paBHO 96. 
p BLipaHceno B^ ^yHTax^ ace KBaAp. $yTb h bt> Ky6. (j)yTax'b. 

^ t f(^P\ 96 
TaK^ KaKt » = 96 — , to — = — , 
V \dt J V 
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'(lp\ 96^ p 



OT.CK);^a H3i> BHpaaeHia (2) HMteM^ 

9b p ^ ... 
op= , ot — — . oi; (4). 

V V ^ 

IIpuMfbph. noJio»HMT>, qxo ^ = 300, j) = 2000, 14*4. 

jl^aAHMT, t E V HOBbia 3Ha«ieHifl, a HMeHHO, ^ = 301 h 
t;= 14'5. jlerKo noKaaaxh, hto bt* stomt, cjiyiat 2^ = 1992'83, 
HO MH asejaeMi) HaflxH npHpamenie AaBJienia npn uoMomn 
(2) HJH 3Ke (4). 

op = X 1 — Y^!^ ^'^ '^•-^ ^^y^^- KBaAp. ^yTB 

Meaciy i^^Mt KaK^ oxBtoii AOJiaeHi, 6bixL — 7-17. 

Bo3bMeMT> j^ajite 6/ = 01 h ot; = 0"01 u npHMtHHMX) xy 
ace (J)opMyjiy. Bo3bMeMT> of = 0*01 h or; = 0*001 hjih BOo6in,e 
BOSbMCMT, BecLMa Majibia npHpameaia. TaKHM^ ^yxeM^ cxy- 
^eETb cawb y6tAHxca, qxo paBeacxBO (1) AiflcxBHxejibHO cnpa- 
Bej-iHBO, HO xoJibKO BT> cjiy^at, ecjiH upiipameHia npeji.nojia- 
raioxca 6e3K0HeqH0 yCbi BaiomnMH. 

3;^'hcb MH HMteMT, o'leHb iinxepecHoe ynpaacHeme: npeA- 
nojoacHM'b BTi paBOHCXBt (2), qxo op = 0, Mbi nojiyqaeMTb 
CBa3b Mea^y U u ov, KOida mm npupameuiM npoucxodnrm 
npu nocmoHHHOMh daeMuiu. Pa3;i,tjiHMT> oj^HO EZi* hhx^ na 

;^py^oe h mh noJiy^HM^, mxo ^npH^nocxoaHHOMT>,HJiH nnaqe 

(dp_ 

dv\ ' \dt 



\dv) 

Ctj nepBaro BSFja^a SHaK-b MMHycb y;^HBnxx cxy^eHxa h 
HCBO-ibHo 3acxaBHxi> ero no^yMaxb, ho oH-b xopomo cA^jiaexx, 
ecjH caMX) BbiacHHXT> ce64 Ha ntcKOJibKHx^ npHMipax'b bh- 
paaceaie (5). npHMtnaa BbinieH3Jio»eHHoe kx* ypaBHemio 

pV = Bt, HMteM'b 

n 
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\dt)~'2>' \dt)~ir' \dv)~~~^ V 

H BLipaaceHie (5) 0Ka3UBaeTCfl enojiHt npaBHJibHUMi>, TaKi> 
KaKi> 

f_P' 
P ~ ^' V ^' > 

CxyAeHTt HafiAerB ajih ce6fl npeKpacHoe ynpaaneme, ec.iH 
BLipa3HTT> ot? qepeat 8f h Sp, hjih 6^ qepe3T> ov h op, ii bh- 
BOAW CBOH npHMtHHTi> Ki* rasj, Am KOTOparo jyv = Rt. f 

79. Apyrie noflCHHTejibHbie npMMtpbi. BbipaaceHifl (3) a^^iotl OAHHa- 
KOBue peayjiBTaiu, Oy^eMi jih mu bu^hciatb no dt h dv^ hjih no dt 
dp, HJIH no dv H dp; noaroMy, HanpHM'6pi>, HllteM^ 

k . dt + l .dv = K .dt + L ,dp (6) 

/ dp\ f dp\ 
Mu BH;^tJIH, mo dp = ) dt-\- \ 1 dv, lIoACiaBiaa 3to bm- 

pa^cenie a^h dp bi paBenciBO (6), HHieM-b 

k . dt + l . dv = K,dt + L (^-^|) t^^ + X j^) rfv. 

dro paBeacTBO cnpaBe^inBO npH jih)6omi aHaweaiH He3aBffCHMuxi> 
npHpamcHift dt h dv, nojiosHMi, mto dt — h dv = 0, Tor^a HMtearb 

i = ir+i (^|-) 17) 

'-^m <»)• 

^o;^CTaBHM^. ;^aJIte bt> paBencTBO (6) c?y = dt + ^P 
H nojiy^HMi 

* • + • '*^ + ^ • 

UpHpaBHHBaH, KaK-h II Bume, KOd(})(t)HixieuTU npa dt h npe e^t? nuteMii 

dv ' 



A: 



'(w)=^^ 

Jaji-fee, nojiaran k . dt . dv = P . dp -\- V . dv n noACTaBJiaa 
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HM-feeMi) k . dt + l . dv — P f ^ ) dt + P (^^^ dv + V . dv^ OTKy^a 



*=i>(f) 



Ilojiaraa, HaKOHen^, K . dt -\- L . dp — P . dp -\- V . dv, \\ noj;- 

CTaMflfl 



e?^ + Z . d[p = P . 

■«=(*)'*+(i)*. 

Buiem 

A'(|-)+^ = ^ (13) 

. = - •.-(")• 

CooTHouieHia (7), (8), (9), (10), (11), (12), (13) H (14), KOTopua He 
Bd^ sesaBHCHMu i^pyn oti> APyra, nojiyMeHbi npocTbiMi> MaTeMaTHMecKHMi> 
nyreM-b 6e3i> npHMiHeHm aaKOHOBi TepMOAHHaMHKii. Mu o6o3HaHHJiH 
qepe3^ M — KOJiH^iecTBO leajiOTH, t — xeainepaTypy h np., ho mu mo- 
xeifB 6yKBaMi h He ^aBaxb (})H3HHecBaro 3HaqeHifl, ecjiH tojibko mu ho 
aejiaeMi aroro. 

BbnuenpHBeAeHHUfl cooTHOiueNifl cnpaeeAJiMBbi f^nn jiiodoro rtjia. Ha&- 
;^eMl>, KaKott BR;^l> ohh npHMyrt jiflSL rasa, Koiopufi CJIi;^yeT^» saKony 
pv = Rt (MaieMaTHHecKaa a6cTpaKuia, HasuBaeMaa H;^eajiEHUMi> ra- 

SOMl). Mu 3HaeMT>, HTO 

fdp\ R , . , 



( 





1= ^ 


dt) 


V 






. dv ) 


' V 


dV) 




dtj 




dv\ 




dp) 




dp\ 


_ ^ 


dt) 





•(8)* 



2? 

, laKi HTO ( 9 ) nojiy^aerb BH;^^ k-\-l-^ = K , . . ( 9 )* 

,TatrL'JTo(10)nojiyHaeTB bh^l — = i .... (10)* 

R 

, laKT) MTO ( 1 1 ) nojiyqaerb bh^^ A; = P - - (U )* 

11* 
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f dp\ p P 

( ^ ) r= — — , TaKi ^T0 (12) nojiyqaerb BH;^^> ^ = — P ^+F. . . (12)* 

OneBHAHo, HTO 3TH ypaBHeHifl He Bct neaaBHCHMu j^pyri otb 
Apyra; laKi, coe;^HHfla (10)* (9)*, mm nojiyiHuii (7)*. 

80. ApyroM noflCHHTejibHbiH npMMtpv YnpyrocTb raaa, Kasi mu bh- 
;^tjiH Bume bi nyHKrfe 58, Bupasaerca CJIt;^yK)u^HM'I» o6pa30MT> 

dp 
dv 

JI,a.ite 3T0 BHpaacenie ynpyrociH wh cjiy»iat, ecJH TCMnepaTypa t 

( dp .\ 

ociaeTca nocioaHHofi, 6yAeMi nHcaib bt, BH;^'b et — — v [^~^ J • 

EcjH Mbi acejiaeMt naflTH adia6amuHecKym ynpyrocTb , to naMt 
HysKHO 3HaTi> BejiHMHHy ^ bt> tom-l cjiy^iat, Ko^;^a raai, ae Tcpaen, h 

He nojiy^aeTB tcojiotm. nocji'feAHeM'B hbi BupaxeHitt (3) nojiaracMi 
dH—0, H Tor^a OTHomeHie bcjihhhhi, cfjp h dv KaKi paa-b 6y;^eT5» ot- 

fdp\ V 

BtnaTb HamHMii Tpe6oBaHiaMi, hjih ( J „ ~ — -p- ^ tx^ H DociaB- 
jieHO ;;jia Toro, hto6u oOoaHaHHXb, mto JEf— nocToaHHO, hjih mo raa-b 
He lepaerb h ae nojiyHaeTt TenjiOTu. OxciOAa e^=v-jp . 

BsflBi. V m-b BbipaaceHia (14) nyaKia 79 h JP h31 (11), HiHteMi* 

^ V dvj \ dt 



m 



HO, KaKT, BHAHO Hsi, BbipaateHia (5), (^^) : (^^) = — (^-j^) , a 
e„ K 

TOMy AJia Jiio6oro rt/ia — ^-j^ (15). 

et 

OTHomeHie 3thx'b Asyxt y^tJiBHuxT) TenjioeMKOCiett o6biKHOBeHHo 
o6o3HaMaeTca 6yKBott T. SamtTbTe, ^to bt> npHBeAOHHOMi A0Ka3a- 

TCJIbCTBt He 6MJI0 CA^JiaHO CCUJIKH HH Ha OAHHl H31 AByXt SaKOHOB'b 

TepMOAHHaMHKH, a laicace h Ha niKajiy TeMnepaxypu. 

81. 05iuee AOKaaaTejibcTBo. EciiH u npeACxaBjaexi) ({^yuKuiio x m 
TO Mbi MoaceMi HanHcaxb 3x0 Bt bha^ it = f (x, y), BosbMeMt HacxHwa 
SHaHGHia X \i y }\ BUMHCJiHMt u. BoaBMCMt Aa-i'fee BHaqenia x-\-hx w 



V + TAt ojj H coBepraeHHO HeaaBHCHMU o;^HO otl ;^py^o^o, h 
BM^HCJiHM^ CHOBa ?t, o6o3HaMHBi> ero lepeai w 4- ow. BuMHTafl pe- 
ayjiBTarb nepsaro BUHHCJieHia mh Bioporo, HMteMi 

III == /'(a; H- oa;, 2/ + oy) — / (a;, 2^). 

IIpH6aB(rMT> KO BTopofi HacTH paseHCTBa h BuiieMi o;^Hy h lyae 
BejiHHHHy /"(j?, ^ + oy), Tor^a 

ow = /*(a; + ox, J/ -f 0^) — fix, y + ly)-]-t {x, y + ly) — /"(a;, 

HO 3T0 MOaCHO npOACiaBHTb B-B BHA* 

/ i^+Q-g, y+^yy-f y+Q^) > ^ J{^.y + ^y) — f(^. y) 

EcjiH AaJi^e npeAU0Ji03KHBn>, hto ox h oy 6e3KOHeRHO ySMBaiorb, 

TO K03(t)c})HUieHTT> npH HJIH 

npn qemi a; BBJiaerca nocTOHHHUMi>. Mu raKoe onpe^iJieHie npo- 
H3BojiHoi eme bt> npHM^qaHiH nyHKia 20. JtaJite, K03(f)(j[)HaieHTB npn ox Bt 

npe^BJit npH HCMesHOBeHiH oy oCpamaeTca b^ -— — -~- — — — 

EcJiH Mu noACxaBHMi u BMtcTo f{Xj y\ TO nojiyqHMt 



HTaKT», ecjiH u=ax^ 4 hy^ +■ cxy, du—{2ax -f cy) dx 4 (26t( +cx) dy. 

82. SaM-feTHML, HTO, eCJIH MM HMteMl 

dz = M,dx-{-N.dy (18), 

r^t MvlN — H^KOTopwa 4>yHKiiiH a; H y, TO H3^ ^Toro eme He cjit^yeTTj, 
qTO H ^ ecTb (f)yHKda x h t/- HanpHM'bpT,, mu e-yitJiH bt> (3) 

dH = k,dl-^l.dv, 

rAi> A; H Z cyTb (j)yHKuiH / ii v. S^tcb H nojiHan Tenfloeafl 3Heprifl. ko- 
Topaa cooomeHa o^HOMy (l)yHTy rasa, hc ecTb (J)yHKiiia t h t'; BOo6me 
OHa He ecTb (t)yHKuifl cocroRHia rasa, fas-b MoateTL nojiyHHTb HeonpeA*- 
jiBHHoe Gojibffloe KOJiBMecTBO TCMOBoft 3HepriH H B03BpaTHTbca Kb npeac- 
HBMy cocToaaiio, ae oTAaBinH nasa^b Toft Buepria, KOTopyio ohi nojiy- 
HHJi'b. ITepBbifi saKOHT* TepMOAHHaMHKH A^GTb no3TOMy cJitAyiomee no- 
loateHie, ecjH dE = dH — p . dv, r^t p . dv npe^cTaBJiaiOTi nposBeAea- 
Hyio MBxaaHMecKyio pa6oTy, to mm M0HceM^ ^aTb STomy E HasBaaie 
BHyrpeHHeH aHepn'M, TaKT> KaK-b oaa eCTb 4)yHKiiia cocToania rasa. Ona 
nocToaHHO nojyMaerb o^ay n Tyxe aejiHMHHy, KOJib CKopo ra3T> npaxo- 
AHTb BT) npeacaee cocToaHie. 

H TaKi aanie E npeACTasjiaeTb (l)yBKiuH) t a i\ hjih t ^ bjih 
I? H i;, BO H — KB Bi. KoeMi cJiyHat! 
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Biopott aaKOHi TepMo;^HHaMHKH cjii^tyKmitt: — ecjH dH paaAtaaT*- 
Ha t, vxk t = 0°C + 274 i HSM-fepeHO no raaoBoiiy xepMOMexpy, h 

o6o3HaHHTi. »ipe3T, d^^ TO H83UBaeTca 9HTponieii raaa h npeAcra b- 

jiaerB (})yHKiiiK) ero cocTOflBia. 

83. ECJH MU HM'i^eMl 

dz — M.dx-['N.dy (18), 

r^t M H -A^— HtKOTopua ([)yHKmH a; h to BecbMa BaacHO SHaib, KorAa 
z ecTb TaK»e (})yBKmfl x n y. Ecjh hu nvL^ewb a^jio ci TaKHMi> cjy- 

HaeMl), to 1 18) Bl A'^SCTBHXeJIbHOCTH AO^HCHO HMtTB BUA^ 



T. e. JM::=(^)hA^=(^^] 



/dM\ /dN\ 

H 0TCH);^a HMieMi \ir) ^ Vd"/ 

TaKl KaiCb H3BtCTH0, HTQ 3 3- = -— . 

' dy ,dx dx , dy 



* iI,0KaaeMi>, hto 

d^u _ d^u 
dy . dx " dx . dy 

Mu yxe A^'BajiH noacHeHia axoro no.io»euifl HicKOJibKo npHui^poBi 
BT> nyHKTii 31, h ecjiH CTyj^eHTL euie He BnojiHt ocBOHJica ct> t*mt,, 
HTo HyacHO ^oKaaaTb, to nycxb oht. Jiyime npoA"feJiaeTT> uo6ojibine npH- 
MtpoB^, HJH pa36eperb BHOBb CTapue. 

nycTb u = f{x,y); 

du\ . fix-]- ox, y) — fix, y) 

— ecTb npeAi>JibHaa Be-iHqHHa BupaaceHia — <—~ — 

dx ) 

apH 6e3KOHeMHo ySuBaiomeM'b o^;. ^lajiie axo BbipaaeHie ecib xaKae 
d /du\ d^u 

<i)yHKiiia w, a noTOMv — — hjih — corjiacHO lanHOMy naiMfl 

dy \dxj dy , dx 

onpeA^^jieHiK) iipoH3Bo;(HoH, ecTb npc^kJibHaa BeiHHHHa BupaHceHia 
J_ I ^ + ~ f /'C ^ + ^ ^, y) — f {x. y) \ 

ly [ ox ox ) ' 

r^k hx H oy 6e3K0HeuH0 ySuBaffirb. 

JificTBya B-h o6paTHOM'b nopa^Kt, Haxuj^HMi hto ^ — g- ecTb npe- 



HTaKi Mu HMtemi BecbMa BasHoe npasHjo:— Ecjib 

dz^M,dx-]-N.dy (18) 

H z ecTb (JyHKaia x vl y (BM'fecTo loro ito6u roBopHTb, hto z cctb 
(j[)yHKaia a? H ^, mosho eme CKaaaib, h:io dz =i M . dx -\- N dy eQ,Th 
no,iHuu du^^epemiaAh), to 

(dM\ /dN\* 



j^iwibHa i BejiH^HHa BupaaceiiiH 

1 \ f(x + hx, y + oy) — f (X f ox, y) f\x, y + oy) — f(x,y) \ 
?jx \ ^ ^y I ' 

rA"fe ^x H 0^ 6e3KOHeHHo y6HBaiOTT>. OMeBHj^HO, qio ;tBa BuraeyKaaaHHua 
BupaseHia losA^CTBeHHU upn Bci^xi 3HaMeHiaxi> oo; h a noTOMy 
Mfai npHHHMaeiMrb, hto ohh ocxaiorca TaKHMH-»e h m> npe^i^Jii^- 

* M.dx + N.dy (1), 

FA* M H HiKOTopwa (})yHKuiH X R y, Moweri. 6biTb scerAa ywHoweHo 
Ha HtKOTopyio (t)yHKuiio x n y, KOTopan CAtjiaerb ero nojiHbiM^ pm^^epen- 
i^iajiOM-b. Btotb MHoacaiejib o6biKHOBeHHO eadUBaeTca HHTerpapyiouiHMii 
MHOXHTeieMi. KaKoro 6bi BHAa (f)yHKuiaMH x y hvi 6bUH M u N, mm 
Moxeifb HanBcaTb 

a 3T0 osHa^aen., mto ecib nvbKomopuu aaKOHi, CBaauBaiomifi x^y, 
BupaaHMi ero laRi: 

^..,„, = .,„„.(^) + (f)|=o...,a,, 

H laKi KaKT» ^ Bi Bupa»eHiH (3) ecTb Toae, mto h bT) BupaaeaiH (2), to 

^dx) ' UyJ- 

OTCioAa cjit;;yeTi, hto (^^^^ = f^iH, ( = uiV^, r^t^ |a gctb Ht- 
V^/ \dyj 

KOTopaa (|)yHKuia x m y^ hjh mohcoti Sutb h nocToaHHUM-L. 

YMHOKaa (1) Ha u, mu, 0HeBH;i,H0 nojiynaeMt, BupaateHie 

(S>+(|> 

KOTopoe npeflCTaBjaerb nojHufi AH^^^t^peHuiajT). JlerKO noKasaTb, mo 
HOTOibKo Bcer^a gctb HHTorpHpyiomitt MHoanxeJib [a, ho hto 3thx^ 
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84. riepBbiM 3aK0Hi> TepmoAHHaMMKM cjii^AyK)mi&: 
EcJH dE = dH — p.dv, hjih dE =z]c.dt4-{l'-'P) dv, to dE ecTb 
nojiHMft AH(})(j)epeHuiajii, to ecib E BOSBpamaeTca ceoeMy npeK- 
HeMy 3HaqeHiro, KO^;^a riojiHaa pa6oTa, ^poH3Be;^eHHaa B'b ujsmi KapHO, 



paBHa 




0^ . ov. K0H6MHO BosBpaii^aioTCH m npeaKHBBTb sna^e- 



HiHMi TaKHce t ]s V, MomHO BupasHTBca HHane, hmbbho, mto 
pa nojiHaro uaiaa / dE — 0). 



MHoacHieieii HjateTca HeorpaHHieHHoe mhcjio. Jl^a BEiacHeHia Baaceo- 
CTH aToro nojio»eHia a HSJioay xo;!,^ AOKasarejibCTBa ero, KOTOpoe BUie- 
meTb Hd-b BToporo saKOHa TepMOAMHaMMKM. 

1. Mu y»ce noKaaajiH, mto ;^Jia jnoOoro Ti^Jia, cocToaHie KOioparo 
onpe;;ijiaeTca t e v, 

dH = h,dl + ldv (5), 

r^t A; H Z cyTb (J)yHKuiH t h v. 

3aMtTHMi, HTO t MomeTi) 6uTi> HSMipaeMO no jiH)6ofi mKajt Teor- 
nepaTypi. Mh tojibko mto ^OKaaajH, mto ecib HiKOTopaa (j|)yHKuia (x 
OTb < H yMHOJKaa aa KOTopyio Bci HJieHu Bupaaeaia (5), mu nojiy- 
MHMi nojiHufi ;](H({)(})epeHiiiaji'b; B'b A'^^^CTBHTeibHOCTH HsiteTCfl aeorpaHH- 
HeHHoe MHCJIO TaKHxi) ({)yHKuifi. HaauBaa peayjibTaTL yMHoaeaia 

HHiOM'b 

(fcp = fx . cZiif = \).k , dt -\' \il , dv . (6). 

nocMOTpHMi, Hejib3a-jiH HaftTH TaKoe SHaMeaie ji^s. jx, qTo6M oao 

6UJI0 (})yHKUiefi OAHOrO TOJIbKO t. EcJie {J. ;^tfiCTBHTeJ!bHO TaKOBO, TO, 

TaiTb KaKT> npoHSBO^Haa oti [xA; no v (t npHHHMaeTca nocToaaHoft) 
paBHa npoHSBOAHofl orb {x/no ^ (t; npHHHMaeTca nocToaHBUM'b), HBiteMi 



fdk\ .d\i. , (dl\ 

fdkr\ _ fdl\ ,£ ^ 
[dvJr [dt),'^ [J.' dt 



HJIH 

Ho nepBHfi aaKOHi TepMOAHHaMHKH A^erb nm-h (cm. nyHKTi 84) 

(i).-(f) 

H cjitjjoBaTeJibHo -rf^:;^^ = — - (9)- 

I \dt/ (J. dt 

^To H ecTb ycjiOBie, mto6u |j. . dH 6ujio noJiHWM'b ;^H(})([)epeHuiajioMT) 
j^jia Toro cjiyqaa, KorAa ecxb (tyHKuia OAHott TOJibKO TeMnepaxypw. 
OMeBHAHo, Mro Bupaaeaie (9) AaeTi ajia Aaaaaro Tfejia HCKOMoe aea- 
Menie \x; ho naMt oco6eHHO HHTepecao yaaaTb, ni^Tb jih TaKoro saaMe- 

Hia AJIH !-^» KOTOpoe CUJIO 6bl OAHHaKOBO A-'I^ BCtx-b TtJIt. 
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Mh yae BHjitjiH, hto npoH3BOAJHM QTh k m t\ ecm w^m^iht. 
nocTOflHHott, pasHa npoiiaeo^flot oH t — p m ^cjth ^pirsati ft trtj* 

CTOflHHUM'b, PIJIH 



3to nojio»6Hie, KOTopoe cnimrsp^i.i^EBo ^a. Baip;9kr& TfiSfih itisHfia^frOfi 
BTopoM saKOHi. TepMOAMHftlHtllWeiA^mlfc - J-, JIJ» rff - iff 



HHOr^a nepBHM-L 3aK0H0Ml TupMO;^HHaMBSH. 



-i-j.dv, . .(21), ecTL nolHStjilrtJ^epeeiiia^bta'j^ 

orb y no V. ecjiH npHHaii, i aoa?ogBtflft^;|MiaaHpoii3Bdjw^ W^J^ Pft 

/, eClH npHHflTb V nOCTOflHBWttlf. 



t IIpaBHJio AJifl Haxo3Kj|iMll3i t^mm^^iik nmendm m tryM- 
T* 197. 



2. BT) 3T0Mt> uyBKT^ Aoica3UBaeTi.il, HTO ^ljftL'TiiHTLMi>Ho L'CTi. xaKue 
3HaMeHie. Mut HtTii mj(o6m&W' upnuQ^'B^ ^^teh o6^m^ it l^^f^m^ 

HSBtCTHOe CTy^eHTaMl Ao- 

KaaaTejiBCTBo Toro, mto set 
o6paTflMua TenjoBua Ma- 
mHHW, pa6oTaioinifl Meat^y 
TeMnepaiypawH t h t—U, 
msitiorb oAHHaKOBwftKoac})- 
(|)HuieHTi noiesHaro A'i^g- 
CTBifl. Jlajite, UYCTh AB CD 
npeACTaBJiHeTB bi h^koto- 
poMT. MacmiaGiajieMeHTap- 
Hufi uHKj[i> KapHo. Fasi bi> 
cocTOflfliH-^l HM-feerb xew- 
nepaTypy ^— o^; AI npe^- 
CTaBJiaeTT) ooieMi ero h 
AaBJieHie. IlycTb AJ) 
Cy^eTb H30TepMoft t — U^ 
dBC HBOTepMofl t; AB h 
CDnycTb 6yAyTT>aAia6aTu. 
06paTHMi oco6eHHoe 

BBHMaHie Ha TO, HTOOTpt- 

BOK-b AG OH WB ( W 
HaxoABTca Ha nepectqeHiji iij>u,»,o.iiKeui>i .lUHiii Al) ijp;iaHaTc4 
rdp\ 




Bt ^) paBeHi 0^. 



i(ajite, njioma^b napajuieiorpi^ada^JiCA Tipe^TCTaB.iisH)im&ji ttpqflr^ 
BeAeHHyio pa6oTy, paBna B W XZ> jt&^fl O^i^BOitiiTC^ ^iieiKfl^Mlii^^lt 
o6paTUTb BHHMaaie ua to, m ica^ftMie^,!^ 
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CJIt;^oBaTeJlbHO 1^ / 

T \dvJt ' 



HJIH 



(^I\^(^l\L (22). 



3to nojioffieHie, cnpaBeAJiHBoe a-ia JiK)6oro rasa, laKate HaauBaexca 

HHOrj^a BTOpUMl 3aK0H0MI> TepMO;(HHaMHKH. 

ConocxaBjaa BupaaceHie (20) h (22), mu noiy^aeaii ;^JIa Jiodoro 
rasa, hto 



Hie H 3aKJiK)HeHU Meacj^y t'I^mh »ce abymh napajuiejiflMH). 06o3Ha4{iMi> XZ 

qpea-L hv (npapaweHie odieaia npn nepexoA^ raaa no HSOiepMi h31) co- 

CTOflHia B BT> cocTOflHie V). KojuiMedTBO xenjoTw. Koxopoe nyaHO aaxpa- 

xHxi) npH 3xo>rL npoaecci^, paBpo I . hv, KaKT> axo BHji;HO h3x BupameHia (3) 

_^ npoHSBe^eH. paCoxa , , . 

nyHKxa 78, a noxoMy oxHoraeaie = KoadpdbHmeHxy 

aaxpaq. KOJiaq. xenjioxu 

uoiesHaro A*flcxBia = ^ hi,. ..(10), h axoxi 3aK0HT> OAHaaKOBi 

;^Ja BCtx^ x-fejii. 

TaKTi KaK-L BejiH^HHa yKa3aHHaro oxaomeHia oAHaaKOBa jiJia Bctxi 
xto, xo nonpoCyeMt aaflxH ee ;pa KaKoro HHSy^b ojiaoro rfejia. Saa- 
Meaaxufi oohxij jtaoyjia (;^Ba cocyAa, o;^HH^ ci ra30M^ BHCOKaro ;iaB- 
jieaifl, a APyroft — HB3Karo ;^aBaeHia. ct. coeAaaaxeJibawMi KpaaoMi), 
oujiH aorpyjKcau coBepmeaHO bt* saaay xeMnepaxypoiS, paaaoft xeM- 
nepaxypt raaa; nocjili xoro KaK-L ;^aBJIeBie rasa bi oGohxi cocyAax-b 
cpaBHajiocb, xewnepaxypa aaaau coxpaaaja npeataioK) BeJiHHHay) noKa- 
aaJi^, Hxo Bt mzBXh BHyxpeaaaa aaepria OMeat 6jiH3Ka kt» nocxoaaaoff 
npa aocxoaaaoft xeMnepaxyp-fe bjih, ixo xoace camoe, hxo I bi rasaxi 
coBcfeMT) noHXB paBBO p; xaK«e xopomo Hsatcxao, mxo b-b rasaxi, 
npa nocxoaaaoMij oSieMt, p npe^cxaBJiaexT) JiBaefiayio (})yBKaiH) xefflne- 
paxypw. CyuiecxByexT>-jia Bt ;^McxBHxeJIbBOcxB xijio, jifis Koxoparo 
BumeyKasaaaoe nojioHeaie a^cojiioxBo cnpaBejpBBo, sxo Bonpoct, pa3- 
ptmeaie Koxoparo mu ;^ojimabi npej^ocxaaaxb jianaMi). asy^aiomnM'b cne- 
uia.ibao Bucniyio MaxeMaxany, a caMH npajaeM-b, 4xo xaKoe xfejio cyme- 
cxByexi a b-b aeMi 



}.(^±)^}J^l)^ ' (11). 



TA* 9 — MBC.10 rpa^ycoB-b, MHxaeMoe no cxorpa;^ycBOMy B03;^y^IB0My 
xepMOMexpy. Ecjua mm 3a aiKajiy xeMnepaxypu npaMeia-b ^==f)-|-274a 
Bupaateaie (11) 6y;^eMT> paacMaxpHBaxb, KaKT* oGiaee sHaneaie BupaKeeia 
1 nlp\ . ,,,, 1 1 dix dt d\i 

^ K TO BM-feeMl aST. (9), MXO ^ . , BJIH — = , 

oxKy^a logf + log|i. = nocxoaanoMy, ii.ih V-^-j » r^ii c — npoasBOJUbHoe 
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(23), 



BecbMa Ba»Hufi saKOHi f. 

npNMtHflH 3Tii BUBOAU HI* cviyMaio MAeajibHaro raaa, mu HaxoAHMi>, hto 

BHpaaceHie (23) npHnerb bha^-j^^, hjh Z = ^, t. e. /=|)...(24), 

OTCioAa BMpaaeHie (20) oCpamaeica vb = 0. Ha npaKiHK* 

aTOTb 6UBo;^i> Ho:fieTi 6uTb h hb np6;^CTaBJifle'n> ocobeHHoS BasKHOCTH, 
HO CTYAewn AOJi»eHi> aaHflibca hmi> bi Ka^ecTBi ynpaxHeHia. ][m 
jiK)6oro Tijia k ecTt (})yHKuia v h ^. ho bi pa3CMaTpHBaeM0MT> cjiynat 
;(jifl H^eajibHaro rasa, KaKOsa-ou he 6him TeMnepaTypa, k ne naMiHfleTca 
CT> HaM-feHeHieMT* o6ieMa. CouocTaBJiaa (24) ci (9)* h np. (ctd. 141), 
HMieMi, HTO K — k — R^ H, TaKT> KaKi PcHbo Hameji, hto jK noCTO- 
flHHO ;;jia B03;^yxa h ;^py^HX^» raaoBx, to h k raKae nocToanHO, TaKi» 

HTO 

HiaKi A^a HAeaibHaro rasa mm mo»6M1> npoHSBOAHTb momue paa- 

CMCTU Bl OCjiaCTH TepMOAHHaMHKB, KOJIB CKOpO HSBiCTHU K 1i B. 

85. YpaBHenia (3) uyHKra 78 ji^si (|)yHTa MAeajibHaro rasa npHHH- 

MaiOTb BHA*^ 

dH = k . dt + p . dv 
=: K . dt — V . dp 



J^dp + ^Ldv. 



1 • Y - 1 



(1). 



nocToaHHoe. HaftAGHHoe anaqeHie |x h npeACTaBJiHert HHTerpHpyiomiH 
MHOKHxejib AJia BMpaacenia (5); mh o6HKHOBeHHO npHHHMaeaii c pan- 

HMMi eAHHHU'fe HJiH |x ^ , — (j)yHKaia KapHo. 

Koae'iHO, ecia Aa«e h HMteTca KaKaa jih6o aeaaBHcauxaa ottj p a 
V, (j[)yflKiiia, TO HeBtpoaTHO, hto6u ona bt, AtBcTBHTejibHocTH Gbua xau^ 

apocia, KaKt MHoatHTCJib g- ^^^,^ (fa^ ^ — mhcjio rpaAycoB^ no BOSAym- 

HOMy CTorpaAycHOMy TepMOMeipy), hjih htoSu A'^ScTBHTejibHO cyme- 
CTBOBaao Ttao, BT) TOHilocTH yAOBJieTBopaiomee yKaaaaHOMy Bbime nojio- 
»eBiK). HasuBaa A^aTejia t a6co/iioTHOH TeMneparypoM, mu npHHKMaeiiii 
Ha B-fepy, 4T0 A-sa oouhhuxi aHaneHifl BejiHHHHa 55 — 9-1-274, a ntwb 
6ojibffle sHaneHie 0, t4mi npaBHJibHte Bbipaaceaie t qpeai 9 + 274; ho, 
KorAa — - OHOHb Majio, aScojiioTHaa TeMnepaxypa no Bceft BtpoaiHocTH 
npeACTaBJiaeTi) ropasAO 6ojite cjiOKHyio (j)yHKuiK) 9. BejiHKie yneHwe, 

KOTOpMMl. MM 06a3aHbl OTKpHTieMT) SaKOHOB'b TepMOAHHaMHKn, HlIKOIAa 

He CMHiajiH — 274°C sa a6cojiK)THufi Hyjib TOMnepaTypu. 
t IIpaBHio AJia HaxoacAeHifl npoHasoAHOfi nacTHaro Aano b-l nyHiCTt 197. 
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IIocjitjtHee HST. bthxij Bupaaemft a nnmy Bt BH^'fe 

a TEKHte dE = k . cff, hjih Ez=M + nocToaHHoe (3). 

Hsi) nocjitAHflio paBOHCTBa JierKo noJiyHHTB h APyrifl Bupaacenia js;i& 
E 'lepeai) p h t?. 

B'L A^bH^itineM'B HSJioffieHiu 3Toro nyeRTa a Bci^ buboau Atjiaio 
A:ia H^eajiBHaro rasa. 

npUMIhph 1. d^ = k + ^ . dv^ HJIH, TaKt KaKT> Y" = ^ 

i?cp = A; ~ 4" T • 
r v 

HHxerpHpya ^ocJItJ^Hee paBeHciBO, Hw-feeMi " 
cp=:A;log<4--Klogt7+nocTOflHHoe, hjih cp=log^V4-nocToaHHoe... (4). 

Jtajite 6?cp = J . e?^— j ^dp, ho j = ^ . 

A noTOMy (i<p = y c?^ — ^{^p. 



HHierpHpya, HM-feeMi 
cp z= A log ^ — log p + nocToaHHoe, hjih cp = log + nocToaHHoe... (5). 

IIoACTai 

(5) B'L BHJ^'fe 



IIoACTaBJiaa bm4cto t ero anaMeHie ^ , mh nojiyiaeMT* BHpaaeHie 



© = log p"t?^ + nocToaHHoe (6). 

AAiadaTMMecKiM saKOH-b hjih ycjiOBie, htoCu cp 6ujio nocToaHHO, mo- 
mevb 6uih cpasy BF>iBeAeHi> hsij npHBe;^eHHUxi Bume Bbipa«eRifi, a 

HMeHHO, MMteMt 

tv = noCToaHHOMy, 

HJIH 

Y 

t — p = nocToaBHOMy, 

HJIH Y 

= nocToaHHOMy. 

CTy;^eHTM Moryrij cawH ce6t cociaBHTb MHoro HHTepecHHxi ynpax- 
HeHift ^o;^o6Ha^o po^a. 

IIpuMthp^ 2. $yHTL raaa bi cocToaHiH po, Vq, nojiyqaeTL 
KOJiHMecTBo leujiOTH i/oi, — KaKoe Bi HeM-L ^poH3oflJ^e•^» H3MfeHeHie co- 
CToania? YKaaaHia^njia p-feinenia 3Tofi aa^aMH mm nojiynaewrb h3i> aupa- 
«eHift (1). 

I. noJio»HMT>, 4T0 06-beM-b Vq ocTaeTCR nocTOflHHbiMi>. ToFAa Hal (1) 
HMteM'B dH=k,dt. 



ra- 



HHxerpaJi^ aioro Bupaseuia bi> npcAi^axi) uencAy ^ P(VBeHi> 

Hq^ =k(ti — to), H MU MO«eMl> BHHHCJIHTb BeJlH^HHy HOBUffleHifl TGM- 

nepaiypM ^i. 

Jajiie dH= -~ dp, 0TKy;^a HHierpajii hjih Bq^ = -~ {pi — po), 

H MU MOXeMl BUHHCJIHTk BCJIH^HHy nOBUHieHifl J^aBJICHiil. 

II. UoJiosHfifL, HTO A^iBJieHie Pq ocTaercfl nocTORHHUM-b. 

dH=K . dty a noTOMy Hqi = 

JI,ajite (^jET = (ii;, a noioMy 2/oi = — «?o). 

III. HpB nocTOfiHHOM TeMnepaTypt. 

dH zzzp ,dv, HwiH Hqi = | ^ p .dv—W — paGoit, npoH3BeAeHHoM 

J Vq 

zom* npH pacmHpeHiH. 

lY. ripn npoN3BOAbHbix-b ycjiosiflxii H3MtHeHia ^^aBJieHifl h o6xeMa. 
Hqi = k (^1 — to) + npoH3BefleHHaa pa6oTa. 
ilOAO^HUMl) 2Ke o6pa30Mi> H3^ (2) 

-^01 — ^^^^^ ^ ~^ npoH3Be;^eHHaa padoia. 

EcjiH B= 0, npoH3BeaeHHaa pa6oTa = ^(^i — to) 

nocjitflHee H3T> BHpameHifi (1) mu ^acTo nnmeMi. bi> cufiAyiomeMi 

y;^o6HOMt BH;^4 ^ 

EcjiH ra3x ne nojiyMaen. TenjoTw npn HSMtHeniH o6T>eMa, 
dH ^ d>) , ^ 

HJIH ^ -j- Y ^ =zi 0, OTKyjia, HHTerpHpya, HM^eMt, log p + y log y = 

nOCTOflHHOMy, 

T 

HJIH pv = nOCTOflHHOMy. 

TaKHMi o6po30M'b MM onsTL HOJiy^HJiH BupaatCHie aj^iaoaTHHecKaro 
saKOHa. 

IfpnM7hph 3. Bi) xopoino H3Bi^CTH0M'B UMKJit onepauiM rasoBOM mjim 
(^eHSMHOBOM MaiuMHbi oj^HHii (t)yHTb ra3a 61) cocTOflHiH 292) h\ yKasan- 
BOM-B T01K0K) cjRHMaeTca a;^ia6aTHHecKH ;^o cocToaHia pi, t;i, <i, 
yKasaHHaro tohkoh) B, Pa6oTa, 3aTpaHeHHaa m cotcamie ra3a. oqe- 
BHJ^H0, (H3i lY) paBHB k (ti — ^3) » HOJiHOCTbH) H^eTi Ha y^eMiueuie 
enympemeu miepiiu. 
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KoiiH^ecTBo TenjioTH, aaipaieHHoe npa nepexoAirasa bsicoctoa- 
Hia B vh cocTOJiHie 0, bi KOTopoMi> mu HMieMt ;73, t/j, t^, paB&o 
11= k (t^ — ^i), npa HCMi, oSteMi ocTaeTCfl nocToaHHHMTi. 




HepT. 56. 

i'aooxa, npoH3BeA6HHaa aAia6aTH^ecKHMi pacmBpeHieMi raaa no 
CI), paBHaJA; — y 

IIojieaHaa paSoia, npoHSBeAeflHaa MamHHofi = pa6o'rfe bo BpeMa 
npouecca Ci) — paCoia bo Bpeaia npouecca AB = 

-jj -- K03(j[)(t). U0JIe3H.;^•feftCTBla e — . ^ = 



= 1- 



7-1 



(8). 



coxpa- 



Ho MU BH;^'feJIH, HTO npH aAiaSaxHHecKOMi npouecct 
HaerB nocioaHHyio BejiH«iHHy, a noTOMy 

Mai) 3THX1 paBeHCTB-B cjiiAy^Ti, mo ^ = ^ = f — V~^, h Kaay^oe 
Hat aTHxt oTHODieHift paBHO — r- . Ilojibayacb sthmi bmboaomi ajjh bm- 



paateaia (8), HMtewi 



K03(i)(|). nOJieSH. A*HCTBln = 1 — ("^^ ^ 



(9), 



({)opMyjia, KOTopaa noieaaa rlMi*, hto noRasuBaerB CToneHL yBaiH^eida 
K03<j^(^iiUieHTa noiesHaro A^ScTBia, BuauBaeMaro yMeflbmenieifb o6i>eHa Vi. 

CTy;^eHTH HattAyrb MHoro xoponiHXi) ynpaacHeHitt bt* apF^^*^ 
laxi rasoBBixi Mainnui. 
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MsMtHeHie cocTOflHifl. 

86. BucfecTO Toro, htooh nojibsoBaTbca ypaBHeHiaMH (3) nyHKTa78, 
BUBeABMi) HOBUfl ypasHeHifl, cneuiaJiBHO OTHocfluiHCH kt> HSH^HeHiio 
cocToaHia. PaacMOTpHM'L oahhx (|)yH'n> BemecTBa, npi^ ^leMt m nycTb 
6y;^e'^b Btci> napa h 1 — w aH;^KOCTH (hjih, ecjiH npoHCXOflUTi nepe- 
xo;^^ H3T> Tsep^aro cocToaeia wh aH^Koe, to m 6yAeTi Btci aH;^K0CTH, 
1 — w — TBep^aro itja) a nycTb 

52 npeACTaBJtaerb oS-bewi) bt* Ky6. (j[)yTax'b oj^aoro (l)yaTa napa 
5i » ■ » » » > oAHoro (|)yHTa »hakoctb 

p — ^^aBJieaie, t — TeMnepaTypa. p ecTb (fyKuia o;^aoft tojibko t. 

EcJiH V ecTb o6ieMi BemecTsa bi CMtmaaHoafb cocroaaiH, to 
i; = + (1 — m) 

= (S2 — Si)m-{-Si, HM v = mu-{-Si H), 

ecjiH Mu o6o3Ha'!HMi §2 — ^1 'ipes'b le. 

Kor^a CMtcB coo6maeTca KOJiHHecTBO TenjioTU t?^/, to mh npeA- 
nojiaraeMi, hto MtaaiOTca t vi m. JMcTsnTejibHO, laKi KaKX cocToaaie 
oupej^aeTca BejinHHaaHH t e to hxi mu h npaMOMi) sa aesaBH- 
CBMua nepeMtBRbia. Ecjih 02 a npej^CTaBJiaiOTb yj^Jibaua 
TenaoeMKOCTa napa a aa^KocTB, Ko^J^a nap-b at aacunteaaoM'b cocto- 
aaia (aanpamtp'b, ^pe;^CTaBJIaeT^> KOJiaqecTBo TenjiOTU. KOTopoe 
ayaao coo6aiaTb o;^ROBly (fryaTy napa, HTo6bi ^o;^aaTb ero TeMnepaTypy 
Ha ojiflE'b rpa^ycb, npa homi ^aBjieaie bi Toae caMoe apeMa noBU- 
maeTca no CBoeMy aaKoay), Tor^a m ({)yaTOBi napa Tpe6yK)Ti> KOJiane- 
ctbo TenaoTM pasaoe mag . a 1 — m ^yaTOB-b «h;;kocth TpeSyiOTi 
(1 — 7n) <3i.dt, M npumoMb, ecia dm aa^KocTa o6pamaeTca B-bnapii, 
Tpe6yeTca enie L.am KOJiBqecTBO TenjioTU, ecjia L npeACTasjiaerb 
CKpMTyiD leniOTy. HTaKi 

dH\ (rs2 — 'ii)m^Q^\dt -\-L .dm (2). 

Ecjih qpeai E o6o3Ba»iHMi BayrpeaaioiD aaepriio, to nepBuft 3a- 
KOBi TepMo;^BBaMaKB A^eTb 

dE = dH'-p.dv (3). 

^ajite, ecjia m n f onpe;itJiaiOTT> cocToaaie, to v ;^OJIaao 6biTb 
^yaKuieft m n hjib 

^o;^CTaBJIaa 3T0 SBaneaie at Bupaaeaie (3), a TaKae apHBHwafl 
Bo BBBMaaie BupaaeHie (2), uaxoAHMi) 

rtTT^zzr |(cy2-0i)W + 0i — ^ (^^^ \ dt + 



IIpHHHMaa BO BHHMaHie, 4T0 3T0 BupRKeHie eCTbnOJIHUft flH4>- 

({lepeHuiaJi, hjih, mto 

^(,,-.,,™+.,-,(^))=|{x-,(*)|, 

M aaM-fenaa h3i BwpaaceHia (1), mto = HMteMt 

clL . dp f dv\ dp _ ^ 

JI,aji^e, ;(i^Jifl Bupaaceeie (2) Ha t n, npaHHSfaa bo BHHMaHie, 
mo d'^ = ^^ecTb nojiHuft AH4)$epeHuiajit, HMteMi 

' d_\{^^---<^^)m_+z^\_d (L_\ * 

r t ~ dt{ t ) 

dL L 

OTCiOAa, npHHHMafi bo BHHMaHie Bbipamenie (5), HM'i^eMi 
L dp 

87. BbiBOAi> ocHOBHaro ypaeHeHifl (8) 6o;iie CKopbiM-b nyTeim-b. Ha 

MepT. 57 Mu HMioMb ajieMOHTapHufi uhkjii KapHO AJia o^Horo (J)yHTa 
BemecTBa Koop/^HHaiM tomkh B cyib I'-B = — o6i»eMT> h BG = p — 
;iaBjieflie oahoio (jjyHTa hch;5kocth. Ilpn nocTOHHHofi leMnepaiypt ^, a 
TaKate h nocToaHHOMi ;^aBJieHiH, BemecTBO pacrnHpaeTca ;^o itxi nopi, 
noKa OHO He o6paTHTca Bce bi> napi — npn oo'BeM'fe BC^^s^] CD 
npoACTaBJiae'ri) a;^ia6aTHqecKoe pacraHpoHie ;^o TeMnepaiypu t — of bi 
TO^Kt i>. DA npe;^CTaBJiaeTL HSOTepMHHecKoe caaiie npn leMoepaTypi 
t - of, H J.^ — KOHeHHuft ajiiaCaTHHecKift npoueccb. BepTMKaJiBHaa 

BHCoia napajjiejiorpaMMa paBHa of^, a ero njioma^b, npeACTaBia- 
lomaa nojieaHyio paooTy, paBHa ot . — s^). KoJianecTBO xeiuoTu, 



* ^f. /^j^L^ = — — , KaKt 3T0 oyj^erb bh^ho ;^aji4e, Korjta 

dt \ t J 

6yJ^eT^> j^aHO npaBHJio ;^JIa ;^H4)4)epeH^HpoBaHia HacTflaro. Heo6xoAHMo 
co3HaTi>ca, HTO JiJia no.iHaro noHHMaflia nyHKTa. ipaKTyjomaro o6^ h3- 
MtHCHiH cocToaHia, CTy;^eHTW ;^0JIaHu yjKe yMtih AH4>4>e'peHUHpoBaTb 
KaKi> npoHseeAOHic, TaKi> ^acTHoe. 
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aaxpaMeHuoe npn npouecct JSC, paBHo L, a noTOMy K0d4><t>HaieHTi> 
noaesHaro ;;McTBia paBeHi S^^ (52— ^i) : i. Ci APyroft CTopoHu 



HepT. 57. 



OHX paBCHi -J- , TaKi> KaKi mil HMi^eofii iinKii KapHo; 0TCH);^a mu h no- 
jiyMaeMi. ypariHesie (8) t- 

88. 3HTponiH. Ha^ BupaiseHin (6) mu Haxoj^uM'b, hto — = 

t 5^ (t}i ^ MoaeMi npejtCTaBHTb BupaaceHie (2) bi bha* 



(9). 



TaKHMT> oCpaaoMi aHTponia d'f = = ^j- dt -f- ("T"") ^ 

» — ^— T- + f T + nocTOflHHoe (10). 



Bi> cjyqat Bo;^u oi ohghl ojiHSKa kt> nocToaHHOfi, BKBHBajieHTy 
laoyjia (mm y«e ycjoBHJiHCi), hto bo bc^x-l cjiy^aaxi TOMOTa Bwpa- 
iRaeTca bi ej^HHHiiaxi pa6oTu), h 

cp = ~p -j- oi loj^ + nocToaHHoe . . . (11). 
Oxciojia aAia6aTHHecKifi saKCHt ;^ja bo^u — wapa cjiiiAyioiUifl: 

~ -j- (Sj log -J- =r nocTOfiHHOMy (12). 

flpeKpacHHMT) ynpaatHeHieMt A^a CTy;^eHTOBTi 6y;;eTi» ciijyioui.iil 

12 
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IlycTb napi, HMtomifi TeMnepaiypy 165°C (hjih #==439), pacmapfleTCfl 
a^iaCaTHqecKH fl,o 85°C (hjih # = 359}. IIpHHHMaeMt cji = 1400 h i 
BupaaaeMx eiHHHnaxt paCoTBi, hjih npHHHMaeMi> =z J h To^;^a 2> 
BHpaataeMi b-l e.nHHHuaxi TenjioTti. KaKi b-b tomI), laia h bb APyroMi 
cjiynat nojiLsyeMca Ta6jinneio SHaMeHifi t e L. 

1 . nojio»HMi>, ^T0 npH BHCUiefi TeMnepaiypt #2 = 439 m^ — O.l 
(3T0 ^HCJio B3flTo HayraAt). Bi>ihhcjibm'i> m, nojiojKHMt npH / = 394 h 
tHq npH #0 = 359. 

BupasHM'L jiyqme L at TenjiOBHxi e;^HHHaaxT>, Taict KaK^ 
$opMyjiy 

L — 121- o.mu 

jierKO aanoMHHTB. 

To^;^a (12) nojiyHnerB bhai> 

^ ^ 0.695) + log I = - 0.695) + log ^ , 

log 5^+^/^2(^-0.695) 
0.695 

EcjiH MM onpeAiyiaeM^ w?oi to ;;oji/Khbi noi;cTaBHTi> cro^a #0 BwtcTo #1. 

C;^'feJlaB^> 3to, HaH^eM-L cooTbtxcTByiomifl 3HaieHia v. SaxtM^ 
npo6yeM'L, bo;^xo^ht'l jih B^ AaHHOMt cjiynai aaKOHi nocToaHHOMy 

= BHpajKaiomitt aAia6aTHHecKoe pacnmpeaie AaHHaro BemecTBa. 
IIoBTopaeM'L TOTT> ate pacHeit. ^o;^cTaB.•Iaa bm^cto 0.7 noiojKHMi 0.8. 

Cnoco6-b AiarpaMM-b a^a t h cp jiaeit bo3MO}rhocti» 6ojite HariHAHO 
npejicTaBHTB npeA^ CTy^eHTaMH ^peJ^MeT^>, ho Heo6xo;^HMO npojitJiaTb 
o^HHi HJIH ABa npiiMtpa doao6huxi> BwnienpHBeAeHHOMy. 

89. PtujMTb YpaBHeHie du = 0, koto ecTL nojiHbifi 
AH(J)(j)epeHii,iaji'b. Mbi BVi]mwh, qxo Bt npHMtpt 

(r^ — 4c/'2/ — dx -\- {y^ — Axy — 2x^) dy = 0, 

MBI HMieMT) nojiHBifi ;iH$({)epeHi;ia.TB, TaKt KaK'B 

— (ir^ — Axy — 2y^) = — Ax — Ay, 
A (,^2 _ 4^.^ _ 2^.2) = _ 41/ — 4.r, 

T. e. 06'fe npo3Bo;i,HBiJi pasHbi Meacjty co6ok). HxaK^ nepByro 
qacTb ypaBHeHia MOiKHo npe^cTaBHTb b^ BH;i,t 



HHTerpnpya — \xy — if oTHocHTeJibHO x, TaKTi KaKX oho 

npeACTaBirfleTT>( 1 , npHHMMaa y 3a nocToanHoe, HnpnoaB- 

jiaff BMicTO noCTOflHHaro ntKOTopyio nponsBOJibHyK) 4>yHKUiio 
i/, nojiyqacM^ n wh BiiAt. 

u=^i3X^ — 2x^y — 2y^x -\- 9 (y). 

^TOObi HafiTH 9 (.</), nocTvnaeM^ laKT*: mh snaeM^, ^to 

= 7/^ — 4.ri/ — 2.r2, 



a noTOMV — 2x^ — 4yx (y) =iy^ — ixy — 2x^. 

OxcroAa -^f^{y) = y\ mil rr^(y) — '^l^y\ 

HTaKT) w = \ 3 x'^ — 2x^y — 2xy- -[- \/3 2/^ = c. 

IIpHpaBHflB^ Hafiji;eHHoe ji.ia «i BbipamcHie nponsBOJibHOMy 
nocToaHHOMy, mh ptmnjiH jiannoe ;i,H(j)4)epeHTuajibHoe ypaB- 
Heaie. 

P'hiiiHM'L rkM-b Hce cnocofioMi* 

1 (Tx —2 ^ ^/?/ = 0. OiB'trb ^2 — 1/2 = c.r'. 

^3-- + ~ — OTBtxT, x'—.y^-== ctf, 

OiBtTX x'^y^ -4- ^2^5 _(_ _i_ 2i/2*+ 3j''i/' = ^//^ 

90. B% otoeMt BUBOiit BupaaceHia (17) nynKia 81 mh npHHBBiajiH, 
qTO X H y coBepmeHHo HesaBMCMMbm nepeMtHHbifl. Mbi MO»ceMi> lenepb, 
ecjiH TOJibKo HaMi> arc HccjiarejibHo, cAt/iarb Mx-b 3aBMCMMbiMH oAHy oT-b 
ApyroM, HJiH OTL HtKOTopoS ipeTbefl nepeMiHHoii, ^. HTaKt nycTh, Kor;ia 
HtKOTopoe HeaaBHCHMoe KOJHMecTBO z nojiyMaeTi 3HaHenie 2 x 
ofipamaeica bi, x ox, y n-h y -\- oy h HaKOHeut u Bt 71 -j- m. Paa- 
AtJiBMi ypaBHeaie (16) nynKia 81 noMJiCHHO na 0^ h nojioaHMi), mto 
h2 6e3KOHeMH0 yCbiBaeii, TorAa (17) npHMoib bh;^t>: 

12* 
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\dxj \dy ) dz ^ 

IIojioiKMM'b, HTO u — ax^-{-})y^-{-cxy^ 
H aycTfc X = y = f/^*". 

"^"'^^ O =2^ + ^^' (^) =26y + cx, = 

^ = (2ax -f cy) nez^~^ -\- {2hy -f cu?) mgjs^^~K 

Bt> noiyqeHHoMi ypaBHeHie mu Moaewi, ecjH Bm-b aceJiaiejibHO, 
BMtcTO X i& y nofl^cvaBBTb vLTb BupaHceeifl tipesi z; lorAa mu nojiyM03ii> 
BupaaceHie, saBHcamee OTh o;i,Horo TOjibKO z. 

IIpHM^pbi noAo6Haro po^a aacjiyxHsaiorB BEHMaaiH noTOMy, hto 
HXi Moano p-femaTb h no cnoco6y, upHBeAeHHOwy ropaaj^o paHtme bt> aioa 
KHHri^. Bi> caHOMi) A'^jii, b^ BupaaceHie ;^jih u noj(CTaBHMii BMicTo x 
VL y HXT» BMpaatema Mpeat z h noiy^HMX i* = aeV^ + bg^z^"^ + 
+ ce^^'*4-'", oTCK)3;a 

^ = 2«ac2^2n-i _|_ 2mbg^z^'^~' + (« + m) cep^**4-"*-^ 

TOTT> «e caMuft peayjibTaTi, KOToputf mm noJiyHHiH, npaMtHaa TOJibKO 
HTO npHBe^teHHufl MeTo;^^. Cxy/^eflTw Moryn. caMH cociaBHTb nonoCHaro 
po;ia npHMtpu. 

IlycTb, HanpHM'fep'B, y — uv^ r^'fe ii b v cyib (j)yHKaiH x, Tor^a (1) 
4aeTT> HaMT> 

dy dv , du 
dx dx ' dx ' 

(J)opMyjia, KOTopott nojibayiOTca btj caMuxi pasjiEHHUxi. cjiyqaxT>. Cm. 
nyHK. 196. 

EcjH Bi) BbipasKeHiH (1) y asjiaeTca nocToaHHUMi, to nojiyHaeMi» 
<J)opMyjiy 

du du dx 

dz"" dx • dz' 

KOTopaa TaKHce HMteii niapoKoe npHMtaeHie. Cm. iiyHK. 198. 

lIpHMCM^ B^ BupaaceHiH (1), mo z — XBy ecTb (}>yHKnia Xy 
TO^;^a 

du _ (dii\ (du\ dy 



«* 



r/a? \dx 

Ha^'feiocb, MTO lenepb yate n-ferb Heo6xo;iHMocTH yKaauBaib ciy- 

dii fdu\ 



j^eHiy, 4T0 ecTb BejinHBHa coBepmeHHO oiJiHHHaa orb 



\dx) 
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IIpuM7hpz. IIojioKHMi, MTO u z=z ax^ -\- hy^ -|- cxy, 
H nycTb y = gx^, 

Tom {%) = 2a. + cy, (|) ^ ^by + | = mg.^--, . 

a noTOMy (2) npHMerb eaj^'b 

^ = (2aa; + cy) + (26^ -f cx) mgx^~^. 

ToTb ae caMufi oiBtrt mu Moaemi nojyqaTb cKopte, ecjiH bt> 
BupaxeHiH jifla u BupasHarb y npesi a HMenuo, nojiy^HMi> 

u = ax'^ + dg^x^"" + cgx'^-h^ 

^ = 2ax + 2mhg^x^'^-'^ + (w + l)cgx'^. 

EcjiH u ecTb ({)yHKiiiaTpexi» HeaaBHCHMuxT) nepemiEHMxi, TOjierKo 
j^oKaaaTb hoaoSho Towy, KaEi bi nyHKrfe 81, hto 

91. IlpuMrhpb. llojiomMM'b, mto macca m Ko/ie6;ieTCfl Cb OAHod cie- 
nefibK) CBo(5o;^j ^o;^l BjriaHieMi* npyacHHH ynpyrocTH a, TaKi hto, ecjiH 
a; ecTb OTKJioHeHie MaccH orb nojioaceHia ea paBHOBicia, to CHJia, ci 
KOTopoM npyaHHa ;^iMcTByeTb aa Maccy, 6y;^eT^> ax; mu aaaeirB, mto 
noTeHuiaibHaa aaepria pasaa ^/2ax^ (cm. n. 26), a ecia v ecTb cko- 
pocTb MaccH BT» TOTb 'MB MOMCBTb t. TO KHBeTM^ecKaa 3Bepria paBHa 
^/2mv^, a noTOMy, npeaeSperaa Maccofi npyaaaM, BM-feeMi, ito noji- 
HU& aanacb aflepriii paBefli 

E = V2 w??'^ + Va 

Ror;^a a? = 0, v HMierb BaaSojibniee SHaneBie; K0^;^a V — x 
BM-j^erb HaH6ojibinee SBaMeaie. 

1. IIpej^noflaraeMi stoti aanacb aaeprla nocioaHHUMi a j^H(j)(})e- 
peaiiHpyeMi no ^, TO^;^a 

^ dv . dx 

= »«t;^^ + aa;g^. (1), 

dx . dv d^x 

HJB, TaK^ KaKi = ^ , TO, aawtaaa ^ qepeai ^ , BMteMb 

a aTo ecTb (cm. nyaK. 119) yae H3BtcTHoe naMt ypaBHeHie npocToro 
rapMOBH^iecKaro ABaaeaia. 

2. Ecaa nojiauft sanacb SBepria aenocToaaeab, ao SwcTpoTa yMeab- 
meaifl ea nponopnioaajibBa KBaApaiy cKopocTH, KaKb at cjiyiat Tpeaia 



— 182 — ^- . 

2kh;^koctii. ajieKipoMarEHiHaro Tpenia, t. e. ecjiH ^ = — i^V^, Tor^a 
(I) npHHHMaeri. bh;^i> — Fv^ = mv^-f- ax hjih (2) oCpamaeicii Kb 

CpaBHHTB cb (I) nyHKTa 142. 

92. XIoAooHUMTi ae o6pa30Mi>, ecjiH bt> uf^nn ci caMOHHAyKuiefi Z* 
VI conpoTHBJieHieMT) i?, coe^HHaromeft o6KJIa;^KH> KOHjUCHca'-opa eMKocxn 
A, cnjia TOKa paBHa C, h ecjiH KOJiaqecTBO ajieKipH^ecTBa bt> kob- 

dV 

jteHcaiopt btj MOMeHrL ^ paBHo KV, TaKT> qio (7= — K ,to \'2LC^ 

ecTb TaKi HaauBaeMaa KHHeTHqecKaa SHepria chctsmu, h KV — 
noTGHuiajibHaa anepria, u noiepa auepriH ht> CHCTeMi bi> ceKyHjty 
paBHa IW^. TaKHMi> oopaaoMt, ecjH E ecib aanacL aaepriH b^ HtKO- 

TOpblii MOMGETl, TO 

' E=^l2L(? + ^l2KTK 

dt dt ' dt ' 

fir 

HJiH LC-^-V.C + IlC' = 0, 

HM l'^—V+RC^O, 

d;^ RdV 1 
dt2 L dt LK ' 

d V 

/l,H({)(J)epeHaHpya axo no4JieHBo h saMtHaa K ^epeai C, mu no- 
.lyHMM-b TO ate ypaBHeHie, BupaaceHBoe bx C, CpaBHHib Cb (4) n. 145. 

93. Macca, J^BH}Kyl^aaca co CKopocTbio v, HM-feeT-b KHHeTHqecKyro 
aHcpriH) ^2 mv^. Ecjih ea nojieufi aanacb anepriH to 

E = \i2 mv^ 

Ecjih CwcTpoTa yMenbineHia E nponopuionajibHa KBa^paTy cko- 
pocTH, KaKi npH TpeaiH bt. jkhakoctk npq Me^JieHHOM'b ;^BH«eHin, to 

dE -r. „ dv 

r-m' 
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Mm HMteMi ^oJ^o6Hoe ace ypaBHenie ajia HC^eaaiomaro TOKa B-b 
ajieKTpH^ecKOMi. npoBOAHHKt, npH neyi-h ero KHHexHMecKaa aaepria 
paBBa ^/2L(?, a na^eHie aHepria pasHo bi, ceKyH^y 

94. Bo (2) nyHKxa 90 npHUHMaewi, hto u nocToaHHoe, h mw Ha- 
xo;^HMT>, HanpHMtpi, mto, ecjiH u~f{x^ y)=Cy to 



\ dx ) ' \ dy ) dx-^^^' 



dy 

TaKt HTO, ecjiH / (x, y) -= c hjh = 0, Mbi JierKO nojiy4a6Mi> ^ . 

1. TaKi, ecjH x^ + y' =c, 2x + 2y = 0, Em ^ = 

2. TaK«e, ecJiH + f-„ — 1 = 0,-2 4- ^^=0, hjiht^ = -„ - . 

a' ' 0^ ^ dx dx y 

3. EcJiH tt = Ax"^ + By"", 

g ^mAx'^'-'+nBy^-' g. 
OTCK);^a, ecjiH mh nocTOSHHOMy, iMM HMteMt 

dx~ nBy'*'~~^ ' 

4. EcjiH w = ^, + , du= ^dx+^ dy, 

5. FcjiH x^ + y^ — 3axy = 6, HatiTH ^ . OiaiTL: ^ = — ~ . 

ci/X (Xx (ix~— y 

6. EcjiH X log y — y log x=^0, 

^ \^ logx — xj ' 
95. llpuMtbph, HafiTH ypaBfieHie Kacare/ibHOM m HopmajiM K-b ajiJiMncy 

p = 1, Bl TOMKt ^1 Ha KpHBOft. 

6^ dx ' ri^ 
OTCiojta ypaBHOHie KacaiejibHofi ecTt 
^ — ^1 x^ 
.-t' — Xi a- yi 

£^ , Ml — ^L_i_^ 
a' ¥ ~ a' 5« • 
TaKT> KHKi Xi n cyis KOopAHHaiw tohkh na KpHBoft, to 3T0 
BupaateHie paBHO 1. OrcH);;a ypaBHeHie KacaTejibHoB ecTb 



YKJiOHt HopwaJiH paBCHi, g5 ^ , H noTOMj ypaBHeHie HopMajH ecxb 



nPEM-B^AHIE Kb rJIAB-fe 1. 

Cip. 22. EcJiH Bi> HHseHepHOMi) HacjitAOBaHiH npHKO^fln* ki> Ta- 
KHMi MaTemaTHHecKHMi BLipaseHijiMi, ci rotopumh Tpy;^Ho o6pamaTBCfl 
BCJi-feACTBie Hxi HpesM-fepHofi cjioatflocTH, TO HacTO aaii^HfliDTL hxi npo- 
CTott aMDHpHHecKofi d)opMyjioft, Aiiaa npH dTOMi> omH6Ky, Roiopaa 6y- 
j^eTb HHHTOHCHa BT> Ttxt npe^iiaxi, bt> KOTopwxi nojiLayioTca 3Tott 
3)opMyjiofi. HHor^a ^aae laKHMH npociHMH BLipaatemaMH, KaKT> a-j-bx 
HJiH xi^ cb HH^TOsHoft omH^Rofi MOXHO saDii^HHTL cjoaEfloe BupaxeHie. 
OnwTHOCTB Bi TaKoro pofla ^o;^CTaHOBKax^> jierKO ^ocTHraeTca, oco- 
6eHH0 Bi» TaRHxi BiiiqHCJieHiaxi>, Tji,^ etROTopue HieHU (})opMyj[u mosho 
BupasHTB HHCjeHHo, HJIH Ror^a fl^iimTca HHCieHHue onirru. 

ynpajtCHenie 1. HH)Kec:itAyH)iiiia Ha6j[io;^eHHLifl HHCia aojihhu cjA- 
^OBaTb saRony y = a -\-bx, ho ecTi» oraHORH bi Ha6jiH)AeHiflxi. HaiiH 
npH noMooiH RJitoaTRH caMua CjinaRia ri> hcthhhumi SHaHeHia 



X 


2 




4V2 j 


6 


7 i 9 


12 


13 


y 


5-6 


6-85 ' 


9-27 


11-65 


12-75 j 16-32 


20-25 


22-33 



Ome, y = 25 + l*5a?. 

ynpaomeme 2. npe^nojiaraeTca, hto HnaecjiiAyiomia HHCJia cai- 
flyiOTB aaRGHy y = ,- • HaHecTH Ha KJi-feTHaiRy ana^eHia — h ko- 



Topua CJ!'fe;^yK)n> aaRony -|- = a h laKHMi oCpaaoMi naitTH caMua 
6jiH3Ria Ri HCTHHHUMi) sflaqeHia a \l s. 



X 1 0-5 


1 


2 


0-3 


1-4 


2-5 


y , 0-78 


0-97 


1-22 


0*55 


1-1 


1-24 



Omeihrm _^ = y. 

Ynpaoicnenie 3. IlycTb ^ ;^aBJIeHie Bt (})yHTaxT> na rb. AK>flMT> h r 
oCieMTj Bi» Ky6. (J)yT. oAHoro 4)yHTa nacumeHHaro napa; 
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V 


6-86 


14-70 


28-83 


60-40 1 


101-9 [ 


163-3 1 


250-3 




53-92 


26-36 1 


14-00 


6-992 I 


4-28 j 


2-748 • 

1 


1-853 



HaHecfl jiorapeeMu pn v Ha KJitTHaxKy, ^oKasaib cnpaseAJiHBocTfc 
Bupaateaifl pv^-^^ = 479. 

YnpaofCHenie 4. Bi HiuKecjit^^yiomeft Ta6jiHiii& noarfemeHH peayjib- 
TaTU onuTOBi, H3i> KOTopuxi Kam^uft npo^ojisKaiCA okojio 4-xi HacoBi; 
J HHAHRaTopHafl cHia Bi> napoBuxi jiomaAflxi MarnHHu, nepeAaiomeft B 
jionraAHHux'B chjii ABHavoManiHHaMi, KOTopua paaBHBaiOTB E jioma- 
;tHHHx^ CMi (B^ BH;^•fe TOKa); Bici napa, pacxo^yeMaro bt> naci,, W 
4)7^081, Btct yrjifl, pacxo;^yeMaro bi qaci, C ^jmowb (MaraHHa pe- ' 
ryjiHpoBajiaci* nocpeACTBOMi HSBitHeHifl jtaBjeHia napa). IIoKaaaTB, hto 
npH6jiH3HTeJiBHO Tr=:800 + 21I; J5 = 0.957— 18; = 0-935 — 10: 
C = 4-27 -62. 



1 


B 


E 




C 


190 


163 


143 


^ 4800 


730 


142 


115 


96 


3770 


544 


108 


86 


69 


3080 


387 


65 


43 


29 


2155 


218 


19 








1220 





Cmp. 40. MHorie mh^ yKaauBajiH Ha to, ^to a j^ojiseHi 6ujii> a^ti> 
3T0 j^oKaaaTejibCTBO noMHMO TeopeMu 6HH0Ma, Koiopaa Morjia 6mh h3- 
jioacena bi* BE^i^k npHMtpa pa^a Tefijropa. Ho, He cmoTpfl na Buj^aiomy- 
iDca OHMTHOCTb MOHXT> KpHTHKOBi, fl HOJiaraio, HTO Mofi MeTOflt jy^me, — 
xoTH fl H 3HaH), HTO CTyAeHTb He j^oKaawBajii eme TeopeMM 6HH0Ma, a 
npe^Jiaran emy npoB'i&pHTb h ^6^ju/iThcsi wb ea npaBSJibHocTH. Botl 
Handoite npocToe, KaKi mh^ Kaateica, ^oKaaaTejibcxBo, bi. KOTopoMi 

MOXHO 060ftTHCb 6e3T> 6HH0Ma. 

IlycTb y — a; + = ^11 y^^y — 

1) nojioaHMi, iTO n — nojio»HTejibHoe utjioe hhcjio; lor^a 
y\ — y ^ ^i"^^ ^ n-i . 

npejitjit, Kor^a oj? GesKOHe^HO y^HBaerb, h % npH6jiHaaeTCfl 
Ki> a;, JiiBaa ^acib o6pamaeTca bi , a npaBaa A^Jiaeica paBHofi 

ot^"^ + o;**"^ + . . . w HJieflOBi; laKi hto ^ = 



2) UojiGacHM'b, MTO w nojiOHiHTejibHaH flpo6b paBHaa— , ^;^'^> I i\ m 
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nojiO/KHTejibHbifl utjiwa nncjia. Mu wMteMi — - — — 

^ ^ • 1^ X\ — «C tZ/j ■ JO 



3) HoJiOHCHMi, qio n ecTb H^KOTopoe OTpauaiejibHoe hhcjio = — w, 



1 — 



Ho iipe^to = wu;"*-! Ha ocHOBaHia 1-ro h 2-ro cjiyqaa, 

6yAen> jih m atjioe hjih APOOHoe, 

TaKHMii oSpaaoMt mm ^oi^asajiH, hto ^ (a;") = nx^—^, fa* w KaKoe 

yroAHO nocTOflHHoe, iiojoKHTeJihHoe hjh OTpaaaTejibHoe, utjoe hjh 
ApooHoe. 



r.lABA II. 



e"" M sin X. 

97. SaKOH-b cjiornHbtx-b npoueHTOBi>. Pl^meme orpoMHaro 
HHCJia HKKeHepHHXT> sa^aqi) aaBflCHTt laibKo ot-l nauiero 
yM^HM ;^H(jMj[)epeHiiHpoBaTb x*^. SI ^ajiTb nicKOJibKO npHMtpoB^. 
KoHe^HO ropasAO Jierqe aanoMHHib, qio npoH3BOAHaH ot'l 
x*" ecTb wa;'*—^, qtM'b HHcaTb cothh cxpaHHi^'b ct> n,'fcjibH) Hset- 
Hcaxb BTofi MajeHbKofi qacTHii,bi SHania. 

Tenepb Mbi noAXoj^HMT>'Kx (j[)yHKi^iH coBctMi Apyroro po.iia — 
(J)yHKn.iH e^, b^ Koiopofi nocTOSHHoe KOJinqecxBO e {e ecTb 
ocHOBaHie HenepoBbixi jiorapneMOB^ h pasHo 2*7183) B03Be- 
;i.eHo B^ cxeneHb nepeMihumio snaqeHia. Mw BbrmcjifleM'L 
.lorapHeiibi h noKasaiejibHbia 4>yHKu,iH noMombio phaobt>, n b^ 
ajreOpi ^oKasbiBaeTca, qio 

IIocToaHHoe iipon3BCfleHie 1.2.3.4 hjh 24 o6o3HaqaeTca 
noMombK) 24 HJiH HHorjia 4! 

Tenepb AH(j)(|)epeHiiHpyeMT, noqjieHHo e^^ oqeBH;i;Ho mh iio- 
jyqHMT> 

■ 0+l+;/; + ^+-j--|~ + H T. J^., 

TaKHMT> o6pa30M'L iipon3BOAHaa OT'L e"^ paBHa caMofi (t)yHKi;iH 
e^. HofloSHHM'b ace o6pa30M'b mh MoaceMt A0Ka3aTb, qio npo- 
H3B0AHaa OTT> e^"" ecib ae"^. 3to eAHscTBeHHaa (j)yHKii,ia h3^ 
H3BfecTHHx^ HaM^, npoH3BOAHaa KOTopofi npoHopuioHajbHa BeJIH- 
qHH-fe ea caMofi; ho b^ iipHpoA* ecTb Macca aBjeaifi, ofinapy- 
acHBaiomHX'L 3T0 CBoficTBo. Jlop^t Ke.ibBHH-b onpeA't.iaeT'L dm 
aB.ieflia, KaK^ «c.Tfe;^yK)iiiiia saKoay cjioacHbiXT> npoueHTOB'i>». 
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t='^- (^)' 

T. e. npoH3BOflHaa y nponopnioHajibHa caMOMy to 

y = be«^ (2), 

Tjiik b ecTb HtKOTopaa nocTOflHHafl; 6, oieBMHO, npe^cTaB- 
jiaeTt 3HaqeHie y, npa x = o. 

Silicb onaTb He Miinajio 6h CTyABHxy noacHHXb aTOTi> 
EHBoj^t noMombH) rpa$HqecKHX^ H qnojieHHbTX'b cooSpajKenifi. 
Haqeprare KpHByio y = e^ u jtoKajKHTe, ixo ea yooH^ pa 
BCH-b ea opJ^HHaTi. Hjih BosbMHTe X snaqeHia, hojiokhm'l, 
2, 2 001, 2*002, 2*003 H t. H BbiqicjiHTe cooxBtTCTByromia 
BeJHqHHH 2/i nojibsyacb xaSjiHuefl JorapneMOB'L. (9x0 ynpaa- 
Henie caMO no ceet nojieano, h6o MHorie na npaKTHKi ne Bcer^a 
j^ocxaxo^Ho 6Hcxpo yMtK)xx> cnpaBJiaxbca JorapneMaMH)., 

Teiiepb pasA'^JiHxe npHpamenia t/ na cooxBtxcxByiomifl npH- 
pameHifl x, 

HaxoA^HBbift cxy/ieHX'b noacexij nafixH h Apyne BipoaxHo 
Cojiie c.ioacHHe cnoco6Hi, Be^ymie xoMy, qxo6M ocBOHXbca 
CL axofi H;^eefi. ^in^ cioacHte axox^ MexoJ^'b, x4mt, fiojbme 
OHTb ey^exT, npe^cxaBJiflXb utHbi am Hero, paai oh^ fiy^exx* 
ero co6cxBeHHHM'b oxEptixieMX), ho xojibko nycxb ohx> noocxe- 
peHcexcfl, H He cxanexx* Myqnxb Apyrnx-b, AyMaa hx^ npocBi- 
THXb, nocBamaa hxT) b'l cboh cjioacHbie bbiboah. 

98. Ham, M03Kexi> 6Lixb 6yAex'b acnie Hariia aana^a, ecjiH 
MBi pa36epeM^ HtcKOiibKO npHMtpOBb Ha saKOHb citomHuxb 
npoueHTOBb. 

HaniH MHxaxejiH — hjih 3JieKxpHKH hjih HHaenepH Mexa- 

HHKH. EcJIH OHH 3JieKXpHKH, XO OHH BT, XO-ae BpCMH AOJIWHbl 

6blXb H MexaHHKaMH. 

HHacenepH nexanHKH, KoxopHe HH^ero He snaioTx* no bjick- 
xpH^ecxBy, Moryxi> nponycxHXb aa^a^H na sjieKxpHqecxBO, ho 
HMt MOHCHO nocoBixoBaxb saHHXbCfl hmh; bt* to ace BpeMa He 
Mtmaex^ BcnoMHHXb, qxo o^Ha aa^aqa xniaxejibHO paspafio- 
xaHHaa HayqHxt fiujibuie, ^iMi, xpHAUaxb pa3o6paHHHX'B 
cjierKa. 
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UpUMfbph 1. SiieKTpHMeCKiti KOHAeHCaTOpi> nOCTOUHHOtt eM- 

KOCTH X, Hepx. 58, pa3pa»aeTca qepeat npoBO^^HHK^ ct 
6ojiBmHMT> conpoTHRiemeM-L B. IlycTb v ecxb paanocTb noieH- 
aiaJiOBt (bT) HiKOTopHfi MOMCHT^) Meacja,y ofioajiKaMH KOH;i,eH- 
caTopa, xaKt nojLOTRnwh, mto sa HameMir qepx. 58 o^Ha o6- 
KJiaji^ta HMieT^ noTeHn,iajn) Apyraa 0. 

HaqepTHMi, cxpijiKH, noKaauBaiomifl HanpasjieHie TOKa G 
BT> npoBOAHHKt, Tor;i,a C = v :R, 

Ho q KOJiHiecTBO ajieKTpHqecxBa bx* KOH^^escaxopt pasHO 

Kv, 11 Be-inqHHa ymeamn qm> ceKyH;i,y — — af 
xaKHie BBipa»aexx> xy »e cHjy xoKa. OxcioAa 



di; 1 



^epT. 58. 

T. e. BejiH^HHa y6mauiH v wh ceKyH;i,y, nponopr^ionajibHa y, 
H axoxt saKOHX) HeaaBHciiMo orb xoro, QyAOX'b jih xyx'b yMenb- 
inoHie HJiH yBemqesie, jmh HaawBaeM'b saKOHOMx, cioacHHX'b 
iipoi^eHxoBx>. OxciOAa mh saKJiioqaeM'b, nxo iiMieM'b s^tcb j^tio 
CT» noKaaaxeJibHofi (j)yHKTiiefi h na ocHOBaniH Hamero Ma.ieHb- 
Karo OHHxa, mh B]i]ij/[Wh^ qxo axo cooxBixcxByex'b ciyqaio (1), 
oxKyj^a cjiij^yex'b Ha ocHOBaniH (2) 



v = be (3). 

Ha ocHOBaHiH axoro mh nojiyqHM^ npaBiiJo onpeji,*- 
.lenia conpoxHBJieHia mom\m KaSeM hjih ivOHAencaxopa. 

TaitX) KaKt (log h — log v) = rjr^ , 

Ait 

TO, ecjiH ecxb noxeHn.iaji'b bxi momchx^ ti h V2 — noxen- 
lUaJiTi B'b MOMenx^ ^2? HMieMi. 

'^J?(log6 — logt;i) = ^i 
KB (logb — log v^2) = t2 
BH^iHxaa, noJiy^HMT, 
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A'J? (log — log V2) — U — h , 

T. e. R = (t.—t,):K\og^. 

Heo6xoAHMO . CKaaaib, ixo HenepoBx jiorapHeMT> qncjia 
log n paBeHt ofiwKHOBeHHOMy JorapHeMy logio^«, yMHoacen- 
HOMy Ha 2*3026. 

npHM'fep'B, nOJ^OdHHfi 3T0My, TmaTeJIhHO H3yqeHHHfi HHJKe- 

HepoM^, GTOHT^ jiBamaTH TaKHX^ 3asa;a%, npofiAenHBix^ Koe- 

KaKT). 

IlpnMrhph 2. HbK)TOHOBT> 3aK0HT> oxiiamAeHifl. IlpcACTaBHMT, 
ceo'b xijio npH xeMnepaiypi v (cpaBHHTe.ibHO TeMnepaxypofi 
0Kpy}KaK)mHXi> i-tjit), xepaiomee xenjoxy, npn ^QWh cKopocxb 
oxoro ySbiBania nponopuionajibHa v. 

TaKHM^ o6pa30M'i> nycxb ^ = — 

r;i;t» t ecxb BpeMfl. Torji,a na ocHOBaniM (2) 

t7 = &e"-" (4) 

HJiii log h — log V = at. 

Ilycxb wh MOMGHXX ^1 xeMflepaxypa 5y;^e^L Vi, a bx* mo- 
MeHX-L 1;2, Tor^a log — log t'2 = « (^2 — t. e. a mo- 
acexx 6bixb onpeA^^ieHO onbixoMx, KaK^ paBHoe 

Upumhph 3. CxepjKeHb (Bpo;^t cbyacHBaEonxaroca KpyMenaro 
KaHaia hjm Bpo^t acejitenaro HaKOHeHHHKa bi» pyKaBaxT> Haco- 
coBb, noxoacifi no BHtuiHCMy BHjiy Ha KaMeHHHa nojicxaBKii 
nojiT, .laMiiajibT b^ i^epKBaxii) nocxeueHHo CLyacHBaexca KHii3y 

BT) 3aBHCHM0CXH OXT^ CO^CXBeHHaro Btca. XaKT), qX06bI BTj JIH)- 

6ofi xmiKt ero nojyqa.iocb OAHHaKOBoe pacxarHBaiomee nanpa- 
aceHie /' ({)yHXOB'L na KBaji,p. ji^oM'h. Ecjh y ecxb noneperaoe 
cti^enie na pa3cxoflHiH x oxii ero HHWHaro iconua, a y~^y 
ero nonepe^Hoe ctqenle Ha pascxoamH x '~ox orh Hna^nefi 
OKoneMHocxH, xo f . 6// oqeBn;i,Ho BMpasnxx, Btcb Ma.iaro 061,- 
eMa, 3aK.iH)qeHHaru Meac^iy x it x -f- ox. Dxoxt* o6'LeMX> paBCHt 
o.r . y, a, ecJH w ecxb Btcb eAiiHimbi o6^eMa, to 
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wx 

OTCioAa, KaKx H paHbuie, y = he f . (5). 

EcjiHnpH^ = 0, y=yo ecib nonepeqnoe cb^eme KaKx paax 
;i,ocTaToqHoe, qTo6H BH^epmaTb rpyax W, noABtmeHHLifi khhsj 
(o^eBH^HO f.yQ=W), TO y^ = h, xaKT, kaKi* eo = l. 

He^ero noacHaTL, qxo (5) BLipaacaert saKOH'B, no koto- 
poMjr j^ojaceHT) c'ByaKHBaTbca ciepaceHb. 

FIpUMThph CilOWHUe npOHGHTbl. 100 ({)yHT0BT> OWHbl 

BsafiMbi no S'^/o ro;i;oBHX^, bx kohu,^ ro^a cyMMa BoapacTex-b 
j^o 103 ^ynxoBi). Tara KaK^ B-b Te^eniH CTfe/iyionxaro rojia 
npouenra 6y;^yT'b napocxaTb na yBejH^HBmifica KanHxa.Tb, xo 
BTh 3X0XX) roj^x* npHpocTTb SyAexT, 6o.iibme, h Oyj^exi, Bce yBe- 
.iH^iMBaxbca cb KaaiAHMT> cjii;iyioni,HMT> roji.oM'b. 3jitcb npncoe- 
OTHenie npoaesxa ji'Liaexca qpesx Kaac^He 12 MicaueBx,, ho 
OHO MoacexT) npoHcxojiiHXb Kaac;^He mecxb h.ih xpn M'fecan.a, 
emeHeA'ljJibHo, eacejiiHeBHO, h.ih KaacAyio ceKynAy. 

BX) npnpoAt npoueccbi coRepmaioxca odbiKHOBenHO jiaace 
HenpepbiBHie, ^iM^ bX) nocxbAHeMx* cjiyqat. 

IIpejicxaBHM'b ceS'b, ^xo npouenxu npnOaBJiaroxca kx> Ka- 
HHxa-iy HenpepbiBHO, a ne CKaqKaMH KawAbifi roAx>, G^Hxaa 
no r ^/o BX) TOKh, Uycxb-P 03Haqaexx» cyMwy KanHxajia kx> 
K0Hn.y t .i'txx>. 

r dP r 

Tor^a oP bo BpeMa ot 6yAexx> — - P , U hjih r— = 77^7: 

lUU (If lUu 

a oxcioj^a, na ocHOBaniH (2), no.iyqnMi> 

jrt 

r;^t ft = Po, — Kannxaiy btj MOMeHxx> ^ = 0. 

UpuMfhpz 5. TpeHie peMHfl no uiKMBy. Kor^a cxyAenxbi 
j^ijiaK)TX> onbixbi cx> nojtoGnaro poj^a xpenieMi,, ohh j^o.^iHCEbi 
no3a6oxHXbca nenoABHacHocxn niKHBa, qxo6bi mojkho 6bi.io 
aaM'bxHXb na^aao cmibHenia. 
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HaraaceHie pewna b'b toik^ W o6o3HaqMMT> Ti\ oho He 
TCibKO ;i,ojiamo npeoji,o.TtBaTi> HaiaateHie To, HOiaKace h Tpe- 
Hie Meac;i,y peMHeMi) h ihkhbom'b. 

PaacMOTpHMT, HaTaaceHie T peMHfl Wh tomk* P, lepx. 59, 
Korii,a yroJi-L QOP pa- 
Bent 6; a xaKHce naxH- p s 
jKCHie T+STBtTO^Kt 
5, npH yrjit QOS i^slb- 
HOMt o4~86. 

^epr. 60 npejiiCTaB- 
.laeTb qacTb OPS b-l 
c H Ji b HO yBeaH^eHHOM'b 
BHjii, npH ^leMi) 36 oqenb 
Majo. PaacMaipHBaa J^aB- 
aenie, npH3KHMaH)ni,ee Ma- 
JHfi oipiaoKTi peMHH PS 
Kb uiBHBy H ^liaBaa PS ^e^T. 59. 

Bce MeHbHiie pasMipH, 

MH BHAHMTi, MTO paBHOii,ificTByH)ni,aa aioro AaBJienifl paBHa 
T . 66*, xaKT* 1X0 cHjia xpema, ecjH ja — K03(j)(j)Hi4eHX'b xpenia, 
oyjierb ji. T . 86. 

3x0 H ecxb xa BejiH^Haa, Koxopyio AOJiacHo npeBocxojpixb 
oT. Kor^a oT ;i;ocxHrjio bojihmhhh T . 86, xo bie> 5xoxl> mo- 
mnrh xojibKO ixo Ha^HHaexca cKOJbaceme. 

dT 

Biy axoMt cjyqat T . o6 = 8T HwIH = jaT — saKoni* 
cjoacHbix'b npouenxoB'b. 



* HaHACMt paBHo;^•feflcTByIOI^yK) AByxi paBHHXi cmi T, cociaB- 
jifliomHxi Mea;^y cooott yrojii S9. 3th tph chjiu dy^yTi napaJweJiBHu 
cTopoHaMT> paBHo6e;^peHHa^o ipeyrojibHHKa, M3o6pa»eHHaro Ha ^epi. 61, 




^epT. 61. 

Tji,^ AB= CA npeACTaBjiaen. T, yrojii BAC=c^ n BC npe^CTaB- 
jflexB co6oM paBHo^McTByiomyio. Tenepb 0MeBH;^H0, hto no Mtpt yMeHL- 
meHifl oTHonieHie BC : AB see eojiie npH6jiH»aeTca Kb Bejivnuni o9, 
H nuTOMy paBHOJ^'feftcTByK)maa CTaHOBHica paBHOft 
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Oxcioj^a nOwiyqaeMi, T=be^^. I1o.iohchmi> xeuept T=Tq, 
Korjia 6 = H T=Ti, Korj^a h = QOW h.ih h^, h mm no- 

PaacqHTHBaa KOJiH^ecxBO Jiomaj^HHHX'L chji'b jET, nep0|^4* 

BaeMBlXT, lUKHBy noMomLH) 
peMHfl, MH ja;0JI3KHW nOMHHTb, 

iiTO H={Ti — To) V: 33000, 
ecjiH Ti H Tq BHpameHH b-l 
(|)yHTaxi>, H V ecTb cKopocTb 
peMHfl BX (|)yTax'L hi> MHEyxy. ^epi. 60. 

KpOMi TOrO OTL BeJIH^H- 

Hbi CHjibi Ti saBHCHT'b np04H0CTb peMHfl: Ha ocHOBaniH ua- 
inHXT> BbiBojiiOB'b MH no.iyiaeMi> o6iiiieH3B'fecTHoe npaBHJio 
pacMexa oxofi nponnocxH peMHa. 

HpuMthpz 6. ATi(ioc4)epHoe AasiieHie. Eycxb na bhxotIi h 
(pyrb Hafl.'b ji.aHHHM'b ropnaoHXOM'b AaBJienie axMOC(j)epBi pasHO 
2) (})yHxoB'b Ha KBa^p. ^yxi*, h na BHcoxi h-\-hh, ^-|-6|?' 
(KaKXi jiexKO BHji.'fexb, oxpHuaxejibHo). Jl^aB-ienie naBbicbrl Jit 
6o.Tfee AaBJieniH cooxBixcxByiomaro ropnaoHxy A-f-SA na su'- 
.inqHHy Btca BOSAyxa, Hanojinaioniaro o6i>eM'b paBHHfi oh kj o. 
(t)yx'b. EcjiK BicL o;i;Horo Ky6. (|)yxa BOB^yxa b-b (|)yHxax'B fiy-^ 
;i;exi> xo — bp = w , oh. Ho = cp, vji.'k c ecxb ntKOTcgjto 
nocxoHHHaa Biy cjiy^at, eciiM TennepaTypa nocTO«HHa, Ot- 

ciojia — ^p = c.p ,^h. . . . (1) HJiH ^ = — CjiiAOBaxejiiiitL' 

KaKT> H paHbHie, mh HMieMi) cjiy^afi aaKona cjioacHbrxX) irpo^ 
ixeHXOB'b; 6bicxpoxa yMeHbuienia AaBJiema no Mipi nojxBmin 
BBepxTj, HJH yBejiHqenifl ero no Mipi xoro, Kara mh oiiycKa- 
eMCH BHHaX), nponopii,ioHajibHa caMOMy jiiaB.ieHiK). OxeioAm 
p = ae~'^^, r^'t a ecxb ntKoxopaa nocxoHHHaa. Ecjih V=ihi 
KorAa h = 0, xo a=pQ, xara ixo BaKOHX) BbipasHxcH yp^B- 

HeHiCMX) 

p =pQe-'^ (2). 

Mxo Kacaexca c, xo jofko Bajnixh, ^xo oho paBHO — , iipji 

Po 

qeMi> «f npeACxaB.iiHexi> co6ofi Bic^ o;i,Horo Ky6HMecKaro 
B03;iyxa npn AaBJienin po. 

EciH xeMnepaxypa t (aScojioxHaa) nocxoHHHa, n Wq 

13 
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BicB Ky6. $yTa BOSAJxa npH 0° C h.ih 274° aScojiiOTHoft xeM- 
Wq . 274 

nepaiypH, to c paBHO -^j — . 

EciiM w ciitAyeTT> aAiadaiMHecKOMy saKOHv, to pw~^ SyAext 

1/y 

nocToaHHo, OTCK);^a w = cp', v]y^ Y = r414 ji,jia Bos^yxa. 
Tor^a ypaBHenie (1) npHHHMaeTi> BH^t — hp = cp^'^ 

HjIH rr = H.1H — f-^ = eh, OTCiOAa ^ w T = 

= i;A-|-C. EciH ^ npn A = 0, to mh Hafl;i,eMT> C ii 
nojyiHM'L 

i_l _ 
i> ^ =i^o ^ -^^c'^ (3), 

^TO npeACTaB.ifleTi> Sojiie npaBHJiBHHft aaKont msl aTMoc(|)ep- 
Haro ^aBJienia, yfiHBaiomaro KBepxy. 

SaMiTHMT), ^To, ecjiH MbT HMieMT> a;i,ia6aTHqecKifl saKOH'L 
pvi = b — nocTOflHHofi, TO pv = Bt\ oTcioAa cjit^yerB, qxc 

1-1 

a6cojK)THaff TennepaTypa nponopixionajbHa ^ . TaKHM^ o6- 
pa30Mi> ypaBHenie (3) o6paTHTca bi> 

To ecTb seiiMHMHa y6uiiM TeMneparypu bi* raKOit Macct rasa 
nocTORHHa Ha KamAutl 4)yT'b noAHHTin Bsepxi*. CpaBHETL § 74 
(4), KO^J^a v = 0. 

FIpuMYbph 7. MaxoBoe KOiieco, ABHweHie KOToparo aaAepmH- 
Baercfl rpeHieMi* o WHAKOCTb. 

IlycTb a CKopocTb ABHacenifl bt* paj^ianax'b, I MOMenrb 
HHepuiH KOJieca. 

nojoacHMi), qTo conpoTBB.ieHie J^BH3KeHiI0 j^aerb mo- 

MCBTT* BOKpyrb OCH, nponOpuiOHa.lbHHfi CKOpOCTH, n0JI0»HM1> 

Ft., Tor^a 

F(x = — 7 X yrjioBoe ycKopenie (1), 
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H.1H 7^+2^a=0 (2), 

da. F 

Cji'fej^OBaTe.ibHO SucTpoxa yMeHBuienia yrjioBofi CKopocTH a 
nponopuioHajibHa a, t. e. mh HMteMX cjiy^aft saKona cjiohc- 

F 

ehxTj npoueHTOFL HJiH a = aoe-j< (3), 

rjl* ao ecTb yrjiOBaa cKopocxb bt> MOMeni-b ^ = 0. 

CpaBHHM'b axo cb cjiyiaeMi) xpenia MaxoBoro KOJieca o 
TBepAoe Ttiio. Ilycxb a ey^ex-b nocxoflHHHfi MOMenxi* oxt» 
xpenia. 

BMicXO (1) IIOJiy^HMT, 

da , a 
at , 

oxcjoj^a a = — j-f- nocxoanHoe, 



at 



™ « = ao— J (4), 

r;i,'fe ecxb yrjiOBaa cKopocxb npn ^=;0. 

Bo3Bpaiii,aacb kl ciy^aio xpenia o 3KH;i,K0cxb, ecjiH naao- 
BeMT* M iiepeMtHHbrfi MOMenxi, oxt* xpenia, xo 6jj[jdwb HMixb 

(5)- 

OfipaxHM'b BHHMaHie aa anajioriio axoro cjiynaa cjitAy- 
K)mHM'b aaKOHOM'b ;^jia ajieKxpaqecKoft n^him, 

npuMfhph 8, SaMKHyruti aiieKTpHHecKitl npoBOAHMKV 

CymecxByex-b aaKos'b OMa j^jia nocxoaaHwx'b xokobT), HMeaHO 
V=BC^ rjii'fe B ecxb conpoxHBJieme i^ina, C ecxb cHJia 
TOKa npoxo^amaro nefi, V — BOJibxaacb. 

OdHKHOBeHHo, R BHpaacaexca B'b oMaxi), C annepaxi), 
F B^ BOJibxaxT*. Kor;i,a xoK-b nepen'feHHbifi, xo axoxx aaKOH'b 

13* 
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nciyqacTi xaKofi bh^i 



dC 



V = RC + L^. (1), 



TA'k ecTb BCJHqHHa npHpamema chjih toke Bt ceKjHAy, a 

L npej^cTaB.iaeT'L caMOHHAyKuiio utnn, BHpaaeHHyio bx renpn. 

OqeBH^,Ho, iTO L ecTb ajeKipoBoadyjiHTejibHaa CHjia, ^tfi- 
cTByiomaa oSpaTHO HanpaBJieniio TOKa, KO^;^a cHjia ero Boapa- 
cTaeTTj Kaac;^yH) ceKyH;i,y na o^^hh'l aMnepi). 

1. EcjiH r=0 Bl> (1) 

dt~ Z ' 

^TO npeACTaB.iaexT) co6oh) saKont cjoacHHxi> npoi^enTOBt. Cai- 
jroBaxeabHO 

C = Coe L (2). 



2. EciH C=a-{-be '', to 

TSiKb MTO H3l (1) 



F= Ra + (J?6 — if/6) e-^. 

It 

Tenepb nycTb R = Lg hjh = , Tor^a mh nOwiy^HM-b 

F= iZa, T. e. aJieKTpoB036y;iHTejbHafl CH.ia MoaceT'b ocia- 
BaibCfl nocToaHHoft, xoxa cHJia TOKa h fiy^^era MtnaTbCfl. 
OcxaBJiafl xi-ace BejiH^HHbi h nojiaraa ajieKxpoB036yAHxejibHyio 

Y 

Cray nocxoaHHofi, paBHofi F^, xanij mxo a = -~ , mh nafl- 

EcjH npHMeMx> (7=0 npa ^ = 0, 
Torjia 6 = — H Ha ocHOBamn axoro mh Moaceni HanHcaib 



c=5(i-/^') (i;. 

KpHBaa, uoKasHBaiomafl, KaKt C BoapaciaeT'L npn noctc^ 
HHHofl ajieKTpoB036yji^Te;ibHofi CHJit, jijojiacfla Shtl BH^ep^ji^ 

KaKoro jih6o qacTnaro cjiyMaa, Ha^HHaa ^ = 0. 

TaKi>, HanpHMip^, BBiqepTHie ee npn Fo = 100, R — 
i, = 0,01. KaKaa CHjia TOKa nojiyqHTca oKOMaiejibHo? 

99. Jlerm ynpajKHenia b^ ;^H(J)(|)epeH^HpoBaHiH h hhib* 
rpHpoBaniH e^, 

1. nojibsyacB (j)opMyjiofi nynK. 70, naSxH paAiyci* iqwi^ 
6M3Hbi KpHBofi y = e^, npH a; = 0. Otb. r = V 

X 

2. ToqKa Xi, yi naxojiHTca sa KpHBofi y = be"", naflTH ypai^- 
Henie KacaieiibHOtt b^ axofi ToqEi. 

X — Xi a 

HafixH ypaBflesie Hopnaiiw, ^poxoJ^HI^efi qpea^ 3Ty xausys 

X — Xi Vi 

HaflxH AJiHHy noAHopwaiiM. Oxb. hjih — . 

(tx a 

HafixH AJiHfly noAKacareiibHoii. Oxb. y:^mn a. 

c 

3. HafixH paAiyci> kpmbmshw ntnHOtt j\yiHi\/iy=-(e^''+e'^*% 

A 

BX> JIH)60fi xoqK'h. 

Oxb. r = — . 

c 

Bt BeprnHHi npn a; = 0, r = c. 

4. nycxb y=Ae^°^^ r^'fe i oanaqaext ]/ — 1. 
IIoKaBaxb, qxo, ecjii i npHHaxb 3a ajirefipaHiecKyio BtiH- 
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qHHy, xaKt qTO i2=~l, P = — i, i^ = i, h t. A-y 

TO j^, = — aY 

5. HaflTH a noAT* ycjiOBieMt, qTofiti ypaBHenie y = Ae^ 
fibijio cnpaBeAJHBO, Korjua ^+'^^ + ^2t/ = 0. 

noKaaaxB, 'ito Bt fl.aHHOMt cjiynai nojiyqHTCfl ;^Ba ana^e- 

6. HafiTH noAKacareiibHyio h noAHopMajib ei* utnHon jihhih 

y = % (f^^ + HJIH, KaK^ HHor^a nHfflyTT>, y = r cos A ic/c 

OxB'ferL: ^o;^KacaTeJIbHaa pasHa cosh - hjih 



iio^HopMajb paBHa - sinh — hjih 

£i C 

|(e2a:/^_ ^-2^ icy 

7. EcjH ycjiOBHMca HasMBaTb paacToanie PS, qepx. 8, 
;i,jiHHofi xaHreHca, to AJmna TanreHca BMineyKaaaHHofi uinHofl 
jHHiH 6yAeTT> 

^ cosh ^ ~ : sinh - . 
2 c c 

Janna MoaceTi) 6biTb HasBana A^Hofi HopMajiH h 

utnHofi JHHiH ona SyAeri* paBHa c cosh * — hjih i/^'c. 

c 

8. HafiTH A^MHy Ayrn uinnofi jiHHiH i/ = --(eV-f-«~'^'0- 

IIpaBH:io J^JIa 3Toro flano bt^ n. 38. ^epT. 62 noKasbiBaext 
KpHBOfi, npHqeM-b naqajio Koopj^nnaT^, a pascTOflHie 
AO paBHO c, ToiKa H HMterb cbohmh KOopAHHaTaMH x h y. 
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B03Bo;^a 3T0 wb KBaApaTL, npH6aBJiHfl kt> 1 h H3BJieKaa KsaA- 
paTHHfi KopeHb, nojiyqHM^ V2 (e'*'^'' 4" HHTerpaji'L 3Toro 

BbipaaceHia paBerni ^ (e*'*' — h npeAcxaBJifleT'L co6ofi 

;iJiHHy ;^y^H ^4P, laKi, KaK'L oht, paBeni, npw a? = 0. Mh 
MoaKCM'jb HanHcaTb aio xaKij: 5 = c sinh xjc. 




A 



o 

^epT. 62. 

9. HafiTH njioiuaAb utnHOtt JiMHiw Meac^y OA h SP, qepi. 62. 

Hna^e roBopa, njomaub, orpaHHqeHHaa niKOTopofl opAH- 
HaTofi npH X, paBHa sinh ^c/c. 

n.tnHafl JiHHifl y = "2 (^^'^ + ^ ^^'') Bpamaeica BOKpyrb och x, 

HafiTH HlOmaAb 06pa30BaHH0S TaKHMl 06pa30Ml> nOBepXUOCTH, HMtlO- 

mett ({)opMy neco^HuxT) ^acoBi. Cm. § 48. 



iljioma^b = yj (c / + c ' ) .dx = 



B-b npeA*JiaxT> Meac^y opAHHaiaMH npn x = x h x^O. 
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JlH)6onBITHO, ^T0 (J)OpMa HtKOTOpblXt ByjIKaHOB'b TaKOBa, 

'iTo Hxt chqenie KaK'L Gjato noji,qHHaK)TCH saKOHy cjiohchbtx^ 
npoii;eHTOBT> na noAo6ie HaKOHeqHHKOB'L pyKaBOB'B HacocoBi,. 

nojioacHMt, qxo AaHbi pa^iycH BepmHHBi d ocHOBama ra- 
Koro ByjiKaHa paBHBie cooxBiTCTBeHHo a ml, HBBicoxa ero h, 
HattTM o6i>eMi>. Cm. n. 46. HpHHaB'B ocb ByjiKana 3a ocb 
nojiy^HMT), HTo KpHBaa y^he^^. oSpasyex'B • BpamenieM'L bo- 
Kpyri) axofi och noBepxnocxb ropBi npn ycjiOBin, qxo 

1, a 

Jo 2c Lo J 

Ho a = be , xaKij ixo heiu^ oxb^xxi Syjijex^ (a^ — ft^). 
100. rapMOHMHecKifl 4)yHKuiM. 

CxyjiieHxaM'B yace paHbine peKOMeHAOBajiocB BBiqepxHXb na 
oixqaxKt CMHycoMAbi noAo6HBiH y = a sin {bx-\-e). . .{!) n 
BBiacHHXB ce&h SHaHGHifl BeJiH^HH-B a, 6 H e. MoacHO 6blio 6bi 
He roBopHXB 6oji'6e o6t> dTowb. Ho BBmepxHafB bhobb 3Ty 
KpHByH). Ho^eMy ona nasBiBaexca HHor^a KpHBofl KOCHHyca? 

IT 

(npe^no.aoacHM'B, qxo e paBHo — hjih 90°). SaM'bxHM'B, hxo, 

KaKT) 6bi bojihko rr 6bijio a:^, cHHycB (&:r4-^) He M03KexT> hh- 
Kor^a 5bixb 6ojiie hjih MeHie — 1. Cxy^eHXT) KOHe^Ho 

7C IT 

BHaex-B, qxo sin = 0, sin -(hjih 45°) = 0,707, sin- (hjih 
90^)=1, sin ^ (hjih 135^) = 0,707, sin tt (hjih 1800) = 0, 
sin — (hjih 225^') = — 0,707, sin ^ (hjih- 270^) = — 1, sin 

— (hjih 315^) = — 0,707, sin 2t: (hjih 360^) paBeHi^ onaxb 

Hyjiio, a aaxiM^ sin 6 = sin (6 — 27r). Jtance axHxx SHaqenifi 
no^XH ;^ocxaxoMHo, ™6bi npeACxaBHXb ce5t BOJiHOo6pa3HyH) 
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4)opMy KpHBofi. Ho, TaK't KaKT> cHHycL HHKoriia He MOHcen, 
6biTb 6ojite 1, TO HanCojibfflee h HaHMenbuiee 3HaMeHie ;/ 6y- 
;^eTb an — a. HoaxoMy a HasbiBaeTca aininjiMTyAOtt KpHBofi h.ih 
^yHKi^iH. 

IIpH a; = 0, y = a sin e, 9to ;^ae'^b naMb anaqeme e. 
^pyrofi nyTb ero HaxoHCAenia — 3to npej^no.ioaeflie, hto, Kor^na 

hx = — e HJiH x = — J, Tor^a y = 0. Kor^a x oanaqaerb 

BpeMfl, HJIH Kor^a bx ecTb yroji^, onHcaHHHfi MorajieM^ hjiii 
aKcu.eHTpHKOM'b, e HOCHTb pasJHqHHH HasBaHia; HHacenepH, 
nayqaiomie j^BHKenie aoJioxHHKa, nasHBaioT'b evoytjiOMh vped- 
eapentH aoaoTHHKa; HHacenepw — 3JieKTpHKH HasHBaioT^ ero 
onepeotc€me.m hjih (Kor^a oho OTpHi;aTeJibHo) aanasdmauieMh 
cfiaatA. 

SaMiTHBTb, qxo Kor;i,a hx = 27r, mh HMieM'b to xe nojio- 
»eHie, qTO H npH x = 0, noaiOMy oCwkHOBeHHO ^ HaawBa- 
lOTTi nepioAHqecKofi BejiH^HHofl x. 




HepT. 63. 



KpoM'i MeTo^a, Aannaro bb nyn. 9, a npe^JiaraEO cTjAeHTy 
BH^epTHTb KpHByH) HO c.iij^yiomeMy cnoco6y. JI,ocTaToqHO ne- 
6o.ibinoe anaKOMCTBO cb 9JieMeHTapHofi TpHroaoMeTpiefi, «iTo6bi 
yStAHTbca, ^to oht* AaeTi> Torb ace caMbifi peayjibTaT^. 9to 
coBepmeHHO to ace, qTO A'tjiaioT'b npn BbiqepinBaHin npoeKii;iH 
cnnpajiH (HanpHMtp'b BHHTOo6pa3Hofi jrHHin) bi» npaKXHqe- 
CK0M^ HepqeniH. 

npoBeAeMT, npHMyjo OJ/. 
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' OnHmeMT, Kpyn> okojo to^kh paAiyca a. OiJioacHM-b 
yrOwTL BOC paBHMfi e. Pasji.i.iHM'L OKpyaiHOCxb Kpyra Hanb- 
cKOJbKO paBHUXTj Hacxefi, oanaqHB'L to^kh A*-^eHia UH(|)paMH 
0, I, 2, 3, H T. A. MoaceM^ xaKace HasBaxb 3xh xo^kh 
16, 17, 18 H X. ji. HJH 32, 33, 34 H x. j^., KorAa mh o6o- 
uiJiH Kpyn> oj^hhtj, ^Ba hjh 6ojiie paai*. Oxjiohchm'b nicKOJiLKO 

paBHBTX^ OXpfeKOBI) Ha HpflMOfl JIHHIH OXTi J5 K1> Jf, H o6o- 

SHaTOMij HXT) HysiepaMH 0, 1, 2 h x. a- TenepB HaHece.\n> 
BepxHKBJibHHH H ropH30HxajibHbia npoeKuiH H nojiyqHM'b xo'ikh 
KpuBofi. Paacxoanie BM npeji,cxaBJiaex^ Bt xoMt ace Mac- 
inxaet HJH bij jipyroBiij nepioAHqecKyio BejiflqHHy x hjih 2:r/6. 

EcJiH npeAcxaBHM'b ce6t, ^xo OC ecxb Moxbijib, pasHO- 
M'fepHO BpamaiOD^iflca ofipaxHO HanpasjieHiH) qacoBofl cxpt-iKH 
Bi> BepxHKajibHofi njiocKOcxH 6yMarH, xo y bt» (1) Sy^ex^ Bwpa- 
/Kaxb paacxoanie C oxT) OJtf, 6aj — yrojn>, cocxaBJiaeBiHfi b-l 
HtKoxopMfl momghxij OC cb OJf, H, ecjiH ;r 03Haqaexi> Bpena, 
xo h Bwpaataex'b yrjioByBO cKopocxb MoxbiJia, a 2T:\h npe^cxa- 
bmxij BpeMH OAHoro o6opoxa MOXHJia hjh npoji,oji3KHxejibHOcxi> 
nepiofla ;i,BHaceHia, y ecxb oxo;i,BH»ceHie B^ ntKOxopbifi MOMeHXX> 
oxT> cpeAHaro nojioacenia noJiayHa, npHBojiHMaro bt> eepxHRajib- 
Hoe ABHacenie xarofl 6e3KOHeqHofi ;i,jihhh, npoBeAeflHott kt* He>iy 
oxt XO^KH C. 

Hpocxoe rapMOHHHecKoe ABHHcenie Moacex'b 6HXb onpe^*- 
jeHO, KaKT, xaKoe, Koxopoe HSoCpaacaexca ypaBHeHieM-b. 5 = 
= a sin (6^ + e\ r^t s ecxb pascxoaaie ox^ ntKoxoparo cpej^Haro 
nojoaceHia, a — aM^JIHxy;^a, e onepeacenie hjh aanasAbiBame 
4)a3bi HJH npeABapenle, a ft paBHO 21:11 hjih 27r/*,rAi Tecxb 
npoj^oJiacHxejibHOcxb nepiojia, hjih f ecxb qncjio nepioAOBt B'b 
ejiHHHi;y BpeMeHH. Hjih oho MOKexi 6bixb onpe^tJieHO, KaKX* 
jBHJKenie niKOxopoft xohkh, coBepniaion^efl paBHOMtpnoe abh- 
acenie no Kpyry, npoeKXHpyiDn;eeca na niaMcxp'b Kpyra (B'b 
xaKOM-b BH^t, HanpHMtp'b, lacxo naOjiioAaexca ABHacenie cnyx- 
HHKOB'b lOnnxepa no openxaMx,, bhahmhmt> noA'b ocxpwM'b 
yrjOMT)), HJH, Karb ABnacenie nojisyna, nepe^aBaeMoe oxt> 
na.ibua paBHOM'tpno Bpan;aiomaroca Moxwja nocpeACXBOM-L 
6e3K0HeqH0 A-^HHHofi xarn. H, KaKT> yBHAHMT) jotajibiue, ecxb 
xaKofl poAT) ABHacenia, B'b KOXopoM^ naxoAHXca xtjio, Kor^a 
cHja, A^ficxByioniiaa Ha Hero, nponopr^ionajibHa pascxoaHiBO 
axoro xtjia oti> nojioacenia paBHOBtcia; xaKOBO, nanpHMipi), 
ABnacenie BBepx^ h BHU3'b KaKofi jih6o Maccw, noAB'tnieHHofi 
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Ki> npyatHHi, hjih ABHacenie qacoBoro MaHXHHKa, Kor^a KOJie 
6aHia ero MajH. 8to ecTL caMHfi npocToft, bhai> KOJieSaiejib- 

Mhofia napu BejiH'inHi> CBasaHH Tdimwb 3aR0H0Mi> cHny- 
coBt, KaKT) bij ji.aHHOM'L cjiyHat npocTpaacTBO h BpeMa, h mh 
HsyqaeM'L npocxoe rapMOHH^iecKoe ABffiKenie, KaKx a jiyMaio, 
He CTOJiBKO paOT Hero caMoro, ckojibko noxoMy, qxo oho ana- 
jorHHHo MHorHMT) ;i;pyrHMi> HBJieHiaM'L. Tenept nocxapaejica 
3anoMHHXB, xoxa axo eme ne jiiOKaaaao, ^ixo ecjiH 

dv 

y = a sin (bx 4-c), xo j^ = ab cos (bx-f-c) 
a 



J'y . dx = — COS (bx 4- c). 



101. nOJlOmEBfL HaMT* HyHCHO HaflXH np0H3B0AHyH) 

y = sin X (1), 

iipnHHMaa b^ npoAHAymeft ^opMyjit c = 0, 6 = 1 h a=l. 

KaKT) H paHbrae, nycxb x B03pacxexT> ;i,o x-\-hx, xor^a 
nojiyqnM'B 

y -^hy = sin {x -\-Qx) (2). 

BH^Hxaa (1) mi> (2), mh Rdi&jiewb 

oy = sin {x -f - Ix) — sin x^ 
MH 2cos(ic4- V2^^)sinV23:r) (cm. n. 3.) 

/ I / - vSinV23^ 

HaqepxHBT> MajiMfi yrojn> a h bchomhhbti, qxo npej^cxan- 
.iaexT> co6ofi sin ana, jierKO naflxH SHaqenie ^^5_?npHay6bi- 

BaromeM'b ao 6e3K0HeH- p 

HOCXH. TaKTj, nycxb na . " \ 

qepxeact FOA oanaqa- q " L 

exT> yroji^. ^yra FA, 

paa^ijieHHaa na OP, ij^pT. 64. 

AaexT> a BOJiHHHHy yrjia 

m> patHianaxT). HepneHj^HKyjiap'b ace PJ5, A'hJieHHbifi na OF 

sin a FB 

;i,aeTi» cnnycb yrja. OxcH);i;a = ^ o^eBH^HO, 
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HTO BeJiHmma axoro OTHomenifl SyAert rbwh CjiHace k'l ejiM- 
ERTli, niwb 6yji;erL Menbine yrojii> a. MraK-b mm MOweM-b cb 

TtM'b 60JlbUJe(t BtpOflTHOCTblO npMHMMaTb paBHbIMM 1 OTHOUieHifl 

a, sin a M tg a OAHH-b ApyroMy, HtM-b MeHbiue yro/i-b a. 

EcjH wb npe^H^ymeMT) BbipaaceniH mh 6y;^eMi> paacMaTpii- 

BaTb ^28^ BMtCTO a, TO BT) ^pej^tJ!'fe HOJiy^HM^ 

dy 

~ = COS X, ecjiB y == sin X 
H OTCio;ia ^ J'cos a; . rfb; = sin a; *. 

102. Ho HeflocTaToqHo ji,0Ka3aTb noAoSnyio Bemb, — HyacHo 

CT> Hefi XOpOfflO OCBOHTbCa. 

^.la 3T0r0 CTVJlieHT'L JI,0JI3KeH'L BBHTb CnpaBO^HyiO KHH«Ky 

CL MaxeMaTHqecKHMH laSjiHuaMH h npoBtpnib axo na J^'feJI'b. 

HecqacTbe bt> tomi*, ^To axH KHnacKH cocxaBJieflbi oah* 
AJia coBepmeHHO nesHaBomnx^ jiioj^eft, Apyria ajm o^enb yqe- 
Hbixij, H noxoMy bt> hhxt> ne Bcer^a Hafi;i;efflb nepeBO^'t pa- 
j^iycoBi) Bi* rpa^ycH h o6paxHO. He cji'kji^jeTb aaGwBaxb, qxo 



* JtoKaaaTejiLCTBo 6ojite o6maro cjy^aa coBepmeHHo bi tomi xe 
po;^*. Tor^a 6^flfiTb 

y = di sin (bx -f* c) 

-f- Sy = a sin [h (x + Ba;) + c] 

hy = 2a cos {bx + c + \/2b . Ba?) sin ( Va & . B^). Cm. n. 3. 

hy sin (V2 6.03?) 

^ = ah. cos {bx + c-^- h,hx) — 1^^^^^ • 

CTaneMi yMeHBmaTb ox, Tor^a nojiy^HM^ 

jjj- = ab COS (bx + c) h OTCK);^a 1 a cos (bx -f- c) . dx = sin (bx 4 c>. 

Tenepb BOSLMeMt ;ipyrofi cjiyqafl; 

EcjiH y r= a cos (bx + e) — 3T0 to ae caMoe, ^to 

y = <^ sin (jbx + e + j = a sin (bx + c). 
OTCio;^a dx~ ^^"^ + ^) = 

7: > 



/ 7: > 

= ab cos (^6j? -\-e-\- 

jjj- = — ab sm (bx +c). 

OTCK);^a J a sin (bx + c) . dx = — y cos (bx + c) 
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Bi> sin X u cos X Mbi BfaipaacaeMTj x b'b paAiaHaxi>. PaacMOT- 
pHMi> xoTb CJI'fe;^yH)I^yH) MajeHbKyio BH;^epacKy miy Ta6jiHm>, 
B3aTyio Ha y^a^y. 



yroji-B Bl 
rpa;^ycaxi. 


X 

HJH yrojii Fb 
paAianaxT). 


y = smx 


0^ 


ly 


CpeAHee 
hy 

Ix 


40 


0.6981 


0.6427876 














0.0132714 


0.7583 




41 


0.7156 


0.6560590 






0.7547 








0.0130716 


7512 




42 


0.7330 


0.6691306 









EciH BcnoMHHM'L, ^To ^ B'B KaHCi^OMTj ciyqai B^^;^MCTBH- 

xejbHocTH 6y;i,eTi> cpenHHMi) 3HaqeHieMT> ^ aji« ojHoro rpa- 

^;yca hjh 0,01745 pa^iana, to JierKo nofiMeM^, no^eiiy oho 
He eyACTB B'B ToqnocTH paBHO KOCHHycy x, IlycTb CTyji,eHTT> 
caM'b y64AHTCH, nacKOJibKO 6jifl3KO 0,7547 Bbipaacaerb bcjih- 
qHHy cos 410. 

103. JlerKO ySiAHTbca xaKHM'b ace nyxeM^, qxo, eciH 

y = co8x, ~ = — sin X H j x.dx = — cos X. 

3HaK^ — HyacHo sanoMHHTb. 

IIoflCHaeMi npHMipoM^: 



^pa;^ycaxl). 


X 

HJiH yroji^ Bt 
pa^iaHaxi). 


y — co^x 


hy 
oTpaaa- 

TejIbHO. 


hy 

hx 


CpeAHee 
hy 

hx 


20 


0.3491 


0.9396926 














0.0061122 


—0.3513 




21 


0.3665 


0.9335804 






-0.3584 








0.0063965 


—0.3656 




22 


0.3840 


0.9271839 









SaMtTHM^, qxo y yMeHbuiaeica no Mipt yBejH^eHia x, 
3aMiTbTe xaKxce, qxo sin 21^ hjih sin (0-3665) = 0-3584. 
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104-. BoTi> jipyroe ;^0Ka3aTeJIbCTB0 xoro, ^to iipoH3Boji,Hafl 
ssin X paBHa cos x. IlycTb AOV, qepxeffli, 65, pasHO 6, 
= + 8^^. nycTb — Majiaa ^yra, onncaHHaa okojio O, 
KaKi, ueHxpa, h 0P=0Q=1. PB nepnenAHKyjiapHa kt, QP. 

Torjia AP=y=sm 6, BQ=sm (6-}-6e)=t/+6i/, QP=86 
H BQ = oy. JtJiHHa ^yrn no Mip* yMeHhinema yrjia 86 

V 




^epi. 65. 

Bce 6ojte npH6jiH»aeTca ki, phh* npaMofi JiHHiH Me»Ay 

P H ^. 

TaKHM'Bo6pa30M^^pHJiH ^ A'hJiaeTCH Bce 6ojiie 6jiH3KHM'b 

Wb COS PQB HJIH COS 6. 

dv 

B'L npeA'hJi'h ~ = cos 6, ecjiH y = sin h. 



IIOAOfiHHM'L »e 06pa30M'L ecjH 

z = cos 6=0^, ^^ = — BA = 
dz BP . ^ 
d6 = -gP=-^'"^- 



BP, TO 



^OKasaxejibCTBa noAofinaro poj^a HBirbioT'L eme eoJibuiyio 
U^HHOcxb, Kor^a cxy^eHxi npH^yMaex'b hx-l caM^. BcHKifi 
nyxb :im jyqmaro oanaKOMJieHifl cl nji^emn HMiexi utny. 

Ho CblJIO 6bT 60JIbfflOfi OfflHOKOfi CO CTOpOHil aBTOpa KHHrH 

AaBaxb cjHiTiKOM'b MHoro paaHHX'b AOKaaaxejibcxBTj. Ohx> ckjo- 
nenX) 0T;i,aBaTb npcHMymecxBa vkwb flOKaaaxeJibcxBaM'L, koto- 
pbia OHT> oxEpbiJix* cajii, h Koxopbia noaxoMy 6hjih HeouiMBiw 
hiy ero co6cxBeHHOM'b oSpaaoBania. 

105. SaM^THM^, HTO ecjiH y =: A sin ax \- B cos ax, to 

d^y d*y 

CpaBHHMi 3T0 c^ TfeM^, ^To, ecjiH y = e^, ^ = a^y, ^ = a*y. 
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B'B npHJio^Hiflxi Bucmefi MaTCMaTHKH ki> HHrneHepHofi HayKi bto 
cxo;^CTBo H paajH^ie Mea;^y (J)yHKaiflMH e'** h sin ax npio6pt- 

Taert BaaHoe SHaqeHie. 3aMiTHMi>, mto, ecjiH nepeaii i o6o3HaqHTi) 

y — I, T. e. = — 1, = 1, h t. to npn y = c*^, '^z=—a^y 
■^—i = a^y^ TO ae caMoe, mto h juia (j)yuKuiH CHHyca. CpaBH. n. 99. 

106. ynpaofcueuie. Ti, KOTopwe SHaKOMH ct> AOKaaaxeJib- 
CTBOM'L xeopeMH ^eMoaepa bij TpHroHOMeTpiii (j^oKasaxeJibCTBo 
jierKoe; Boo6me, ^OKaaaiejibCTBa Bcix^ MaieMaTHiecKHxt no- 
jioaceHifi, HMtiomnx-b npHMteeHie kt, HHaceHepHofl HajKi, npo- 
cTbi, 3aTpy;^HHTe.ii>Hbie ciyqan BcxpiqaioTCfl xojibKO b^ aKa- 
jieMmecKETb xpy^axi*), SHaioxx., hxo npa BCflKHXT> ajire6paH- 

1 , , iax I —iax^ 
^ecKHXT> BejiHqHHax'b, cos ax = ^i2 (e -\-e )iismax = 

1 . iax —iax. 
—,(e — e ). 

EcjH 3X0 xaKTi, xo npeAJiaraexca AOKaaaxb naniH ochobeha 
uojioacenifl. 

107. IIpuMihph, IIJiocKaa saMKHyiaa aiieKipwHecKafl utnb, 

HM'hromaa njioma;i,b A kb. canx., MoacexX) BpamaxbCH ct paB- 
HOMtpHofi yrjioBofi cKopocxbK) BOKpyn, ocH, Haxo;i,fliiiiPJca 
iiOA'b npflMbiMT> yrjiOM'L kt> HaapaBJiemK) o^HopoAHaro Marnnx- 
naro noja H. npeji,noJiaraexcfl, mo H Bbipaaceno b^ C.G.S, 
eAHHHi;axX). Ilycxb 6 osHaqaexx, yroJiX), npofiAenHbift npn Bpa- 
memn oxt xoro nojioHceniff, npn KoxopoMX> bt> nikna npoaB- 
jiaexca aanSoJibmaa HHityKn,ia HA; oqeBHji;HO, qxo 3% nojio- 
aceHiH 6 HH^yKuia bi> ubrra Syjiex-b HA cos 6. Ecjih yroji'b 
npoflji;eH'b bxj xe^eniH BpeMenn t cl yooBofi CKopocxbio q pa- 
AianoBx, b^ ceKyH^y, xo 6 = qt. TaKHMT> oSpaaoM'b HHAyKi^ia 
I=AH cos qt. BejiHqHHa ea npiipamema b^ ceKynjiy 6y- 
j[,eTb — AqH sin qt, h axo 6yAex'b Bbipaacaxb BejmqwHy ajieK- 
TpoB036y;^HxeJIbHofi chjih bt^ oahom'l o6opox^b npoBOJiOKH. Ec.ih 
HMtexca n o6opoxoBx>, xo nojiaaa 3JieKxpoB036yAflxejibHaa CHJia 
6yAexi» — nAqH sin qt b% CG.S. ejiiHHHi;axT>; ecjiH mh xo- 
THM'b nepeflxH wh xoproBbiMx, eAHflHiiaMt, xo BOJibiaw-b bu- 

pa3MTCfl , 

— nAqH 10~® sin qt BOJibxi^, 
H npeAcxaBHTb co6ofi npocxyio rapMonnqecKyio $yHKuiio Bpe- 
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MGHH. SaMiTHM-b, ^TO TepMHHTi «B0Jif)Ta3K'L» ynoTpeSjiaeTca 
ji^jisi BMpaacenifl JiHHefiHaro HHxerpajia ajieKipoBoaCyj^HTejiLHoft 
CMBi HeaaBHCHMO OT^ Toro, BHpaacena jih ona bt> BOJibTaxi, 
HJiH b'l fl;pyrHX^ eAHHHr^axij. 

npuMrhpb, 06M0TKa aiibTepHaTopa npoxoji.HT'B qepea^ ncie, 

KOTOpoe npOH3BOj^HT'L BT, HCfi HH^yKI^iH) 

J= Aq -j- Ai sin (b + ®i) + siu (r6 + er), 
TAi 6 ecTb yroJiTj, na KoxopHfi noBepnyjiacb ofiMoxKa. 

EcjH ([ ecTb OTHOCHTejibHafl yrjiOBaa CKopocxb o6moxkh ii 
no.ifl, 6 = qt. EcjiH o6MOXKa coAepacHXT* bT) cee* « ofiopoxoB'b 

npoBOJioKH, xor;i,a BOJibxaa:T> oyAex'b n hjim 

nq \ AiCOS (qt -|- Sj) r cos (rqt -f - er) }. 

TaKUMi) o6pa30Mi> mbi bhahmI), ^ixo MaMtHeHin bi Hanpfl- 
meHiM noiifl, ^acxoxa (frequency) KoropHXTi BwpajKaexcji qnc- 
jiOMi) r, BO cxojbRO me pas-b yBejiMHMsaiOT'b OTKjioHeHin b'l 

8JieKxpoB036y;^HxejibHofi CHJi'fe. 

108. HOJIOHCHMl), qXO npH nOABtlilMBaHiM Ha ABOttHOtt hmtm 

(6M(t)MJiflpi>) W oanaqaexT, BtcT> noABinieHHoft MaccH, a r b 
paacxoflHia Meac;i;y hhxhmh BHUsy h BBepxy, h BepxuKajibHafl 
;^jiHHa HHxefi; ecjiH paanocxb BepxHKajibHbTX'L cjiaraioiUHXTj 
HaxflHtenia HHxefi paBHa nW, s, 6 — yroji'b oxooneHia otl 
aaiiMyxa, xo MOMenx^ conpoxHBjenia AaJbHifluieMy Bpani.eHiio 
6y;i,exT3: 

1/4(1—^2) Wj sin 6 (1) 

3aMixHM^, qxo, A-^a xoro qxo6H cj^tjiaxb npngopt Go-ite 
HyBcxBHxejibHbiM'b, HyacHO xoJibKO nepe^axb 6ojibme narpysKH 
Ha o;i,Hy HHXb cpaBHHxejibHO cb jipyrofi. 

MoMeHxi> conpoxHBJieHia BpanieHiio xijia, oxKioHeHHaro 
on cocxoaaia paBHOBtcia aa yroj-b 6, qacxo 6HBaexT> npo- 
nopn;ioHajeH'B sin 6. TaK^, ecJiH W ecxb Btcb cjioffiaaro ma- 
flTHMKa H OG — paacxoaaie ero i^eaxpa xaacecxH ox^ xo^kh 
npHBica, xo W.OG sin 6 npeAcxaBaxi* MOMeaxii, Koxopwfi 
6yji,exT> sacxaBJaxb MaaxHHKi) Bepayxbca B'L noaoacenie paBHO- 
Btcia. Egje M Gyjiexi MOBieHXT> warHMia, oxEJOHCHHaro na 
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yroJi) h OTb noJoaceHia pasHOBicia, wb noji, nanpaaceHie 
KOToparo H, to H2I sin 6 6y;^erB MOMeflT-b, aaciaBJiHionUfi 
ero BepnyTbca bij noJoaceHie paBtfoBicia. T'tjo, npuBOAHMoe 
Bi> flBHHceme KpyneHieM-b npoBOJOKH mn cTep»eHbKa, 6yji.eTi, 
Haxo;i;HTbca hoa'b BJiaaieM-b MOMeaxa Bpameaia, nponopuio- 
HajibHaro 6. Kor;ta yrjiOBHa OTKiOHeaia mbjih, mh qacTO B'b 
aTOM-b cjiyqai npiiHHMaeM'b sin b paBHWM'b 6. HnorAa Tkio 
MoacexT) Haxo;tHTbCfl o^HOBpeMeHHo noA^ BJiiaHieMTj HtcKoib- 
KiixT, cH.i^. TaKT* iirjia KBaji;paHTHaro ajieKxpoMexpa noAB'hmeHa 
Ha AByx-b HHTax'b, ho B'b axoMi> cji3nia'h npncoeAHHaexca eni,e 
H'l^Koxopoe 3JieKTpMHecKoe conpoTMBJieHie, Koxopoe asjaexca 
6.^a^c;^apa ujoxofi HAet h KOHcxpyKuiH, h Koxopoe BtpoaxHO 
Moacexi) 6biTb npeAcxaBJieHO BbipajKeHieMT. no;i,o6HHM'b ab -j- bb^, 

ECJH HHXH aceCXKH, HTb COScXBeHHaa aCeCTKOCXI^ BHOCMX-b 

nonpaBKy nponopuionajibHyK) . b, Koxopyro mli ne BOioqHJH 
B'b (1). 

Hnor^a BBo;iaTb niKOXopoe conpoxHBJieHie, coeAHHaa Ma- 
jiesbKyio MarHuxHyio nrjiy cb Hoofi ajieKxpoMexpa, hto o6y- 
cjioBJHBaexi) iipH6aBKy kii ypaBHeniio HJiena nponopr^ionajib- 
Haro sin 6. 

B'b H'hKoxopbix'b HHCxpyMenxax^, r^'fe j^BHacymeeca x'fejio 
cA'feJiaHO H3'b MarKaro acejitea, MOMeax'b hohxh nponopi^ioHa- 
jjGWb sin 26. 

EcjH MOMenx'b conpexHBjeHia ecxb M h x'fejio noBepny- 
jocb Ha yroji'b S6, xo coBepmeHHaa pa6oTa paBHa M. 66. Oxcio- 
^a, pa6oxa, coBepuienHaa npn Bpan^eniH xlkia ns'b nojoacenia 



B'b nojoacenie 62, r^t 62 6oxbe 61, oy^ex'b f " M,db, 



Iljmjmpi. MoMeHxi> conpoxaBjenia Bpani;eHiH) x'kaa paBCH'b 
a sin 6, r^i b ecxb yroji'b noBopoxa, KaKaa pa6oxa coBepmeHa 



— a (cos 62 — cos 61) = a (cos 6, cos bo), 

n2)UMfbpi, ConpoxHBjeHie xtaaBpameaiiooxqacxHcocxoHX'b 
H3'b nocxoaHHaro MOMenxa Bpan;eHia a oxt> xpenia, oxqacxH 
onpeA'fejaexca BbrpaaceaieM-b bb-^-cb^^ a qacxbio BHpaaceaieM'b 
e sin 6; KaKaa pa6oxa Cyji.ex'b coBepuieaa npn BpanneaiH rhjia 
ox'b 6 = ;io KaKoro jhoo yr.ia? 





.9. 



14 
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M — MOMeHTt Bpamenia = a -^-bb cb^ -\- esmb = f (6). 
V— pa60Ta = a6 + _j_ 1/3^63-1-6 (1 —cos 6)=i^(6). 

3Ta BejiH^HHa HasbiBaexcH noreHuiajibHoit 3HeprieM xtjia 

B1> UOJIOJKeHiH 6. 



KMHeTMMecKan SHeprifl Bpaiuaioiiiarocfl xtjia ecib V2/1 



r^t I ecTb MOMeHTb imepuiH xijia oTHOcHiejibHO ero och. 
Kor;i,a lijio oxKJiOHHJiocb na ymui) 6, ero nojiHaa aHepm U 



EciH noJiHaa anepria ocxaexcH nocxoanHOio, h xtjio, naxo- 
xoji,ameeca bx nojiosKeHiii 6, jiBPiacexca no HanpaBJieniH) bos- 
pacxaHia 6, npn qeMii na nero ne ji.'hflcxByex'b HHKaKOft chjih 
KpoMi ero MOMenxa conpoxHBJieHia, xo oho ^yj^exi* nponojiacaxb 
;i;BHraxbca ji;o nojioacema 61, npii KoxopoM^ 



TaKHMT, ofipaaoMX), ecm brjh^ F (b) HSBtcxeH'b, 61 MO»ex^ Suxb 
Bbi^HCJieH'b, ecjiH Mbi SHaeMt BejiaqHHy KHHexH^ecKofi aaepriH 
npH b, 

Ilycxb 31 =e sin 6, xaKT> qxo F{b) = e {1 — cos 6), xo^J^a 



oxKy^a MomeTb 6biTb onpeAtiieHo 0^ — KpattHee no/iomeHie rt/ia. 

YnpaoicHeuie. lloKaaaxb, hxo, ecjin conpoxBBJiaion^ifica onpo- 
KHAWBaHiH) MOMCHx-b cy^Ha nponopuionajieH'b sin 46, vji,^ b ecxb 
yrojiX) Kpena, n ecjin Btxepij, momchxT) Koxoparo b^ cocxoaHin 
yjnepacHBaxb cyjiiHO m> paBHOBtcin npn nocToaaHOMi) yrjit HaK.10- 
nenia 11^/3®, Bneaanno BbiBejiiex'b cy^no hsT) cocxoanin noKoa 
npn 6 = H Oy^ex-b npo^;ojiacaxb A'tflcxBOBaxb, n ecjin mh MOJKCM'b 
npenefipe^b xpenieMi,. xo cy;i,Ho HaKpennxca ^;o 33V3 rpaji,ycoBT> 
H sax'hM'b onaxb BHnpaMHxca. Pa3o6paxb BJiianie xpeHia. 

Ttjo Haxo;iHxca b-b KpafineM'b nojioaceHin 6^; KaKb seJiMKa 
6yAeTb ero KMHeiMMecKafl SHepria, Kor^a oHo6yAexi> npoxo^HTb 
qpesT) nojoacenie paBHOBiciaV OxBixx, -F(Oi), 

riycxb M=hb -[-cb^-^-emib. 
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HaMTH a, yraoByro cKopocTt npn 6 = 0, ecm Kpaftnee ot- 
KJioHeme paBHO 45". S^lcb 

6i = J H J- (6) = ^l^hb' + VscO' + e (1 — cos b) 

./,X«. = /,,(f)V/V3c(|)+e(l--^j, 

OTKyfla MOiKCMli HaflTH a. 

Sadana. noJiOHCHMT>, mw 3KejiaeMT>, hto6bt noTeHi;ia4fe|E|it 
3HepriH, citAOBajia laKOMy saKony 

H MH xothmij ysHaib, no KaKOMy saKOHy j[fimewh M^HJliiifiia 
MOMeHT'L conpoTHBJieHifl; mbi cpasy bh^iimT), qxo, TaKT» ^ici^ 

ilf= , TO 

ilf= 3/2ae V2 + 4- mc£^*0 -f 2h cos 26. 

Sadaua. T'tjio, flaxoAameeca nojioffieHin 60 h ABuraiO" 
meeca ct> yrjioBoft cKopocTbio a bx nanpaBJieHiH Boapacxa^fl 5, 
noiiysH/io BHesanno MMnyjibCV MOMeHTb KOToparo m m> nanpa^ 
BJieniH BOspacTaiomnxX) 6; KaKb sejiMKo 6yAen> ero OTKjioHeHie? 

MoMGHT^ KOJiHqecTBa /^BHatenia 6bTjii 7a, xenepb ohii pa- 
BCHT) 7a + m, H ecm qepea^ a^ o6o3HaqHM^ noByio yrjtOByffi 

1 I ^ 
CKOpocTb, TO a^ = a + . 

TaKHMT) oSpasoMii bt, nojioaceniH KHHeiH^ecKaa 3HepriH 

Ttjia 6yAerb \ "^7/ ' ^ ^OTeHii,iajibHaa anepria F (h.j: 

npupaBHHBaa cyMMy sthxti KOJinqecTBij kij 7" (61) MoaceMb uu- 
jiyqHTb 61. 

CxyAeHT-b jierKo yCiAHXca, qxo o6mee ypaBnenie ^BHffieniH 
Tfejia, npHBeAeHHaro b-b ABHacenie BOKpyrb niKoxopofi och. 
oy^^exT) 

/* (6) Moatexx, aaoioqaxb B'b ceCi qjieHT>, Bbipancaiomifl xpcpm, 

14* 



I 



— 212 — 



109. KaacAoe m^h cjiiAyromnxt ynpaacHefiifi ^oJiacHo Sbitb 
Tiii,aTe.ibHO paspaSoxaHO CTy;^eHTaMH; bklboah h3t> khxi HMi- 
lOT-L BaacHoe npaKTHqecKoe 3HaqcHie, oco6eHHOcTH ji^lbl 
MHmeHepoB'b ajieKTpMKOB'b. IIpH pa3pa6oTKt hxi> Heo6xoAHMO 
noMHHTb TpHroHOMexpHqecKifl cooTHomema 

cos 26 =2 cos^ 6 — 1 = 1 — 2 sin^ 6, 
2 sin 6 cos cp = sin (6 + ?) + siu (h — 9), 
2 cos 6 cos cp = cos (6 4* ?) -|~ (6 — cp), 
2 sin 6 sin cp = cos (6 — cp) — cos. (h -f- cp). 

TaKifl yupaacHenia u'feHHH ne tojsko noioMy, ^T0 ohh 
yacaaioT^ cnoco6H pacieTOBt; ohh KpoMi xoro ^aioT-b naBHK'B 
BTi oSpanieniH ct> TpHroHOMeTpnqecKHMH BupaaseHiaMH, HMi- 
louiHMH orpoMHoe sHaneHie ajh HHacenepa. 

Cpe;i.Hee snaqeme ;^Jia (:zj), b^ npejitjiaxi, oti> x = x 

j^o x = Xo, paBHo o^eBHAHO n-ioma^H f^^/ (x),dx, A^^eHHoft 
Ha X2 — Xi, 

Ka5K;i;oe hstj ynpaacHenifi ct> 6 no 20, a xaiuKe 23, cxy- 
ACHTH ji,ojiacHH noacHHTb rpa4)HqecKH. 

Xopomie qepxeacH, cAiJianHBie ox^ pyKH, kphbhxi , op;iH- 
Haxu KOxopHXt nepeMHOJKaioxca, h xixi* kphbhx^, Koxopua 
SyjiyxT) peayjibxaxoMx* nepeMHoacenia, Jia^yxii ;i,ocxaxoqHO Ha- 
rjiajiHbifi pesy-ibxaxx. 

, r n J ^ sin2ax 

1. / sm^axax = - . 

J 2 4a I 

r o ^ ^ . s\n2ax 

2. / cos^ axdx = — - 



3. / sin ax,cosbx.dx = 



4a 

cos (a -f- ^ cos (a — b)x 



. J ^...^^.^^.^^.^^ 2(a + 6) 2(a— 6) 

, r . . , . sin (a — h)x s\n(a-\-b)x 

4. I sin aj;. sin ox.dx = -—^, 7—^^ — — rr— • 

J 2(a — ft) • 2(a + J) 

^ r , ^ sinfa-{-6)^ , sin(a — b)x 

5. I cos aii;.cos&^.fra;==-— — r-ir — — vt- • 

2 (a -p 0) ' 2 (a — 0) 

6. IIJion^aAb cuHycoHAbi uijaro nepio;i;a paBaa 0. 

p2:z ' r -1271 

J s\x\x.dx = — l^cos^ = — ^(1 — 1) = 0. 
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7. HafiTH njiomaAb nojioacniejibHofl qacTH CHHycoHji,bip 
J smx.dx = — l^cos X j = — ( — 1 — 1) = 2. 

TaKT) KaKT> SJHHa ocHOBaHia axoft qacxH KpHBofi paBsa it, 
TO cpejiHfla BHcoTa ea SyAerL - . Haij6oJiBiuaa BHCoia MM 

TZ 

aMEJiHTyj^a paBHa 1. 

8. njioma^b y = a-\-bs>in x otl AO 2ir 6yji,eTT> 2ttti, Ji 
cpe^Haa BHcoia KpHBofi a. 

9. HafiTH cpeAHee sHaqeaie sin^a; oti> ir = jio ;r=2Tr, 
TaKT) KaK^ cos 2^ = 1 — 2 sin^ ^, sin^ = V2 (1 — cos ). 
HHTerpajn> axoro Bbipaaceaia 6yji,eTb ^l2x — 1/4 sin 2a, 

BsaBt npe^tjiH, nojiy^HMt njioma^b (1/2 — V4 sin At: — O-j-^'i 
sin 0) = IT. Cpeji,Haa Bbicoia paBaa njiomaji,H AiJiennofi m 2%^ 
cjit^OBaTejibHO oaa paBaa V2. 

10. Cpe^aee aaaqeaie cos^^r oT-b^r = ao x = 27: paBaa * 
Bt* cjitAyromaxt ynpaacaeaiaxi* no^t set no^paajiit- 

BaioTca i^ijibia a a^aBabia Meacjiy C06010 qacjia: 

11. Cpe^aee saaHeaie a sin^ (sqf -\-e) ott> ^ = ^o^ — T 

paBaa ^ , ecjia s i^ijioe qacjio 11 9 = ^ , r^t T ecxb '^pt^-^ 

jloJiHCHxeJibaocxb o^aoro nepiojia. 

12. GpeOTee saa^eaie a cos^ (sqt -\- e) ox-l 1 = j[ot=^T 
a 



paaao — 




13. J 


f cos . sin sqt.(lt = 0. 





1 sin sqt . sin r^^ .dt = 0. 



15. J 


' cos sqt . cos . rf^ = 0. 
'0 


16./ 


sin . cos rqt . f?^ = 0. 







17. GpeABee aaaqeaie siiv^ sqt ox-l ao paBBO V/j, 

18. Gpe^aee saa^eaie cos^ sqt oxt, jio ^joT pasao »/^t 
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19. I m. sqt,^mrqt.dt=0, 

20. / ' cossg^.cos rg^.d^ = 0. 

21. HafiTHy x,sm{x-{-e).dx, 

SAicb sin -]- = sin ic.cos e-f-cos x.sin e, 
TaKHM'B o6pa30MT> HaMT) HyaiHO npoHHierpHpoBaTb sin^a;. 
cos e-[-sin ^.cos ^c.sin e. 



, « , X s\n2x 
sm^x,dx = --- — 



2 4 ' 

Jsinx.cos x.dx=^l2 J sin2^.fZ^ = — 1/4COS 2x, 

citnoBaiejibHO Hamt HHTerpajn* paBeHt 

fx sin2:£;\ ^ . 

I ~ I cos e — cos 2^ . sin 

2 2 . /I,0Ka3aTb, qio J sin qt. sin (5^ + e) . = 

sin2?A 1 ^ ^ . 

= — ^ J cos 6 — -7- cos 2o^. sm 

\2 Aq / Aq ^ 

23. /I,0Ka3aTb, qio cpe^nee aHaqeme sin g'^.sin (qt±e) 
HJH sin ((^^-j-a) sin (qt-\-az^ze) ;i,ja n.ijiaro nepio^a T 

^ecjH q = paBHO V2 cos e. 

3x0 CTaBCT'B flCHbiMt, ecjH MH saMtTHMTi, ^To (no.iarafl 

qt-{-a = ^^\ 

sin . sin (9 = sin cp (sin cp cos e zt cos 9 . sin ^) 
= sin^ 9 . cos e =h sin 9 . cos cp . sin e. 

Ho cpeji,Hee snaieHie sin^cp ji,m i^ijiaro nepio^a paBHO V2, 
a cpeAHee SHaqeme sin cp.cos 9 paBHO 0. 

Eoaaraa B^b npe^HAyn^eMTj a = , mh BHAHMt, mto cpej- 

nee 3HaneHie cos r^^.cos (qtztze) paBHO 1/2 cos e, i.e. cpeAHee 
3HaHeHie a^ih utiiaro nepioAa npoMseeAeHifl AByx-bCMHycoMAa/tb- 
Hbixi> 4)yHKuiit BpeMeHM OAMHaKaro nepioAa, KamAan ch aMn/iM- 



TyAoN 1, paBHO nojioBMHt KOCMHycayr/ia, BupamaioLuaro 3ana3- 
AbiBaHie (^a3bi oahoK 4)yHKi;iM cpasHMTe/ibHO ci> ApyroN. 

24. Cor.iacHo n. 106 iiMteMii 

cos aO = V2 

sin afJ = l(e*«^— e-'^'h 

TorAa no-iyqHMTj 

g-m9 _ — ^ ^^^^ 

lo-[-a? 'A — j 

— 1/ Mi 1 .>qiQ_i- ^ ^— giO 

I A + d — at 

fl, iiOACTaBjflH cioAa BbimeyKaaaHHHa BejimiiHbi, nojiyHHMT> 
J e^^cos a6.rf6 = -5-i^6^V&cosaO + asiriaO)....(l). 

IIoAo6Hi>TM't ae o6pa30M'L nojyqHMT> 
e ^^sin a6 . db = ^ 2 ^ sin a6 — a cos ah) (2) . 

110. HtKOTopun 3aMtHaHin, KacaioiuiflCfl rapMOHMHecKMXi> 
(|)yHKi;itl. Bt> ciiAyromnxt saMi'iaHiaxT, cTy^eHTT) R^&jiGTb 
HtKOTopHfi MaTepia.TL noBTopenia rtx'L iiojioKenifi, koto- 

pBlfl y3Ke 6bLlH 06T>flCHeHBT. 

111. 4>yHKiiia x = a sin qt anajionmHa cl npanojiHHefi- 
KHMt ;^BH3KeHieM^ nojisyna, cBflsanHaro 6e3K0HeqH0 ji,JiHHHofi 
THFod ct MOTbiiieMi> A^MHOtl a (Bpani,aK)n^HMCfl cl yr/iosotl cko- 
pocTbK) q pa3;iaH0B'b bt* ceKyH;i,y), a? ecTs paacTOHHie nojisyna 
OT^ cepej^HHw ero nyin b'b momchttj t. 

Bt> MOMeHTT) ^ = 0, x = II MOTHJiB HaxoAnxcF noji,T> npa- 
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MBiMT) yrjioMT) Kb HOJioaceHiio Ha MepxBofi lo^Kt, q=2TCf=-Y^ , 

ecjiH T ecTb npoAO/imMTejibHOCTb nepioAa, a f ecTb Hacma 
HjiB qflcjio o6opoTOBi> MOTHja BT* ceKjHAy, npuHHMaH 1 ce- 
KyHAy 3a e;i.HHHn,y BpeMemi. 

112. $yflKiua, x = a sin (qt + e) npe^CTaBjiaeT'b to ace 
caMoe, 3a HCKJiioieHieM^ Toro, mo MOTHJib btj axoMt cjiyiali 
Haxoj^HTca Ha e paAiaHOBi* (paAiaHT> paseHij 57,2957 rpa^y- 
cob'l) BnepeAM cpaBHHiejibHO cl nepfiMMi) cjiyqaeM-b; nnaqe 
roBopa, btj MOMenTt t = {) nojisynx yace oxomeji'b na pa3CT0- 
HHie a sin e ott, cBoero cpe;iHaro noJioaceHiH *. 

* Bi AaHHOMT> cjyMa'fe cTy^eHTy MoaHo onaTt yKaaaxb ea u. 10, 
npH Hewi npe^nojiaraeTca, mto ohi yate BUHepTHJix KpHByio, npejicxas- 
jiaiomyK) ypaBHenie 

x = aB-^* i>m(qt + &) (1). 

Boo6pa3HMT> ce6t, mxo motujii, Bpamaiomittca paBHOMtpao yrjoBOft 
CKopocTtH) ^pnBOJ^HT^ B^ flfiuxeEie noJiayHii, ho KpoMi Toro npe;^- 
CTaBHMT) ceOt, MTo MOTbui, Bce yKopaHHBaeTca, u ero ;^JIHHa bi. H-feKo- 
Topuft MOMeHTT, paBHa as"*' . 

Jtpyroft nyxL j^jia BHacHeaia axoro jiBnateeia CyjieTi TaKOBx; upe;^- 
cxaBaM-L ceGt, mto atKOTopaa TOMKa JP ABHatexca cb nocxoaHHofl 
yijoeou cKopocTbK) BOKpyri 0, coBepraaa nyxb AFBCDEF no jo- 




^epx. 66. 

rapHGMHqecKofl cnapajiH; ncKOMoe ABHHceaie ecib ABHJKeaie npoeKuin 
TOMKK P na npawyio 3I0N, a xo, hto mm aasBaJiH JorapHeMHMecKBMT, 
npHpameHleMTj ecxb r.cofga, ecjia a ecxb yrojit cnopajiH, x. e. no- 
cxoaHHuft ocxputt yrojiT), o6pa3yeMbifi bi JioGoti TOHKi^ JHHiett OP cx 
KpHBott, TT cof^ a == aT 2 H ^ = 27r/T, cjitAOBaxejibHO cof^ a = a g. 
EcjiH MepT. 66 paacMaxpHBaTb cobm^cxho Cb Hepi. 67, npa newx ^if 
ocTaexca BepxiiKajibHoii, h P ecxb noaoseHie xohkh bx momghtT) 0, 
xo^i^a £ = yrjiy iV'OP — r./2. 
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113. 4>yHKi;iH x = a sin (^f + e) + a' sin {qt + ^)\mm(^ 
cHJibHa (J)yHKn;iH X = A sin {qt + E)\ HHaqe roBOpn pasHO- 
A'bttCTByiOLuafl AByxi> ABMmeHitI MOTUiin MomeTi> 6biTb Ksoopa- 
weua ABMrneHieMi* OAHoro motujia oco6otl ajimhu m ci oco6biji-b 
yriiOMi> npeABapeHifl. HaneceMt HaqepxeKt nepBHe ftpa mytn- 
jKeHia, npn ^ = 0, t. e. 

rOP = £ H OP = a, 
YOQ = z^ H OQ = a\ 

^onojiHHM'L napaJiJieJiorpam OPBQ h npoBe^eM^ jiiarOHMi* 
Oi?, Tor^a npocTofi MoxHJib OR = A,^ ch yrjiOMij npeABap^i^fe 
YOB=E, coofimHTt nojisyny cyMMy rfexi) jiBHaceHiS, 
pbia OTji.tjibHO ncpe^aioTCff eMy MOTbuiaMH OP h 0^.,I!iHJSret^ 
pnqecKoe ;i,0Ka3aTejibCTB0 3Toro o^eHb npocio. 

nojoacHM'b, qio noji- 
3yHT> j^BHmeTca no Bep- 

THKaJIH. 

HpoBeji.eM'L OQ, OR 

H OP COOTBiTCTBeHHO 
HXT> OTHOCHXeJIbHOMy HO- 

ji03KeHiK) H cnpoeKTHpv- 
eMt P, i? H ^ Ha ox. 
MoTbiJb OP sacTaBHT^ 

ILOJldyWb BT> AaHHblfl MO- 

MeHTb noABHHyTbCfl Ha 
pascTOflHie OP' ot^ ero 
cpeOTaro no.i03KeHia, mo- 

TblJIb OQ OTOABHHei'b 

uojisjwh Ha paacToanie 
OQ' ottj cpeAHHH ero 

iiVTE, MOTbiJib ace OB bt> tot^ ace MOMenx^ oTOABKHiiT'i* li04- 
3yH^ Ha paacToanie OR'; acHo, hto OR' bt> jik)6om'b ifrilW- 
HiH paBHo ajire6paHqecKofl cyMMt OP' h OQ'. 

Mh MOseMTj BbipasHTb 310 TaKT>: cnpocToe rapMoiriMiH j.oe 
^BHaceflie, KOiopoe npoH3BeAeTT> Moxbijib OP, + n.r.A'. LiiTiipur 
npoH3BeAeTT> Moxmb OQ, paBHO n.r.ji. npoHSBojiHMOMj aiuth- 
jiewh 0R». noAOOHbiMt ace oCpasowrb n.r.;i;., npoHSBoprjaot* ip- 
Tbi.ieM'b OR — n. r. ji,., npoH3Boj.HMoe MOTbiJieMT) OP, paBBu ii,ra.^ 
npoH3Boji,HMOMy MOTbTJieM'b 0Q», HHO^J^a roBopaTT) Tairh; Mi^ 
TbiJib OR ecTb cyMMa AByx^ MOTbi.iefl OP n OQ, Tapuiii 




Hepx. 67. 
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06pa30MT> MOTblJH MOryXli 6UTb CKJEABlBaeMH H BH^HXaeMM, 

KaK'b ceKTopH. 

114. 8th nojioacenia HM-hroTt Sojibniyio BaacHOCTb, Korj^a 

npHXOAHTCff HM^Tb fl.'fcjIO Ct ABHHCeHiflMH SOJOTHHKOBt, HJIH Cl> 

;^py^HMH no;i;o6HHMH ace MexaHH3MaMH. ajieKTpHKOB'L ace 
OHH hm4h)T'l CTOJib BaacHOc SHaqesie, qxo stKOTopHe npaK- 
THKH npflMO roBopaTT> «nycTb MOMeHTij OP npeji;cTaBJiaeT'B 
TOK'B*. Ohh noj^Tj dmwb nojipaayMiBaiorb «TaKofl tok'b, CHja 
KOToparo HSMiHaeTca b^ aaBHCHMOCTH orb BpeMOHH cooacHO 
saKOHy C = a sin (qt + s), h aHajorHHHa ct nepeMtmeHieM'b 
noJsyHa, npHBOAHMaro bt? BepTHKajbHoe ABHacenie MOXHjeM'b 
OP, AJiHHa KOToparo a, yrjioBaa CKopocxb q h OP ero nojo- 
acenie bt* MOMenTX ^ = 0» t- 

115. TaKTi KaKi (|)yHKuia x = a cos qt ecxb xoacecaMoe 

Hxo a sin ^) » cjiijiOBaxejibHo Bwpaacaex'L hbh- 

acenie, nepe^aioniieeca ox^ MoxbiJia ]imuo& a ct> yrjioM'b ^pe;^- 
Bapeaia i 0^. 

aiKOxopbifi MOMeHXi) t cKopocib nojayna, ;^BHxeHie ko- 
Toparo Bbipaacaexca ypaBHenieM^. 

x = a sin (qt + e), 

6jjieTb v = aq cos (qt + e) = h.ih 

ctt 

= aq sin (^qt + e + ^^ , 

HBaqe roBopa, ona Moacexxi 6HTb npe;^cxaBJieHa jiMcxBHxeJib- 
HbiMX) nojioaceHieMT) bt* ntKoxopbifl MOMenxt nojrayHa, npnB0- 
;i,HMaro bi ;i,BHaceHie MOXbueM'b, j^jinEa. Koxoparo aq, npn qeMi) 
axoxx HOBHfi Moxbijib Ha 900 B^epe;^^ nepBaro. VcKopeHie, hjh 

(i^x dv 

^,HJiH — , H.1H eme HHane v\ MO^Kexi, 6bixb npejtcxaBjeno 

BT) H'tKoxopbifl momghxtj MoxbLieM^, A-^HHofi uq^, HacaaceHHHM^ 
Ha 90^ Bnepe^H v mothm hjih Hal80<^BnepeAH x — Moxwaa, 
xaKTi KaKT> ycKopenie 

= — aq^ sin (qt + e) 
= aq^ sin (qt + e + tt). 
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XapaKiepHoe cBoficTBo npocxoro rapMOHHqecKaro ;i,BH»ceHia 
saKJioqaeTCH tomT), ^to ^HCJieHHa^ BeJiH^HHa ycKopenia 
paBHa <f H.1H 47r2/^ past BaaioMy nepeMtmemio, eciH / 03Ha- 
^aen> qncjio nepioji.OB'L bt* ceKyH;iy. 

EaiH KaKoe jih6o aBJieflie cjii^yeT'L saKony a sin (g^ + s)^ 
TO OHO anajiorMqHo ji^BHaceniH) nojiayna h mh qacio roBopHM'L^ 
^TO OHO BupajKaexcfl MOTUJieMi> OP; Be/iMHMHa ero npMpaii^e- 
Hifl B-b eAMHMuy speMeHM anaJiorH^Ha CKopocxH nojisyna, rr mi.] 
roBopHM^, qiQ OHa BHpaacaeTCH MOTHJieMT> ;i;jiHHoft ag, noBep- 
HyxBTM^ Ha 90^ BnepeAH nepBaro. H,^'bftcTBHTeJiLHO, Bt npo- 
cTofi rapAioHH^ecKofi (|)yHKuiH AH(|)(j[)epeHaHpoBaHie yBeJiirirT- 
BaeTT) ee g past h yBejiHqHBaen> yroxB npe^BapeHifl fia 
Be.iHiHHy npHMoro yrja. 

116. HH0^;^a bm^cto loro, hto6bi CKaaaxb, qio (t)yHK[iiE 
paBHa A sin (qt + e) mh roBopHM^, qxo ona panna a sin cjt V 
b cos qt. 

OncBHAHO, qxo axo oaho 
fl xo ace, ecJiH + 6^ = 
h 

H eciH tang e =— . 

a 

3x0 JierKo ;ioKa3axb h 
TpHroHOMexpnqecKH h rpa- 
(t)HqecKH no qepx. 68. Elyoxb 
08 = a, OQ = b,M0ThUh 
OP ecxb cyMMa OS 
M OQ VL tang s hjiii 

tang rOP=-. 




^epT. 68. 



117. Mbi yace yKasMBajiH Bt n. 100 na yAofiHBifi rpa<|JU- 
qecKifi cnoco6^ BbiqepqHBama KpnBofi 

x = a sin (qt + e) 

FA* X u t cyxb opAHHaxa h aficuncca. 

MoacHO MHoroe ce6'fe yacHHXb, ec.iii ii3o6pa3HXb rpa(|^H»Iti*^ 
CKH ;i.Ba ypaBHenifl x^si oAHHaKOBaro ^epioJ^a, 

a: = a sin (qt + e) h x = a' sin ((/^ + e') 

H cJoacHXb BMicxt hxij op;tHHaxbT. 8x0 pas^acHnxX) n. IIS* 



118. EcjiH BOJibTaacL b-l ajieKipMHecKoK utnM paBeHt V 

BOJIbTT>, TOKT> C EMnepij, CODpOTHBJieHie B OMOB'b H CaMOHH- 

ji;yKii,ia L renpn, to, ecjiH t BpeMa Bbipaaceno b^ ceKynjiax'b, 
V=BC+L^ (1). 

EcjiH C= Co sin qt, 

dC ^ 

— = C^q cos qt, 

TaKT), mo V—BCq sin qt + LC^q . cos qt, 
a no n. 116 gto paBHO 



F= CoV B^ + L^q^^m {qt + z) (2) 

I/jB^ + ZV Hsi^HBaeTca KaacymiHMCfl conpoTEBJiemeMt utnH 
(impedance); 

Lq 2'KLf . 
tang e = = , ecjiH f ^hcjio nepio^OB^ bt» ceKyniy; 

e ecTh aanaadmanie 0a3hi TOKa. 

OTCiOAa, ecin V = Vo sin qt (3) 

SaMfcHMT), qTo ecjH V ^ano TaKHMT>, KaKTi bti (3), nojiHoe 
BBipaacenie msl C 6yAeTT> saKJiioqaTb bi> ceGt MCHesaiou^in 
HJieH-b, Bupaacaiomifi HaiajbHwa ycjioBia cm. n.n. 98, 147, ho 
B-b (4) npe^nojiaraeTca, hto F, KaK-b npocTaa rapMOHH^ecKaa 
(J)yHKUia, yace ycTaHOBHJiocb. Ha npaKinK'b b^ 3JieKTpHqecKHXi> 
yciaHOBKax'b ji,ocTaToqHO OHBaeTT? o^enb Majrofi ;^ojih ceKyn^bi, 
qTo6bi 3T0T^ HjeH'b coBepmeHHo ncqea^. 

119. Mb! M03KeMT> BbipasHTb xapaKTepHoe cboSctbo npo- 
CToro rap-MOHHHecKaro ABHaceHia, HanHcaBT): 

d| + «'^'' = (1), 

(cpaBHH n. 26 H 108) n ecjin Aano (1), to mh snaeMT), mto 
OTCiOAa cjrbjuyeT'b: 

x = a'sm qt-\- h cos U x — A sin {(fi + e). . .(2). 
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Tji^'k A E e, HJiH a Ti b cyxb HiKOTopua npoHSBOJihHBTa no- 

CTOflHHHa. 

npUMfbpZ, TtilO, BiCB KOTOparO W (|)yHTOB^, HaXOAMTCfl 

Bh npocTOML rapMOHMHecKOMi> ABMweHiM CL aMiUHiyAofia $yTi>, 
(t. e. nojHHfi xoA'b paBemb 2a (J)yTaM'b); qHCja[0 nepio;tOBT> 
B-b ceKynjiiy f, — KaKin cmjiw npoHSBOAflT'L laKoe ABHSKenie? 

EcjiH X (^jT, fiy^erb oTMOflenie xijia otl ero cpeAHaro 
nojoacenifl bx niKOTopHfl momghtx, to ABHacenie ero BHpa- 
SHTCfl xaKt: 

;r = a sin mn x = a sin 2Tzf, t, 

H qncjieHHaa BeJiH'iHHa ero ycKopenia BTb HtKOTopbifi MOMeHTt 
SyAeix 41:^25;, a CHJia, nanpaBJiaiomaa vhjio ktj ero cpe;tHeMy 
no-ioa;eHiio, BHpasHTca Bt (pynTaxi) 4:t2/2a; W : 32*2, xaKTb KaKT> 
Macca B-b HHaceHepHHXt eAHHHii,ax'L paBna bt* JIoHAOHi Btcy Bt 
4)yflTaxT,, A^-ieHHOMy Ha 32,2, a CHJia paBHa ycKopemH) X Maccy. 

120. EcjiH inaTyH'b napoeoit mjim rasosoN MaiUMHu ;i,ocTa- 
TO^HO jiJiHHeH'L, H ecjiH MH Ha30BeMi> W BtcT) nopuiHa H 
nopinneBoro ciepacHa, to nojiy^eHHoe BLime BHpaacenie npa- 
6jiH3HTejiLH0 npe^cTaBHT'L CHJiy, KOTopaa nepeAaeTca aa Kpefiu,- 
Kon(j)y Bi) Towh cjiy^a'h, Kor^a o6t CTopoHH nopmaa 6yAyT'b 
naxoAHTbca iioai> aTMOC(J)epHHM'b AaBJeaieMx. 3aMtTHMi, qTo 
GHa paBHa npa x = n nponopi;ioHajii>Ha x, nojyqaa nan- 
SojLiuyio BeJiaqaay no KOHD.aM'L pasMaxa. CocraBbTe ^iarpaMMy, 
noKasbiBaiomyBO Bejiaqoay 3Tofi chjih bi KaaKjuofi to^k* xofl,a 
n oco6eHHo o6paTHTe BHHMaaie aa to, ito oaa Bcer^a aM- 
cTByeTi no HanpaeAeniio wh cpeAHefi TO^Ki. 

Tenepb, ecjia cTyji.eHT'b HMteT'b a^h Manianbi HHjiHKaTop- 
Hbia AiarpaMMH (^Jia o6iHX'b CTopoa^ nopmaa), oa'b MosKen. 
caaqajia BHqepTHTb ^iarpaMMy, noKasiiBaion^yH) b^ KasKAofl 
ToqKt xo^a CHJiy napa, ^tttcTByioniaro aa nopnieab, aarfeMii 
oa'b MoaceTT) coeAaaaTb ee ct> uepaofi AiarpanMofi, qTc6bi no- 
.lyqaTb aaaqeaie chjih AtficTByH)n;efi aa Kpefii^Kon(J)y. 3aMt- 
Tiiwb, qTO A^BJieaie napa Aaerca aa KBaApaTawfl aioSm^, a bo 
BTopoMT, cjiyqa't 6epeTca nojiaaa cHJia. 

EcjiH cTyAeaTt ace 3to npoA'hJaex'b caM'b, to otl 3Toro 
Cy^eTTj at ^ecaTb pas-b fiojibuie nojbsbi, ^.'hwb ecjiii nsjiaraTb 

aTO 3JI,*Cb. 

^TaKt KaKt ycKopeaie nponopii,ioHajbBo KBa^paTy qacia 
nepioAOBTi a^ ceKya^y, to aa coTpaceaie Mauiaa'b npaxoAHTca 
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TenepB o6paniiaTb ropasAO Sojite cepi>e3Hoe BHHMaHie, qiMX 
npeac;i,e, Kor^a ABnacenia Hxt 6hjih Cojite MeAJeHHH. 

121. TaKT) KaK-L mbi paacMaTpHBajH jtBHHceme nopuiHJi 
napoBofi MaiuHHH, npe;^nojiaraa, hto maiyHX HMterL 6e3KO- 
Herao 6o.ibfflyH) AJiHHy, xenepb mh ;i;OJiacHbi BbiacHHTb BJiianie 
KOHeHHOCTM A^MHU LuaTyHa. 

B-b u, J 1 MH onpeji.'hjiHJR s paacToame nopmna oit KOHn,a 
ero xo^a bti MOMenrL, Kor^a MOTUJib cociaBJiaeTT) yroi'L Ocl 
ero nojoaceHieMTj na MepxBofi TO^Kt. Tenepb, nycTb x ecTB 
paacToaHie nopuiHfl, c^HTaa BupaBO, ott> cepei^HHH ero xo^^a 
(qepT. 3), TaKT) wro name x paBHO npeacaeMy s MHHycL r, 
TA'fe r ecTb ;i,jrHHa mothjih. 

nycTb MOTHJib Bpamaexca paBHOMipno co cKopocxbio q pa- 
AianoBT) B'b ceKyH^y. 

IlycTb onaTb t oaHa^aex'b Bpena, npouie;qnee cb xoro mo- 
Mesxa, Kor^a moxbijib Gujiij noji.t npaMHMT> yrjioAfb Kt CBoewy 

MepxBOMy noJoaceHiH), xaK-b hxo 6 — ^ = qt^ n mh Hafi;i;eM'b 



Ho MH SHaeMT,, qxo 2 cos' qt — I = cos 2qt, (cm. n. J 09). 



Mh bh^hmij, qxo HM-feeM^ cb npocxbiM^ ^apM0HHHecKHM^ 
;i,BHaceHieM'b h ero OKTaeoit cb ropaa^o MeHbuieft aMajTHxy^ofi. 





OxcioAa 



x = r sin qt+ ^cos(2qt)— ^ 




(1). 
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JlerKo BH^iTb, ^To oTHocHiejibHoe anaqeHie npH6aBoqHaro 
^jieHa (oKTaBH) bt> BHpaaceHiH ycKopeHk bt> lerape paaa 
6oji'fee, wkwb Bt BLipaaceHiii jifinmeEia, Mbi MoaceMii, ecjiH 

yrofliHO, onaTb noACTaBHib BMicTo qt + ^n noJiyqiiMT) 
— = rq^ cos + cos 20. 

,.2(^2 

IIpH = 0, ycKopcHie paBHo rq^ + —j- . 

r^q^ 

npH = 90^ ycKopenie paBHO j- . 

npH = 180^, ycKopenie paBHO — rq^ + ~- , 

(g paBHO 2^/*, r^i f ecTb qncjio nepio;i,oB'L mothjih bi> ce- 
KyHAy). 

EcjH HanecTH Ha 6yMary xpa tohkh, noKasbiBaioniiH ne- 
peMin^enie x h ycKopenie btj 3th MOMeHibi, to ne xpyjiHo, 

BbiqepTHB'L KpHByiO HO ipeM'b TOIKaM^b, HOJiyHHTb AOCTaTOIHO 

BtpHoe noHHTie o ii,'Liofi AiarpaMMt. Moaceit 6biTb ne JiHrn- 
HMMi) 6yji;erL saMixHTb, qxo HiKOTopofi xo^Kt, Jieacan^efl 
6jih3^ cpeAHHH, Kor^a yrojix OP^ paBeHT> 90'', T^m> KaKXi P 
j^snacexcH paBHOMl>pHo, h BejiH^HHa oxHocHxejibHaro npHpa- 
menia yrjia Q paBHa nyjiK), btj axoxT> MOMenxx ycKopenie 
TO^KH Q paBHo HyjiK). 3x0 iiojoacenie Q JierKO nafiAexcji, paa^ 
3aji,aHa KOHcxpyKuia. 

CaMoe BaacHoe, qxo nyacHO noMHiixb — axo, bo nepBbixT>, 
qxo ycKopenia, a cjitji;oBaxejibHO, h j^BHacyniia chjiei yBeJiH'iH- 
BBioxca B'b qexHpe paaa, Kor;i;a qncjio nepioAOB^ yABaHBaexca; 
Bi) ji,eBHXb pasT*, Korjia oho yxpaHBaexca: bo BxopHXXi, ixo 
oxHOCHxejibHoe SHa^enie OKxaBW chjibho Boapacxaex^ Bx>ycKo- 
peniH. 

122. BodbMeMi) oco6yK) ())op]»y ;i;BHHeHia, ABMmeHifl KyjiMCb 
MJ1M paAiajibHuxi> napopacnpeAtJiMTe;ibHbixi> MexaHM3M0Bi> n no- 
Ka»eM^, qxff ABH^tenie soJioxHHKa BcexAa oneHb 6jim3ko (ecjiH 
t — BpeMH, npomeAinee oxx> na^ajia xo^a nopmna hjh qt — 
yrojit noBopoia MoxbiJia oxt> MepxBofi xo^kh) k'b 

x = ax sin {qt + e^) + sin (iLqt + £2) f 1). 
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(EcTb o^eHh JierKifl cnocoei) noJiyqHTh ana^eHie ai h a2npH 
HscjiiAOBamH MexaHH3Ma). Ecjih npeHe6peqb «o6epTOHOM'L», 
TO ai ecTb nojiOBHHa xo^a sojiOTHHKa, a sj — yrojii) npejiBa- 
penia. 

B-b orpoMHOMt SojibuiHHCTB't paJ^iaJIbHHX'L napopacnpeA*- 

JHTeJIbKHXt MeXaHHBMOBT) MH HMtCMT) = 90^. 

HaHJiyquiifi mctoaI) Hsyqema BJiiaHia OKiaBbi hjh o6ep- 
TOHa, cocTOHTT) B'L BHqepqHBaHiH Ha 6yMarfc KpHBofi iiJifl Kaac- 
jiaro hstj qjieHOB'b (1) no MeTo^y, JiOKasaHHOMy na qepi. 63, h 

3aThMT> CKJia^^HBaHiH OpAHHaXTj BM'bcrfe. ECJIH MH BH^TeM'b 

H3T> X BejiHqHHy BHtuineft nepeKpbimH i, to jierKo onpe^t- 
JIHMT) TO^Ky, wb KOTopofl npoHcxo;iHTT> OTct'iKa, a TaK»e y3- 
HaeMt, HacKOJibKo panie h cKopte Syjiex^ npoHcxoAHTb ot- 
ch^iKa 6jiaroji;apa 3to& oKTaBi b^ ABHaceniH 30JiOTHHKa. 

HanpHMtp'b B03bMeM'L 

a2 = l £, = 400, a2 = 0,2, = 90«. 

UHacenepT) npaKTHK-L jierKO 3aMiTHT'b, qTO, xota js,m ojir 
Horo KOHua n;HJiHHflpa oKTaBa nojiesna; 3aT0 OHa Bpe^Ha Jtja 
xpyroro KOHu,a, TaKT> ^to ona ne AOJiacna GbiTb cjihiukomij 
BCJHKa. Mbi MoaceMT) noJib30BaTbca eio toto, ^Tofibi no- 
jiyqHTb 6ojibmift BiiycKT> npn xoa* nopmna BBepxt btj hobM- 
mnxTj BepTHKajibHHXT> MainHnaxT); MoaceM^ 3acTaBHTb ee hc- 
npaB.iaTb HepaBHOMipaocTb, npoHcxoAamyio otl KoneqaocTH 
;i,.iHHbi maTyna. 

KyjiHCbi H luaTyHbi HHKorji,a HeAaroTT) o6epTOHa orb Tpoft- 

HblMT> MHCJIOMT* nepiOAOBTj. 

OTHOLueHie HMCJia nepioAOBi> scerAa pasHo 2:1. 

Bi> MexaHH3Mi 0, BpaMBHjjia 6jiaroAapa 3y6qaTofi nepe- 
Aaqt ;i,BH3KeHie 30JiOTHnKa BHpaacaexca TaK7>: 

x = ai sin (qt + ei) + a2 sin (3qt + e2\ . . .(2). 

Bbi^epTHMTj KpHByio, noKa3biBaK)n;yH) sto ABnaceBde, npHHaBi> 
ai = l-15 jwM., el = 47^a2 = 0.435, e2 = 62^ 

EcjiH BHtmnaa nepeKpbima paBaa 1 AJK)fiMy, a BHyxpeH- 
aefi HiT^, to mh M03KeMT> nafiTH, npn KaKHxij noJEOMceHiaxt 
rjaBHaro MOTbiJia npOHcxo^nT^ OTciqKa, BHoycKi, pacmape- 
Hie a BnycKT, napa. IloKa3aTb, qTo aTOTT> MexaHH3MT> a BcaKifl 
:ipyrofi, ji,aion^ifi ooepxoa^ cb aeqexaHMij MaosKBTejieM'b qacia 
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OCHOBHHXT> flepiOAOBT), A'fefiCTByeTI) OAHHaKOBO Ha OSOHX'B KOH- 

123. EcM x = ai COS (^i^ + e,) +a2C0s(g2^4-e2).-.(3), 
TO* qi = 2ir/\ h = 21: 

TO qncjia nepio;i.OBi) 6yfl,TT> pasjinqHw; xaKoe ABnaceme He mo- 
3KeTB 6HTb npHBe^eHO ki> npocTOMjr rapMOHHqecKOMy. Ilojro- 
acHM'L flj — Oojibiiiee. 

CaMBifi jiyqmift Mexo^'b AJia iiacjibAOBama — rpa(|)HqecKifi. 
Mbi HM'feeMT) ;i,Ba MOTLiJia, AJiHHi,! ttj fl Bpamaiomnxca cl 
pasjiH^HMMH yrJioBBiMH cKopocTflMn, TaKT>, HTO Bx peayjibxaTt 
nojiyqaexca xaKoe ABHmeme, Kani) 6yAXo oj\mi> MoxbiJib A 
BpamaexcH ct cpejunefi yooBofi cKopocxbio, ho ;i.jiHHa ero 
M'tHflexcfl MeacAy npejttjiaMH aj + a2 h ai — npn ^bmij ero 
nojoaceHie Bce^;^a fijiHace kb nojoHceniio ai, TfeMii a2; ji.'hfi- 
cTBHxejibHO, OHTb KdiKh 6bT K0Jie6jiexca okojo nojioaceHia ai. 
EcjH ^1 oqeHb 6jih3K0 xo mh MoaceMX* Ha6.iH3;i;axb 

oqeHb BHxepecHoc aBJienie, no^oSHoe yAapawT> bi> wysbiKaiib- 

HblXl> TQHaX-b 

TaKX 2 xoHa, macoxbi 100 h 101 iipoHSBOAax-b 1 y^apij 
B-b ceKyHAy. 

AnajiorHqHbie yaapbi .lerKo Moryxxi fiwxb Ha6JIK)J^aeMbI Bb 
jiaMDo^Kt HaKajHBaHia, KorAa ;i.Bt ;i,HHaMO-MamHHbi nepewtH- 
Haro xoKa coe;^HHeHH BMtcxi. TaRne n MopcKin npMJiMBbi, 
3a RCKJiJo^emewb cjiyqaa A-^HHHMX-b KanajioBij h 6yxxi), hohxh 
Bcer^a cjrh;^yK)xx> npocxoMy rapMOHaqecKOMy aaKony; ecjiH a, 
cooxBtxcxByex'b BjiiaHiio JiyHH, a ^2 A'^flcxBiio cojiHua h ecjiH 
aj = 2,1 a2, TO BHCoxa HanSojibmaro npHJiHBa xaKb oxho- 
CHXca Kb BHCorh naHfiojibniaro oxjiHBa, KaKt 3,1 k-b 11. 

BpeMa HaM6oiibuiMxi> npMJiMBOBB cooxB'bxcxByex'b nojiHOiiy- 
HiflM'b. ^McxBBxeJibHaa (j)a3a npnjiHBOB'b HHKorAa He oxjih- 
Maexca 6ojiie, ^%wh Ha 0,95 JiyHnHxij qacoBx. on jiyHHbix'b 
(}>a3^; 0.95 JiyHHbixT> qacoBB = 0,98 cojiHeqHHXx,. 



* AeajiHTHqecKH. HaaHmeMii 

cos (.2ir/*2^ + Ej) = cos I27zfit — 2iz {f^ — /i) ^ + ^2] • 
CJI'fe;^OBaTeJlLHO a? = r cos {^Tzf^t -[- 0), 

r^t = + (h^ + ^a^a^ cos [27r (/; - - /i) ( + h — £2!^ 

OTCIOAa jerRO BUMHCIHTb BCJIHHHHy 0. 

15 
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124. nepioAHHecKan 4)yHKi;ifl BpeMenn ecTb TaKafl, koto- 
paa BMicii ci, npoH3BOAHHMH ea nojiyqaerx rfe ace ana^e- 
Hia nocjii Kaac^taro nepioAa T. 9to T HasHBaexca npojioj- 
sHiejiLHOCTbH) nepio^a h oCpaTHaa ero BejiH^HHa ecTb f — 
qncjio nepioAbBT>. 

AjreSpaHqecKoe BwpaaceHie nepioji,HqecKofi $yflKuiH 6y;ieTi> 

rj^t n ecTb niKOTopoe ii,tjioe qncjio, nojoacHTeJibHoe hjih 
OTpimaxejibHoe. 

125. IIpaBHJibHOCTb TeopeMW 4>ypbe MoaceT'B 6biTb npoet- 
peHa Ha j^tjit. Ona AOKaawBaeT'L. ^to BcaKaa nepioAH^ecKaa 

(J)yHKii.ia cb nepioAOMt T(TaK^MTo g paBHO-^^HJiH 2Tr/")8KBH- 

BajiGHTHa cyMM-fe HtKOToparo nocToaHnaro qjiena h H3BicTHbixi> 
rapMOHH^ecKHx^ (|)yHKi4fi BpeMeHH 

/ {t) = Aq + A^ sin {qt + E^) + sin {2qt + E^^) + 

^3 sin {^qt + E^)+R T. A. . . (1). 

Toqao xaKjKe SByKi), npoH3Bo;i,HMHfi TpySKofi oprana, cipj- 

HOfi CKpHflKB HJIH APyrHMT, MyablKaJIbHblMX HHCTpyMeHTOSTb, 

cocTOHT'b H3'b ocHOBHaro TOHa H ero o6epTOHOB'L. ypaBHenie 
(1) ecTb Toace caMoe, qio h 

/'(^) z=J.Q + ai sin +&1 cos qt+a2 sin 2^^+62 cos 2qt+R t. 
ecJiH + = H tang Ei = - , a t. a;, f 

126. nepeMiHHoe MarHHTHoe nojie, HMiiomee nanpaBjeme 
cji'tjtyerb saKony X = a sin rui ^ ecTb Bpena. Apyroe, 
HanpaBJieHHoe no y, cocTaBJiaion],eMy npaMoft yrojit ci» 
HanpaBJieHieM'L x, cjiiAyeT'L saKony F='a cos qt. 

Btj H'feKOTopbifi MOMeHT-b paBHOAtScTByion^ee noJie 6yfl,en> 

R = Vx ^+ = a — nocToaHHOMy, 
cocTaBJiaioiD.ee cb y yroji^ 6, npaqeM-b 

tang 6=^, HJIH b = qt. 
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CiitAOBaTejibHO, bi> peayjibTart no/iyHMTCR nocTORHHoe nojie R, 
BpaiuaioLueecfl ci> yr/iOBOit CKopocTbio q. 

Ito^;^a nojia SyAyTt 

X = ai sin(^^ + s,) h F=a2Sin (qt + e^), 

TO jyqine npHMt>HHTb rpa(J)H^ecKifi Meioj^t Hscji'tAOBaHm. Pas- 
HojitficTByiomee nojie BupaataeTca no heAmnwk h nonanpaB- 




^epx. 69. 

jGHiK) pa^^iycoMt boktopomT) ajijianca, onncHBaK)iii.HM^ btj paa- 
HHa BpeMena pasHHa njiomajiiH. 

nycTi) OX H OF, qepT. 69, SyjiyT-b ^Ba BbimeynoMaHy- 
THfl HanpaBJieflia. IlycTb OAi b^ HanpaBjeniH OX = ai, 
OnacHBaeMT, Kpyn, pa^iycoMi) OAi, ElycTb FOo H3o6pa- 
acaerL yrojit e^. 

Paaji'bjiHM'L Kpyrii Ha HicKOJbKo paBHHXT) lacxefi, Ha^H- 
na^a cl to^kh a aasHBaa to^kh A^Jieaia 0, 1, 2, 3 a t. 
IIpoBejieM'b H3T> oTHXTi ToqeKT) jraaia napajiJiejibHHa OF. 
nycTb 0-42 no HanpaBJieaiH) OY — paBHo a2. OnameMT) Kpyr^ 

15* 



— 228 — 



paAiycoMt OA^. OxjiOiKHM'b ymit X'OO' paBHHfi 62 n paa- 
ji.'kiiHM'B Kpyr'L ToiKaxTi 0', 1, 2, H T. ][. na to ace canoe 
qHCJio qacxefi, mn-b h paHbuie. Ecjih npoBecTH qepest arn 
To^m JiHHiH napajiJieJibHHa OX, to to^kh nepeciqenia dTExrb 

JTEflit CT> COOTB'feTCTByiOmHMH JMHiflMH, npOBCflieHHHMH 0n> 

BToporo Kpyra, npeAcxaBflTt coOofi kohuh pajiiycoBt bckto- 
poBii, KOTopbie Syjtyrb BLipaacaTb ji,m jiiofioro MOMeHTa no Be- 
J^vani H HanpaBJieHiK) paBHOA'McTByioniee MarHHTHoe nojie. 




Hepi. 70. 



Elmh 6u ox h OY Aaace h hc 6hjih BsaHMno nepneHAH- 

KJlflpHbl, TO BCe TaKH GTOTTj CnOCOSl) MOaceTTb 6HTb npH- 

Bmh mh pasA'bJtflM'L KpyrL OA2 na noJioBHoy qacjia 
Kpyra O^i, to nojiyqHMT> KOMOHHaniio X = 
ai sin (qt + ^l) H F=a2 sin (2g^ + £2)- 

ECJH MM XOTHBTb H306pa3HTb TaKyK) K0M6HHail,iH): X = Ka- 

Eofi HHoyAb nepioAHqecKofi ^yHKuin, a F^pyrofi Toace nepio- 
Aii^ecKofi (J)yHKa,iH, to nycTb KpnBaa otij M2 ao N2 Bupa- 
saeTi* r, npH ^lewh M2N2 ecTb npo^ojiacflTeJibHOCTb nepio^a; 
a KpHBaa ovh Mi ao nycTb noKasHBaeTTb X, npn newh 
BepTHKajibHoe paacToanie MiNi paBHO npo^oJiaHTejibHocTH 
fiepio;ia. Ecjih Pi h P2 cyTb to^kh HaAByx-b kphbhxt>. coot- 
Bl>TCTrtYH)n^iff OAHOMy h TOMy ate MOMOHTy BpeneHH, h ecjH 
rupii^DKTajib, npoBOAeHHaa qpeaii P2, BCTpiqaeTca ct> BepTH- 
IPAftiDt npoBOAeHHofl qepea^ Pi b^ To^Ki P, to bti 3tott> 
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MOMeHTii OP npeACTaBJifleTi> pasHOAtMcTByioiMee noiie no Ha- 
npaejieHiio m sejiMMMHt. 

TmaTejbHO H3o6pa3HTe 3to nocTpoenie. 
Oho Moacex-b cjiyKHTB THnoMT> pimeHifl BceBOBMoacHHX'b 
sajijSLWh, RacaioiiiHXCfl BpamaiDH^xca MarnnTHUxx nojrefi. 

127. IliioiMaAb CMHycoMAbi ;i;jrfl utiaro nepio^a pasna 0. 
3to o^eBH^Ho ;^JIff Ka3K^,aro, kto HaqepxHTL ^Ty KpHByio. ^o- 
KaaceMT) aio pac^ieTOMi); nycxb 5 ntKoxopoe utjioe qncjio h 

27r 
Q = Y' 

T \ rT "I 

/ sixisqt .dt = cos sqt = 

Jo sqU J 

= — — f COS s ^ T — COS W 0, 
sq\ T J ' 

27r 

xaKT> KaK-b COS s-^T hjih cos .s27r=l h cos = 1. 

cT , 1 1 

ToqHo xaKace, j cossg'^ . dt = sin $qt^ 
2*c 

TaKi, KaKT) sin s-^T=Wi 527r = h sin = 0. 

128. EcjH opMHaxH AByxi, cHHycoH;^^ nepeMHoaaroxca 
;^.la xoro, qxofiH nojiyqnxb op;i,Hflaxy HOBofi KpHBofi, xo njo- 
^^a;^b ea pasna a-ih niKoxoparo nepio^a, Kpaxnaro KaacAaro 
H3T> j^aHEbiXT) ^epio;^OB'b. TaKT>, ecjii 5 h r cyxb. HiKoxopwa 
utjHfl qHCJia, xo 

I sin sqt. COS rqt. dt = .... (1). 



j sin sqt. sin rqt.dt = . . . . (2). 
T 

f COS sqt . cos rqt . dt = . . . . (3). 
3x0 ;toJiacHo Sbixb xn^axejibHo npoBipeHo. 
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Bo nepBSTXT* 3to SyAeit ynpaacneHie Bt HHTerpHpoBasiii. 
a 3aTiM^ Haji;o npoA'feJiaTb axo rpa(})HqecKH. CTy;i;eHTy ne npn- 
j^exca TpaTHTb cjimuKowh MHoro BpeweHH na paacMOTptnie 
aTHXTb nojOHceHift cl pasjiHqHHX'L TO^eirL^sptHia. 

Ohtb jiojDRewh Bflj^tTB coBepmeHHO acHO, no^eMy oTstrb 
BT> ;i;aHHOM'L cjiyqat CyAQn 0. 

/tificTBHTeJibHO, (|)yHKiiiH (1), (2) H (3) pasjiaraioTCff na 
npocTHfl rapMOHHuecKifl (J)yHKii.iH, n HHTerpaji'L Ka3K;i,ofi laKofi 
(|)yHKn.m fiyji.ex'b paBeHT> 0. TaKi*. 

2 sin sqt . cos rg^ = sin (s -{- 9^ + sin — ^) 

H no n. 127 Kaaytaa h3t> hhxi» uMierB njiomajib 0. Baa- 
HOCTB aTHXT, nojioHcenifi ^Jia ^^hbhkh orpoMHa. Tenepb, ecjrn 
s = r, TO nojioaceHifl (2) h (3) He BbpHbi, ho (1) ocTaexca 

BipHblMT). H6o 

[ sin2 sqt . dt = f cos^ sqt . dt = V2T. . . (4), 

MCHc^y T^MT, KaKT, (1) o6paiii,aexcH m> KHxerpajit Bbipaacenifl 
V2 sin 2sqt, paBHbifl 0. YpaBHenie (4) nyacHO HBCJii^oBaxb rpa- 
^H^ecKH, a xaiuKe h npn nowomH npocxoro HHxerpHpoBaHin. 
IIpHnoMHHafl m'h xpHroHOMexpiH, qxo 

cos 26 = 2 cos2 6 — 1 HJiH = 1 — 2 sin2 6, 

a noxoMy 

cos^ qt — 1/2 cos 2qt -\- si^i^ Q.^ = — cos 2qt\ 

MoacHO JierKo BwnojiHHXb HHxerpnpoBaHie, h cxyjieHXT> aoj- 
weHT) BocnoJib30Baxbca axHM-b Mexo^,OM^ napaBH* ct rpa(})H- 

qeCKHM'L. 

129. IIoKaHceMi. 3xo rpa^HqecKH. Ilycxb OC, (qepx. 71), 
BbipaacaexT) T. IIpHHaB-b 5 = 2, noiyHHM'L KpHByio OpQRSC, 
npejicxaBJiaiomyH) sin sqt. HaH6ojibmaa h HaHMenbinaa bh- 
coxa ea paBHa 1. SaM'fexHM'b, qxo sin^s^^ Bcerjia nojioacnxe- 
jrenx h Moacexx* 6bixb H3o6pameH'b KpHBofi OT QiBiS^C, 

Oaa aaoionaexca Meacjiy npoA'hJiaMH h I, n cpe^Haa 
ea Bbicoxa ecxb V2. t. e. njioma;ib ut^jioii KpHBofi oxt> ^0 C 
paBHa V2 2". 
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To o6cToaTejibCTBO, ^to cpeAHee SHaneHie sin stq X sin rtq 
paBHO 0, a cpeAHee 3HaHeHie sin sqt X sin sqt paBHO V2, ecTb 
OAHO M3i> caMbixi> BawHbixi* fl,nn npaKTMHecKMxi> MHweHepHtuxi* 
pa6oTi>. 



130. npMiioweHie bi> 3/ieKTpMHecTBt. BjneKxpHqecKifi Anna- 
MOMexpij HMtert hb* o6motkh; noiojKHMT), wro Hepe3T> nepByio 
Henoji;BHacByH), npoxoj;HT'i> tokT) C; BTopaa — noABHHCHaa ct 
TOKOMt c. Bi> HiKOTopLiS MOMeHTL paBHOAificTByKuniaa CHJia 
nponopuioHaJiBHa Cc, ^T0 h j^aexi) BOSMoacHOCTb HSMipHTB 
cpeAHee SHaqenie npoHSBejiieHifl Cc. Epocj). AfipioHt h aB- 
Topi) KHHrn npoH3BejiH cjiiAyiomifl KpacHBHfi h noy^HTejibHBifi 
onbiTB. Ohh nycKajiH qepeax HenoABHrnnyio ofiMOTKy tokt,, ko- 
Topbifi npH6j[H3HTeJibHo dburt paBem, C=Cq sin 2tu/^. Tokx 
aTOTi) AOCTaBjifljica AHHaMOManiHHofl iiepeMinHaro TOKa. 
Hepesi* Apyryro ofiMOiKy ohh nponycKajiH tokx c = co sin 27r/\^, 
TOCJio nepiojiOBT, KOToparo Morjo 6biTb yBejrnqHBaeMo hjih yMCHb- 
maeMO. Bhjio o^enb HHTepecno HafijuojiaTb (ajth oObiKHOBen- 
Haro npaKTBKa HHTOnepa 9to mofjio noKa.saTbca cTpaHHHM'b, no- 
^TH HeBipoaTHbiM'b), qTO, xoia qpesT. o6f> oSmotkb npony- 
CKajiHCb 6ojibmie tokh, cpe^naa cnjia TOKa Hcqeaa-Ta, — 11, 
AtficTBHTejibHO, no lUKaji'fe nejibsa 6biJio Hnqero saM'bTHTb. IIo- 
jioa;HMT> /' omo 100 ceKynny, a p nocTenenno yeejinqH- 
Ba.iocb nojioacHM'b cb 10 m 20, 30, 40, 49. Memjiy 49 n 51 
e;iBa, e^Ba saMiTHO 6uao, ho ne acno n neonpe^'feJieHHO nt- 
KOTopoe A'bficTBie o^Hofl o6motkh hr jipyryio, ho nsMipHTb ero 



o 




A 

C 



^epi. 71. 
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6hjio HeB03MoacHo, Ko^^^a ace yBe.iHqHj[oci>, B3aHMo;^tflcTBie 
npcKpaTHJiocb. HHKaKoro A'bficTBia ne 6hjio saMiTHo. 

HHKaKoro J^McTBia He Owjio saMtTHo, noKa 6wjio 60, 
70, 80, 90, 97, 98, 99, ho Korjia f npH6jiH3HJiocb Kt 100, 

TO He 6bTJlO HHKaKoro COMHtniH BT> TOMX, ^TO TyPL npoHBja- 

jiocb ji;McTBie 6ojibmofi cpe;i,Hefi cHJibi; ee mo»ho 6brjio h3H'6- 
pHTb H no uiKajit HHCTpyMOHTa OHa oKaaaJiacb paBHofi ^kC^CQ^ 
KorAa nepemjio 3a npcAi^'b 100, CHJia 9Ta cpaay Hcqes-ia, 
H ocTaBajiacb Bce BpeMff paBHofi Hyjiio, noKa f He c^ijiajocb 
paBHUMi} 200, H Tor^a npofiBH.iocb He6oj[bmoe BsaHMO^tM- 

CTBie, KOTOpoe MOaCHO 6blJI0 H3MtpHTb; OHflTb OHO BHesanHo 

npeKpaiHJiocb, noKa ne c^'fejiajiocb paBHHMi) 300 h TaKi^ 
Aajiie. Mh 3HaeM'b, mto, ecjiH 6h C h c Sujih npocTHMH 
rapMOHHqecKHMH (|)yHKn.iaMH, to Tyrb a6cojiK)THo ne mofjo 6w 
npoHBHTbca HHKaKofi cHJiH 3a HCRjimeHieMi Toro cjiyian, 
Kor^,a TOCJia nepio^OBT) 6biJiH 6bi bi tomhocth paBHU. Ha ca- 
MOM'b AtJi'h, ojiiHaKO, Tyrb npHntaHBajiHCb OKTaBH n Bepxnie 
rapMOHH^ecKie tohh, h noTCMy cjiafioe A'bScTBie npoaBJiaJiocb, 
Kor^a H oTHOCHJHCb MeatAy coSofi, KaKii 2:1, hjlh 1 : ^, 
HJiH 1:3 H T. x 3Torb (J)aKrb Kpaftne Baaeni ^^Jia Bcix-b 
HHaceHepoB-b ajieKTpHKOBi, KOTopbie hm4h)tt> ji^o c^ nepeMta- 

HHMH aJieKTpHqeCKHMH TOKdMH. 

131. ynpaacHenle B-b HHrerpHpoBaniH. IlycTb Cue 
nepeMtHHBie ajieRTpH^ecKie tokh. Ecjlh l = Cq sin qt h 
c = Co sin {qt ± e), h 3th jiBa TOKa npoxoj^arb qepes-b ast 
oSmotkh ^JIeKTpo;^HHaMOMeTpa, to npnOopi OTiitTHrb C^Co 
cos e, TaKT, KaK-b bto ecTb cpejinaa BeJiHinaa npoH3BeAeHia Cc. 

Kor^,a C E c paBHw Meac^y coCofi, t. e. Kor^a OAHH'b h 
Torb ae tokt* C=Cq sin (qt -[- e) npoxoOTT> ^epes^ o6t 
oSmotkh, npHSopx sanHMaeTx cpe^,Hee 3HaieHie Odt hjh 



KOTOpoe, KaKT) Mbl 3HaeMT,, paBHo Va Co'. KBa^paTHbifi KopeHb 
H3'b TaKoro Bbipaacenia o6HKHOBeHHO naabiBaeTca A*ficTByK)- 



HasBanieMT) A^ScTByromefi BejiHqHHbi Co sin qt. JI,tflcTByH)maa 
CHJia TOKa Moacerb 6biTb onpe^'fe-iena KaK^ KBajtpaTHHfi Kopenb 
HB'b cpe;^Ha^o SHa^enia KBa;ipaTa TOKa. TaKHM'b o6pa30M^, 
Kor;];a HHacenep'b ajcKTpHK'b roBopHT-b o nepeirtHHOMi tok* 




(1), 



^^HM'b TOKOM^, TaKTi ITO -jT^Co CCTb TO, HTO H3BtCTH0 00;^^ 
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CHJoft 100 aiiiiepi, to oh^ no;ipa3yMtBaeTi nofl;x aiHM'L to, 
'iTO ;i.McTByH)maa cHJia TOKa paena 100 aMQept hjih ^to 
(7= 141,4 sin {qt-\-a). TaKse Bo.ibTaHn> pasHufi 1000 03Ha- 
^aeTi> 

v = 1414 sin (g^ + l3). 
ynpaoHyHBHie. KaKOBa 6yAen> dthucnioymmji BejiH^nea 

ao + ^isin (qt + sj) + ^2Sin {2qt -\- 63) -{-rt.ji. 

3aMiTHM^, tto cpeAHioK) BejinqaHy HM'tioT'L tojibko KBa- 
upaTH qjenoB^, HHTerpa.n> BcaKaro ^^pyroro npoH3BeAeHia 
jpa uijiaro nepioj^a paBeH^ nyjiio. OTB'bTi*: 

OSpaTHTe BHHBiaHie na to, KaKoe Majioe sna^enie HMirorb 
MBJlHe ofiepTOHM. 

EcjiH v=i — (sin 4- V3 sin,3^i^+ '/s sin 6qt h t. ji.) . . (2), 

TO na oeHOBaHiH n. 135 mm MOJKeMt BHA'bTb, qTO aTO ecTb 



M 








Q 

















N 

Phc. 72. 



^o'L 4>ypbe, KOTopbifl MO)KeTT> 6HTb npe^cTaBJien-b KpHBofi 
(qqrTv 72), r^t pascTOflnie OM paBHO vq, a paacToanie 
OQ H3o6pa»caerb nponojiHCHTejibHOCTb nepio^a T, npaqeMT* 

qz=-^uv cqnTaeTCfl ott* .ihhIh OQ Beepxi). 
J'feficTByiomafl cHJia 

^ 1 + V9 + V25+V49 + HT.JI (3) 

Toqno Taoce no qepT. 73, rjt Py[=vo h 0Q=T, 
t; = ^(sing^— i/gSinSg^ + V25Sin5(Z^ — H t. • • (4) 
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JlificTByiomaa cHJia 



(5) 



OnaTb BHi^HM^ KaKoe nnqToacnoe snaqeHie hm^iot'l Bct 
qjieHLi 3a HCKjnoqenieMij ocHOBHoro. 




Pnc. 73. 

ynpaotcuenie. 
EcjiH C=(7o + A sin + cos qt-\- 

-|-^2sm 2(/^ + ^2 cos2g^-f H T. ;i..(6), 

II ecJH 

c=r?o+ai siiig^+fti cosg^+a2sin 2qt+h2 cos2qt+ET.]i. .(7). 
To cpeAHee snaqeme 

Cc[=CoCo+V2(A«l +J?i6i+^2«2+^262+HT.A). .(8). 

JlerKo BHA'bTb, qTo b-l 3T0 BHpoaceHie He BxojiflT^ qjie- 
Hbi no^,o6HHe ^2^2 hjth ^2&3- 

132. UycTb AB h jBC qacxH niKOTopoii ajicKipHqe- 
cKofi uiuH. nycTb ^JS conpo- 

THBJieHie i?, a caMOHHAyR- ^:::iVVf£7Jl^~II?5s^^^^^^ 

ma oTcyxcTByeTT,. B-l BC wnaa/vna/naaa/tT ft'ft (Tso 6"(ri'^ 

nycTb conpoTHBJieHie r, a ^ ^ B r j 

caMOHHJiyKdff I. IIOJIOSKHM'L PhC. 74. 

C=CoSiii — npoxoAamifl no ^t^H tokt,. IlycTb F^jg h 
T. A. A^ficTByiomift B0JibTa>KT, MeacAy TO^KaMH A n B, ^ 
^AB drbucmeywmiu BoabxasKT. MeacAy A n B. 
^AB = BCn sin 

C = ^ + + sin (^qt-\- arctg ) 
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|/2 

SaMixHMi,, qxo Mj^Q BcerAa MeHte V^^V^c ^'"a**® roBopa, 
AtncTByioiMiM BO/ibTaH<i> MemAy A m C BcerAa MeHte cyMMbi 
AtncTByioiMMxi> BOJibTaweM MewAy A m B m MemAy B m C. 

TaK^, B03bMHTe Co = 141,4, E=l, r=l, lq=l h bmh- 

CHHXe Ha npHMtpi 3T0T^ (|)aKT^, KOTOpuft HHOr^a CXaBHTl) 
BTynHKl* HHaceHepOB'L aJieKTpHKOBT>. 

132. llpaBMiio A^fl pa3/io>KeHifl npoMdBOiibHon 4)yHKi^iM bi> 
pflAi> 4>ypbe. 



; 
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Phc. 75. 





^jTHKuia Mowcexx Sbixb H3o6pameHa KpHBofi (cm. nepx. 75) 
r;it PE npeAcxaBJiHexT> sHaqenie y B-h momghx^ t, Koxopwfi 
H3o6pa)Kaexca ajJHHoS OE, OC npejicxaBJiaexi) BpeMa utjiaro 
nepioAa T. 3a ToqKoii C KpHBaa CHOBa noBxopflxcH (BMtcxo 
6yKBH t MbT Momewh Bsaxb mn KaKyio yrojiHo Jipyryio. Bbi- 
Baiox'L (j[)yHKi;iH nepiojiHqecKia, HanpHMtpt, bX) oxHoiDeniH npocx- 
paHCXBa). JIoJioaciiM'L, qxo y MOHcexT> 6MXb paajoaceno b1) 
paAt xaKX)! 

2/ z= Oi sin + ^^s qt -j- ^2 sin 2qt -\- Z>2 cos 2g'^ 

4- «3 sin 63 cos 3g/ +• . ( 

q = -rr 
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H3i» BbiBo;i,oB7i, noJiy^eHHHX'L Bx n. 127 o^eBHjtHo, uto a© 
ecTb cpeAHflfl Bbicoia KpMBOtt, HjiH cpeji;Hee sHaMenie y. Ona 
Mo-iKexT) 6HTb Hafl;^eHa i^wh 3Ke cnoco6oM'b, KaKHMt naxojuiTL 
cpejiHioK) BKicoxy HHji,HKaTopHofi AiarpaMMW. 06BejieMT> ocTpieM-L 
njaHflMexpa, naqaHaa ci» no JiHHiH OFPHGCO, h pa3;^'fe- 
jiEMi* onpeAt^eHHyio xaKHMi* ofipaaoMt njioniiaAb na OC. Egjih 
Kpnaaa ne BLiqepqena, a ji.di.Eu, noJioasHM'L, 36 paBHOOTcxoa- 
niHXi> 3HaqeHi8 y, to cjiofflCHMi> hx^ h pasji'fejiHM'L Ha 36. 
OStacHenie axoro saKJimaexca bt> cJl'k;^yK)^^,eM^: njionia;i,b Bcefi 
KpHBofi HJIH HHTerpajn> y Mmjay npe^tJiaMH n T paseHTb 
Tao, noTOMy qxo HHTerpajiTi BcaKaro apyroro qjiena noAoCna- 
ro, HanpHMtpT*, ai sin qt hjih &3 cos 'Sqt, paBen^ 0, A'tAcxBH- 

XeJbHO 

I sin . dt hjih | cos sqt .dt = 0, 

^ ^ 

ecJH 5 ittoe qncjio. 

aj ecxh ^.Boflnaa cpeAHaa Bbicoxa KpHBofi, nojiyqaromefica 
oxt nepeMHoaeaia opjiHHax^ y na cooxBtxcTByiomyio op;iHHaTy 
sin qt, h6o, ecjiH jMHoacHXb (1) na sin qt h npoHHxerpHpoBaxb 
OTT* AO T, xo no n. 128 mh no^yquM^ 

T ^T 

f y .slnqt .dtzz^O-^ai ( sin^g^.d^ + O + O h t. = 

= 'ha,T (1); 

pasA't-iaa axo na T, nojiy^HM'b cpewee SHa^eHie, KOTopoe,^y- 
jiyqn yMHoaceno na 2, ;iacxT> 0HeBH;iH0 aj. no:no6HHM'B ace 
o6pa30Mx, 

I y, cos qt.dt= 'lobiT (2). 

^ 

OKOHqaxeJbHO, na ocHOBanin npHHunnoB^ n. 128, m cytb 
ABOttHbifl cpeAHifl BeiiMMMHbi y sin sqt m y cos sqt, hjih 

2 r'^ , 
^s=-T y-^^nsqt.dt 

2 /x [ (3)- 

^= j JJ. COS sqt, dt^ 

134. Bi) avypHajii Electrician on 5 (J)eBpajia 1892 ro^a, 
aBTOpx Ai-Ti> HCHbia yKaaania, KaK^ npoH3Bo;iHXb qncjieHHu 
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3T0TTb pacqert, ecjin AaHbi 36 ^EceJn>, BwpaacaromHX'L paBHO- 
OTCToamiH snaqeHifl y. 

Bi> TOMT> ace acypnajii 28 irona 1895 r., aBTopi onHcajT> 
rpa4)M4ecKiM meioAi* nojiyqenia aTExx K08(i)(|)Hi;ieHT0B'L. Fpa- 

<J)HqCCKifi MCTO^Ti MOSCHO 0C06eHH0 peKOMCHAOBaTb JIJISI pasjio- 

a^enia KaKofi HH6yji,i) npoHSBOJibHofi (J)yHKi^in. 

CxyAeHTET, KOTopBie no3HaKOMaTCfl ct> opHrHHajiOMT>, saMt- 
TflTL, qio 3nicb a6cu,HCCH nojiyqaioTca oHCHb dbicipo, h Kpn- 
Baa jierKO Bbiqep^HBaeTca. 

aioM^ cjiyqah KpHByio, noKaauBaiomyH) y n BpeMa, 
HaaocaT'b aa 6oKOBofi noBepxHocxa Kpyrjiaro UHJiuH^pa, cl 
OKpyacHOCTbH)paBHofi^po;^OJI»HTeJIbHOCTH nepio;^a.KpaBaa npoeK- 
TBpyeTca aa AiaMeipajibHyio njiocKOcxb, npoxoAflffliyK) qepesi) 
^ = 0. ^Bofiaaa njiomaAb npoeKH,iH, paa^iJieBBaa aa OKpyac- 
HocTb ^BJIHa;^pa paaaa aj. IIpoeKTHpya KpaByio aa njiocKocTb, 
Haxojtaniiyioca no^.^ npaMbiM^ yrjioMij k-l nepBofi, mh no.iy- 
mim* rhM'b ace nyieM-L Sj. Ecjih Kpaaaa aaaeceaa aa OKpyac- 
HOCTH s pas-L BMtcTo o;i,aoro a cnpoeKxapoBaaa aa ^Bi jiia- 
MeTpaJibBKia hjiockoctb, to ;^BofiabIa njion^aAB Kaacjiofl hb-b 
;^Byx•b BpoeK];ifl, A'bJieaaHa aa 5 oKpyacaocTefi D,BJiBB;^pa, j^a- 
Ayni a, a 6, *). 

AaajiBSbi npo({). TeBpflqa, onacaBBbie bt> Proceedings of 
the Physical Society, ;i,aiOTT> Koa(|)(|)Hi^ieaTH 6bicTpo a xoqao. 
Mexojii'b BajiMopa, onySjiBKOBaaBbifi bt> Journal of the Insti- 
tution of Electrical Engineers, bt> Maprb 1896 roj^a, Mat 
Kaacexca oqeab yJ^o6ea'b b'b xomt> cjiyqat, ecjH ^aa^ paAi) 
TOcejn>, BHpaacamai.BX'B paBaooxcxoaaUa aaaqeaia y. 

135. EcjiB nepioABqecKaa (J)yaKi;ia B-soSpaacaexca rpa(J)B- 
qecKB npaMHMH jiaaiaMB, KaKi, aa qepx. 72 a 73, xo mh mo- 
aceMt nojiyqaxb pasjioaceaie bt> pa^'b Be^ocpeJ^cTBeBBbIM'b 

*) BtuTI MeiOATj OCHOBaH-b Ha tomt>, hto 
a - sin . sqt . dt^-- fy.d (cos qst) =z ~J y. d {cos sqt). 

BwqepTHB'b nojiHyio KpaByio, bi KOTopoft y (bt, MOMeHxi t) ecTb 
op;^iiBaTa, a cos sqt aocuHcca, mu yBHAHMi*, qTO ea njiomaAb, oupe- 
^^taeHHaa njiaBaMeTpoMi, pasAtaeHHaa na sz J^ac^b Ug. noAo6Hufi rpa- 
(J>HqecKitt BteTo^^i npHMiaaeTca paajoateaia apoHsaojibHuxT, (J)yHK- 
niB Bi pa^M Be tojibko CHHycoBi n KOCHHycoBi, ho h APyrnxt (pyHK- 
aift, HanpHMtpi c(j)epo-30HajiBHUXT>, rapMOHHHecKHXi a (J)yHKuift Becceia. 

no TOMy ate Mero^y HaaAeMi, ^s=-r \y -d (sin 5^^). 
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iiHTerpHpoBaHieMt, TaKt na qepi. 76 noKaaaHa KpuBaa, na- 
SHBaeMaa «make and break » *). 

y = OA, .HJH nfaoJKHBit, 2vo ort t = jio t= 0P=^^i2 T; 
y = oTb t='loT, mii OP, ao t=T, mn OQ. 



O^eBHJiHO, qio 



cio = Vo, q-= 



A W 








P < 





a. = 



2 r'j^T 
tJ 2t 



Phc. 76. 

2 r'/ 

XJ 2vo . sin sqt . di,h,= f J „ 2v^ cos sg<. d<, 
2«o, 2va( npH s HeTHOMi \ 



= — npH s HeqexHOM^ • 
Sit ^ 



2«n 



1)^ = ^^^ (sin S- — sin 0) = 0. 





o 



















Pqc. 77. 

OTcioAa (|)yHKuia, n3o6paaceHHafl Ha qepT. 76,^npHHHMaeTT> 

BHA'L 

+ — ^(sin^^+VaSin S^/^-j-VsSin S^^ + ht. fl.)-(l)- 

nycTb Haqajo nepioAa Haxo;iHTCH Ha nojiOBHfffe paacToa- 
Hifl Meac^y r A (qepi. 76), KaKi* na qepT. 77, TaKT> qio 



*) HpoMtqaHie nepeB. Bi 6yKBajii»H0Mi nepesoAt ccAtJiaTb a 

CJIOMaTh*. 



BM'fecTo KpHBofi, KOTopyio 9JieKTpHKH HasuBaioT^ «mq,ke and 
break », mw nojiyqHM'L j^ih oahoS noJiOBHHBi nepio^,a -|- i^o do- 
cTOflHHoe, a MSL Apyrofi nojiOBHHbi — Vq, to ecTB ^Jfl Kaat^ofi 
noJioBHHH nepio^a npoTHBonoJoacHHH no SHaKy BejTHqHHBi t/; 
BHiHTaeMii hsij iipeAHAymefi (|)yHKuiH Vq, lor^a 

IlycTb naqajio Jiewarb nocepejiHH'fe Mcatjiy HP,(qepT. 76); 
t B-h (1) nyano saMtHHTb qe;e3^ {t-\-^UT). 

sin sqt, r^'t s neqeiHoe, riphaie'rh bujii» sin sq {t -\- ^ UT), 

HM - sin 5 ^ {tj^ V4 T), HJH sin (^sqt + ^ 

npn s= I, 5, 9, 13 h t. a. 3to paBHO co5 sqt, 
> 5 = 3, 7, 11, 15 H T. Ji. » » — C05 sqt, 
a cJitnoBaTajibHO npn naqajit nepio^a, Haxo^aniieMca b^ toi- 
K*, Jie3Kamefi no cepeAnni Me»j.y h P, 

i/=t;o-] ^(cosg^ — V3 cos 3g^+ ^'5 — V7COS 7g'^-f- 

+ H T. A.). 

136. HTo6bi npe;^cTaBHTb nepioAHqecKyio (})yHKH,iio x jiJisi 
Bctx^ ana^eHifi, nyacno nojiyiHTb pH;^^> qjienoB'b, KawAun 
H3i> KOTopbix> caMB HO ce6t npeACTasiifleTb nepiOAHHecKyio 
(|)yHKi;iio. PaAT> *ypbe ecxb [ipocxtfiraifi H3^ hhx'b. 

137. EcJiH jiaHbi SHaqeHifl y (JyHKitin or^ x j^asl Bctx^ 
aflaqenifl x uemjiy x = u x = c, to y MOHcerb Chtb paajio- 

HCeHO nJIH SB pflAB TOitbKO CMHyCOBB M/IM SB pRA^ KOCMHyCOBB. 

Btj diowb cjiyqat mbi paacMaTpaBaeM'b AaHflyro qacxb KaK'b 
nojOBHHy nojiHoft nepioAMiecKofl (J)yHKi^iH h ne o6paniiaeMT» 
BHHMaHia Ha to, KaKHMX npeACTaBHTCfl paA^ npn x<^0 
H >o. npeAbiAynieM-B ace cjiyiai y Shjio Aano nojiHOCTbio 
AJa Bcfex^ SHaqenifi nepeMtHnaro. 

1. BosbMeM-B y = ai sin qx -\- a2 sin 2qx-\-E t. a. rjii, q=7zic. 

yMHoacHBTb 9T0 Ha sin sqx n npoHHTerpnpyeM'B bt> npe- 
AiJiaxT) MeacAy Or c. JlerKo ySbAHTbca bt> tomt>, qxo Bct 

qjieHBi Hcqe3HyTT> aa HCKiiioqeHieMi, J"^a, sin'-^ sqx . rfa;, koto- 

ptifi paBCH-b ^'2« /jTaK'b qio OKasbiBaeTca paBHbiM-b ABofi" 
HOMy cpeAfleMy SHaqeniK) y . sin sga;. 
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TaKt, nycTb y paBHO nocToaHHOMy m, Torjiia 

2 rc . , 2m p ] 
a=-\ m sin sax , ax = cos sax 

= (cos5ir — 1) = _ , ecJH s He^eiHoe, n 

esq 

= 0, ecjiH s qexHoe. 
OTCioAa m= — (sin qx + V3 sin Sqx + sin 5^a;.) '^). 

II. BosbMCMi pa^t 2/ = ^0 + ^1 cos gic-|-S2 cos 2g;r.. 
B^tcb 60 OHeBHAHo ecTb cpe^nee anaqeme y MeatAY ii? = Oti[. 
a; = c. TtMi) we nyieMTj, Karb h paHbnie, mh MoaceMi AOKa- 
3aTb, ^TO ecTb ABofinaa cpeAHaa BejiHHHHa y cos sga; 

138. Bt, n. 118 Mbi AaJiH ypgjipeflie ;iiJia ajieKxpHqecKOft 
n.4uH. Hcqeaaioniifi qjieHT> bxoaht^ b^ nero, ho mh MoaceMt 
npenefipeqb hm^. SaMtTHMx, qio ecjia f ecib He npocxaa 
rapMOHHqecKaa (J)yHKiua t, a cjoacHaa nepio^HqecKaa (j)yHKaia, 



*) YnpaoMmeuie, PaajioanTb y = mx pa^i cnHycoB^ bi npe- 

ma; = ai sin ^jc + sin 2qx..., T}i,^qz:z ^' 

2 r . . 2mr . -] 

= —J mx . sin sqx . ax = y sin sqx — $qx . cos aqxy 

GTHOCHiejibHO aToro HHTerpana cm. sa^aqy (70) uyHKia 271. 

^ 2mc/ ,71 . 271 , 1 . 3t: \ 

OicDAa mj; = — -(sin x — 72 — ^+ g-sm — a?— - h t. ;^.J■ 

**)TaK'b nycTb yz=mx Me)K;^y x = iix = c. OHeBH;^Ho 60 = S'a 

H MU HafiAeMTj, HTO 

mTT 4m/ ,1 ... 1 - \ 

y = — (cos qx + ^cos d^qx -f- ^ cos oqx.„\. 

EcTb MHoro iipyrHXi cuocoCobi no KOTopuMi mowho pasjioiwrrk 
jiK)6y]o npoH3BOJbHyK) (i)yHKiiiiD x. Ho Aa»e h ^Jia ciHycoBi d roch- 
HycoBi Mo»Ho AaTb BHAT> HHoii, H^Mi Bi ^pe;^HAy^^Hx•b ciyiaaxi. Ha- 
npiiMtpij, ecjiH Mu xoTHMi, paajioaHTb ({)yHKiilK) x bt> npeA^Jiaxi 
MeacAY h c bi pa;^•b, oCuiifl bh^i KOToparo y = Ea^ sin a^x no 
MCTO^y ^ypbe, cymeciBeHHwa npHHuem. KOToparo BwpaataeTca pa- 

BOHCTBt l^sivia X ^sm a X ,dx = 0, ta^ m h n paajreiHua qHCJa 

Jo** 

. oc COS ac 

TO MU ;^OJI»HH HafiTH am H a^, KaKi KopHH ypaBHema ^.^ = s 
Bi npocTOMT) pant 4>ypbe 5 = cc. 



TO Kaacj^oMy qjieHy ea SyAert cooTB'bTCTBOBaTb ijch-l Toro ace 
^epio;^a bt> BLipaaceHiH chjh TOKa. TaK-L, ecjH 

F=Fo+i:F.sii.(-S2^ + (1), 

^ =^ + ' Vlii^^ •^^'^ (^'^^ + - ^''^ ■ • (2)- 
EaiH oienb BejTHKO cpaBHHiejibHO cl iJ, to mh mo- 



TaK^, B35iBT> i.ifl V KpHByio qepT. 76, 

F= Fo -f ^« (sin qt + ^ /3 sin 3g^...) (4) , 

no.iyTOMT> 

C = ^ — ^3^(cos + Vd cos 37t + V25 cos bqt,.) .... (5) 

HTO Ha qepT. 73 npe^,CTaB.iefio Bt BHJ^'b KpnBofl, rjifb Ha- 
T 

xoAHTCfl npn— . 

139. Korja a/ieKipMHecKafl SHepriR AocTaBjaeTCH na ;^om^ 
H.1H KT> KaKOBiy .ih6o MexaHH3My, aneprifl bt» BaiTax^ ecTL 
cpe^Hfla BeJinqHHa CF, rA'h CHJia TOKa b^ aMoepax^, a F 

B0.1LTaHi^. 

IlycTfa F= Fq sin h C=CoSin(g^ — e). 

Tor^a P = 1/2 C'o Fq cos hjih nojroBHHi npoHSBej^emji aw- 
n.iHTyji.'L. yMHoaceHHoft aa KOcnHycT, yrjia 3a^a3;^LlBaHia (j)a3H. 
EciH DHOpria M3MlipaeTca npn noMomn AHHaMOMeipa, npn 
neyi'h C npoxoj^ni^ »iepc3T> ojiny ooMOTKy, a b^ jipyrofi 06- 
MOTK't conpoTHBJieHieM'L r H caMoiiHjiyKnieM 1, V npoH3- 
Boji,Hn> tokij c, to 

^ = ( - ai-'-'tS . • • . (6), 

qTO -jiaerL BOSMoacHocTb H3MipnTb cpoAHee 3HaqeHie Cc h.ih 

^ J - — cos e — arctp - • 

OobiKHOBeHHo, B-b dTuxiy cneuia.ibHbix'b npii6opax^ 6o.ib- 

16 
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mia conpoTHBJieHia 6e3T> hhaykiuh Boro^aiOTca bt> Atnb h3T> 
TOHKofi npoBOJiOKH H MH MoaeMT) npHHaxb, qxo Iq HacmiB- 
Ko Majio B^b cpaBHeniH cl r, qio RBaji.paTOM'L ero mohcho npe- 
HeSpeqb. B-b TaKOMT> cjiyqai 

cos (e — arctg — ] 
Kaacymaaca anepna _ \ ^ r J 

j^McTByiomaa oflepria"" 



cose 



Iq 



SawiTHM^, ^TQ arctg - ecxb oqeab Majibffi yroji-b, — aaao- 



BeMT, ero a; xor^a 



Kaacymaaca aHepria 



_ cose cos a-[-sine; . sina _ 

' juMcTByiom. 9Hepria • cos e 
= cos a sin a. 

Ho cos a 6JH3K0 KT, 1, a sin a Maao h no nepBOMy Bsr-ia- 
Ay Moatex'b noKaaaxbca, qio mh MoaceMt cqHiaib peayjibTaxt 

6JIfl3KHMT> Kb 1, 

Ho, ecjiH e 6jih3Ko kl 90°, ero xanrencb MoacexT> 6bixb 
oqeHb BejiHKT>, n xor^a KawyiMaflon SHeprifl MO}KeTi> 6biTb ro- 
pasAO 6oiite A'^^CTBHTe/ibHOit. 

OAHaKO piAKO SbiBaexT), qxo6bi e Shjeo 0jih3ko 90°, 
ecjiH xoJibKo BT> oSMOXKax-L ;i,ocxaxoHHO 6oJibuioro Aiawaxpa 
TL^Tb acejifea, h npHnaxH wkfu jim ^peAy^peay^eHia napa- 
3HXHHX'b xoKOBx*. ^aace, Korita anepria coo6ni,aexca o6moxk4 cb 
cepj^eqHHKOM'b HJiH HenarpyaceHHOMy xpaHc4)opMaxopy, B^Eiaaie 
rHCxepe3Hca ne Moacex-b 3acxaBHXb e npeBSofixn Bejaqnay 74°. 

140. BtpHbin C4eTHMKi> SHepriM. HycxL EG a GD o6mox- 
KH, CMOxaBHHa BMtcxi, KaK^ m> aenoABHacBofi qacxa AHaa- 
BOMexpa, a DB nycxb Cyjiex'b noABaacaaa ofiMOXKa. Oxb E 

KT> G npOXOAHXI) XOK-b C-\-c. 

^lacxb ero c nanpaBJiaexca no 
GF cb conpoxBBieaieM'b E 6e3'b 
HBAyKuia. Hacxb C xeqexT> oxx> 

G Kb D E OTb D Kb B Bly A0M1» 

HJia Kb MexaaasMy. Bejiaqaaa 
aaepria B'b Aaaawfi MOMeBX^ bh- 
paacaexca BeJiaqaHofi Be . C, 

06M0XKa EG ii GD xmaxejib- 
ao BbiBipaioxca, xan^, qxo6bi npa 
c=0 a npa nocxoaaaoM'b xok* 
ae OHJio oxooaeaia noABaacaofi oSmoxkb. BjiaroAapa axoMy 




f 
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KOMCHHHpoBaHHoe jiMcTBie C-\-c B'L EG m C wh GD Ha 
C m> DB npoH3BOAHT^ cH-iy hjih MOMeHTT> BpameHiH nponop- 
ilioHa.ii>HBifi Cc, a OTcio;^a noKaaanie npHfiopa npQnopiuoHajib- 
Ho aHepria. IIpH nepeMiHHHXT> TOKaxt TaKace He eyABTx ot- 
iuiOHeniH, eciH tojibko b6jih3h whTT> Meiajua, btj KOTopoMt 
MoryTL HHAyKTHpOBaTBCa tokh. 

141. CTyj^eHTT> AOJiacen^ npHBHKHyrb kx nepeBoj^y na o6uk- 
HOBeHHMfi siduwb TaKOFO onpej^tjieHiH, KaKoe 
;^aHO B'L (1) n. 119. Hwia aio B'L BH;^y, 3"^ 
H3CJ['h;^yeM•L Maccy b^ W (|)yHTOB'L *), noA- S 
BtraeHHyio k'l npyacnnt laKofi ynpyrocTH 2 
qxo CHJia BT» 1 ^yHTL yAJiHHHeTL ee na h 
<J)yn,. IIOwiOHCHM'L, qxo 3Ta Macca KOJiefijieTca 

BBepX'L II BHH3'L; KOF^a W HaXOAHTCH Ha 

ypoBHt CC (Tiepx. 79) Ha x (J)yn> (mli bo- 
oSpamaeM-L, qxo ABHacenie HanpaBjeno bhh3t>) 
HHace nojioaceHia paBHOB'tcifl 00, to cHJia, ^ 
ji.'feficTByioiiiiaa na nee no HanpaBJieniio kt> no- 

jioaeniK) paBHOstcia paBna ^ (|)yflTOBTE>, h, laKx KaK'L ABH»y- 
W 

maacH Macca ecTL — , (npenefipeaceM'L Maccofi caMoft npyacH- 

HH HJIH 6yAeM^ c^HTaxb xojibKo o;^Hy xpexb ea, KaK'L npn- 
6aBJieHHofi K'b Macci ABHacyniaroca x'bjia). 

— X ycKopenie = ^. 

YcKopenHoe paBHo = ^^. TaKHMx ofipaaoMX ycKopenie 

nponopuionajibHo a;, n B-b (1) n. 119 BM'hcxo flyacHo noA- 

cxaBHXb-.^, (2) ace ftacx'b 3aK0HT>, cBa3yH)mifi x m t. 

06paxHxe oco6eHHoe BHHManie na xo, qxo 3HaK^-|"Bi> (A) 
npaBHJieH'L. T'kio ^BHacexca KHHsy h x Bospacxaex'L, xaK'L qxo 



* *) HaaBaHie W Ayht. osHaHaei'b Bici H-feKOToparo KOJieqecTBa Ma- 

W 

TepiH, HHepuia ea bi HHaceHepHMXi eflHHHuaxi ecib "^22 

16* 
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dx d^x 

-r7-no.10aiHTejibHO.Ho OTpHitaTe.ii>HO, TaKL KaKi, ;i;BHa;eHie 
at at-' 

rtjia saMeA^aeTCfl no Mipfe BoapacTaHia x, 

142. Boo6pa3HM'B, mo ABnaienic itja 3aMe;^JIHeTca chjioS^ 

dx 

nponopiiionajiLHofi ero cicopocTH b SaMtTHMi., qxo ona x^li- 

X 

cTByert xaKi* ate, KaKi* h -^j t. e. BBepxT> no HanpaBJieHiro kt> 

nojioaceniio paBHOB'tcia. 

OicioAa Mbi MOHceM^ HanncaTb 

W d^x , ydx . X ^ 

Mh MoaceM^ oxciOAa BHA'feTb, KaKofi aaKOH'b CBasHBaei'b or 
H t npn noj^o6Hofi ocjiafiiiReMOtl BH6pauiM. 

143. no.i03KHMi., qxo B-b noc.ifaHeM'b npnMipt, Korjia rt- 
Jio nepeM'Jicxn.iocb bhhst, na x (|)yxT>, xoqKa npHBtca Jb xaK- 
3Ke onycxHJiacb na y (})yxi> nnace CBoero npeacnaro nojOiKeHifl. 
IIpyacHHa Bb ;itficxBHTe;ii>H0CTH Bbixanyxa xojbKO na a; — y, u 

B03cxaHaB.iwBaK)niafl cnjia paBHa ^ . C.rtAOBaxejibHO (l)npH- 

Mex-b BHj^-b. 

g df" ' dt ^ h~ h 

Tenepb npe;i.cxaBHM'b ce5t>, qxo ;iBHaieHie y jiiano b-b (j)yHK- 
uin BpeMenn, n naMX, nyacHO nafixn x, KaKX* (|)yHKuiH) Bpe^e- 
HH. BcxaBKa bx* ypaBHenie Be.iHMHHbi y ooycjioBJiHBaexx, xo, 
qxo oobiKHOBeHHo Ha3bii)aK)xi> (|)opcMpoBaHHoii BH6pauieti. Ecjh 
y=0, xo MLi HM'heM'b ;;t>.io cb ecxecxBeHHbiM'b K0Je6aHieM'b. 

Mbi npHBe.iH 3xy 3a;iaqy ne jija xoro, qxo6bi 3J^t,cb 
Aaxb ea ptraenie, xoxa axo n ne xpyano, no cb xiMi*, mxo- 
obi no3HaKOMnxb cxy^cHxa cb ;iH(j)(|)epeHuiajibHbTMH ypaBHenia- 
Mn n noKasaxb eMy, Kaicb nepeBo;i,HXb hxx* na oCbiKHOBeHHWfi 

144. SaMixHM^, nxo ecm yrjiosoe oxKaonenie xBep^aro 
xi-ia oxT* ero nojioacenia paBHOBbcia ecxb 0, ecia I ero mo- 
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MCHT'L HHepij,iH BOKpyrij ocH, npoxo^iamefi ^epea^ ero uenTpi) 
T^acecTH, Hb cyMMa MoweHTOB-b BOKpyrt Tofl ocii chji^, 

.COnpOTHBJiaK)IIl,HXCH ABWaceHlK), ^ MOMCHT'b CHJT) TpeHlfl, 

KOTopbia nponopii,ioHajii>HH cKopocxH, to 

TA'fc ecTh yrjioBoe nepeMimenie oi^ BHtmnefi emu xoro 
flmHKa, Ki* KOTopoMy npHKptnjieHa npyacHHa hjih KaKofi jiiioo 
ynpyrifi npnCop^. 

145. Cj!'bAyioiii.ifl npHMip^ oqenb xopom-b. Bo3Bpaiii;aflCb 
ktj Cwiyqaio 1 n. 98 mh nmiewh CB — BOJibxaacb Bt utuH, 
coeAHHaiomefi o6KJia;^KH KOH;i,eHcaTopa. Ecjih mh n^mewb bt> 
paacqex'b caMOHH:i,yKi];iK) u.'fenH i, to BOJibxaac^ BMpasHTca 
TaKi.: 

^^+^Tt-' (^)- 

Mh MomeMT* hji.th ^aJi'tc h cKaaaTb, hto, ec»iH bt* uinb 
BKJiio'ieH'b aJibTepHETopi), ajieKTpoAByatymefi cHJiofi e H'fe- 

KOTOpHfi MOMOHrb, (eCJH C^HTaTb 6 nOCTOflHHO^ ajieKTpoABii- 

Hcymefi CHJioft, TO OHa 6yAerb npoTHBonojioHcna C, KaKT* noKa- 
3aHo Ha qepT.), to 

BC-^L^ = v~e . . . : (5). 

dv 

Ho mh BHji;tJiH, mo CHJia TOKa C= — K (6). 

JloJibayacb axoii BiMH^HHofi C ji^Jisi (5), mh nojiyqHM-b 

HJIH ' LK'^-\-I{K^^ + v = e (7). 

Tenepb npe;iCTaBHMT> 0664, ^to e ^B>no B-b (j[)yHKuin Bpe- 

MGHH, H HaMT* HyjKHO HafiTH V, KdiK'h (})yHKmK) BpeMeHII. 

e ooycjoBJiHBaeT'b co6oh) btb cHCTeM'b to, 'ito o6HKHOBeH- 
HO nasHBaioT-b (|)opcMpoBaHHbiM'b BHfipauioHHbiMb TOKOMb. Ecm 
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e=0, MH HMteMx TOJibKO ecTecTBeHHwa SHfipauia. Hjita 
MH no (6) riojiyqHxM'L C. 

146. EcjiH (7) cpaBHHM'b co (2) m (3), to mh cpasy bh- 
jimii aHaiioriio MewAy MexaHMMecKoti BMfipMpyioiMeti CMCTeMOil 
M dJieKTpMMecKoti 

Ee M03KH0 npeACTaPHTb laKTi: 
Wd^x . ,dx , X y 

57^ + ^-^ +T = T MexaHHqecKaa cHcieMa . . (8). 

g dt^ ^ at ^ n h 

^dH , ^dv . V e 
W'~^ ~dt K~ K ^^^^'^P^'^®^^^^ CHCTCMa . . (9). 

W 

Macca — cooTBtTCTByeTT> caMOHHAyKii,iH L. 

Tpenie Ha ji^jiHHit ^yxa m> ceKynjiy h cooxBtTCTByerb 
conpoTHBJieHiH) R, 

nepeMtmenie x oTB'iqaex'L ajieKpoABHacymeH cHJit hju, 
noBH;i,HM0My Sojiie Toqno, v ecTL Q — KOJimecTBo nepeMi- 
mennaro ojeRTpaqecTBa, A^JieHHoe sa K. 

YnpyrocTb npyacHHH h cooTBiTCTByerb cmkocth KOH^eH- 
caTopa K, 

nepeMimenie orb BHimHeft chju y cooTBiTCTByerb ajicK- 
Tpo;^BH3KyI^e8 cHJii, KOTopyio ;i,aeT^ ajibTepHaTopT>t. 

147. IIojiHoe piiiieHie ypaBHenifi (8) h (9), t. e. Bbipa- 
acenie x hjih v m> ({)yHKuiH t, 6yji,e'n> cocToaxb HS'b: 

1) pimeHia npH tomtj yc-iOBin, qro y hjih e = 0. 

9to ycjioBie cooTBfeTCTByen. ecTecTeeHHOfl BM6pauiM ch- 
cxeMH, KOTopaa npeKpamaeica caMa co6ofi, bt, saBHCHMocxH 
ox'b MexaHHqecKaro xpenia b^ nepBOMTb cjiyqat h oxt> ajieK- 
xpnqecKaro xpenia hjih conpoxHBJieHia bo BxopoM'b. ^ajiie mm 
npHMCMca 3a nsyqenie axofi BHOpaain. Beax* noacHeaifi jiojijkho 
6bixb oieBHAHbiM^, qxo ecjiH y hjih e paBHO 0, xo Mbi HMteM'B. 
;i.tjio cb x'bM^ aiynaeMTj, Korj^a cHcxeMa npe^ocxaBJieea ca- 
Mofl ceS'fe. 

2) P'hmeHia ,T,Jia xoro cjiyqaa, Kor;i;a HMiioxca oahh xcjib- 
Ko (t)opcHpoBaHHbiR BM6pauiH. 

CyMMa 3XHX^ AByxi) peayjibxaxoB^ oqeBH^Ho Aacxx iiojinoe 
ptuienie. 
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148. 0opcMpoBaHHaH BufipauiR. Tslk-l KaKi npHBeAeHHue 
;i,Ba ciyqafl bi* MexaHHKt h ajreRTpH^ecTBt aHajiorHiHH, 
H3y»iHMT> MexaHHqecKia BHSpauin, KOTopua Jier^e ce6i iipe^- 
cTaBHTb. Bo nepBHx^, mh ^oJiaHH npeHe6peqb TpenieMT, n 
ecTecTBCHHHMH BH6paij,iflMH, xoTfl Ha caMOMi* A^Jt BcerAa cy- 
mecTByeTL HiKoxopoe Tpenie. Torjta (8) nojiy^aerL biux 

.......(10). 

nycTb ypaBHenie y = a sin qt iipeACTaBJiaerB jifiUTKeme, 
coo6meHHoe lO^Ki npHBtca cnnpajibHoft npyacHHw, necymefi 
B-fec^ W; y MomeTTi 6HTb KaKoft jIh6o cjio«cHofi ^epio;^Hqe- 
KOfl ^yHKi^iefi, HO mh paacMaTpHBaeM-L lOJibKo oj^hh-l nmwh ea. 

llw 3HaeMx, HTo, ecjiHfibi y fibijio 0, to eciecTBeHHaa bh6- 
paitia BLipaBHJiacb 6u ypaBHenieM'B x=h m\i^t j/^^ 
rjb hum Moryrb 6biTb KaKHMH yroAHO BejinqnaaMH. IIpo- 
me 6yAeTi> noJibaoBaibCa BMtcTO TaKT> KaKT> naM'bnpH- 

xo^HTca HB'L aroro icoMqecTBa HSBJieKaTb KBa^paTHbifl Kopenb 
n ecTb 27r, yMHoaceHHoe na qncjio nepioAOBx bti ccKyHAy . , . 
ecTecTBeHHbixi> BHfipauifi W, Mh MoaceM-b nepenncaib ypaB- 
Henie TaKX: 

'^^-\- n^x = n'^y=n^as>mqt (11) 

Teiiepb nonpoSyi^Wb, ne ecxb jih ero ptiiieHie x = A^\uqt-\- 

-\-B cos qt, PxjiH axo xaKX, xo ^ = — Aq^ sin qt — Bq^ cos qt\ 

npHpaBHHBaa K03(j)(J)ieHXH sin qt h cos qt, noviyqiiMi> 

— Aq^-\-n^A = n^a, xaKX, qxo A = -2""" fi—Bq^-^n^B=0, 

xaK-b qxo 2?=0, ecjiH xoJbKo n ho paBHo q. C-i'fej^OBaxe.ibHo 
MH HMieMx ptmenie 

^•=-5 iSin qt (12). 

}r — q^ ^ 

3x0 noKaabiBaexT), qxo (t)opcMpoBaHHaR BHtipauin W chh- 



xpoHH^Ha ABHSKeHiHMH TO^KH oHopH, a ero aMflJIHTyj^a B-b 
^ qT V^^^ Gojiie aMnjiHTy;i;H to^kh onopw. Tenept B03bMeMT> 

HicKO-ibKO 'mceji^, qTo6u noacHHTb naim, bbiboai*. IlycTLa = I, 

H nycTb HMfee™ paajHTObia SHaqeflia. TaK^,-^ = ^03Haqa- 

ex^, ^T0 qncjio nepioAOB'b ({)opcHpoBaHHoft BH6paii,iH ecib Vio 
qHCja ^epioJ^OB'b ecTecTBenHofi BH6paii;iH. 



7> 


AjfnjuTHTy- 
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AMnJHTHTy- 


n 








niff W 
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0-1 


1-01 


1 




0-5 


1-333 


1-01 


— 50 


•0-8 


2-"78 


1-03 


— 16-4 


0-9 


5-263 


1-1 


— 4-762 


0-95 


10-26 


1-5 


- 0-8 


0-97 


16-92 


2-0 


— 0-333 


0-98 


25-25 


5-0 


— 0-042 


0-99 


50-25 


10-0 


— 0-010 



SaMtTHMij, MTo, Kor;i,a hhcjio (|)opcHpoBaHHbix'b uepioAOB-b 
cocTaB.iaex'b Majiyio qacxb qncjia ecxecTBeHHbix'b ^epio;^OB^», 
(J)opcnpoBaHHafl BH6pau,iH W ecTb TOMHaa Konin ABKHcenia to«i- 
KH onopH jB; npyacHna h W jiiBHacyxca noAofiHO TBep,i;oMy rt- 
jy. KoPAa (})opcMpoBaHHoe ;i,BHHceHie ;i,'tjiaeTca ooji'te ducTpbiM-h, 
jiBHHceHie W aBJiaeica Kaicb oh npeyBejiMMeHHUMb ABMmeHieM"b 
B. Kor,ia (J)opcnpoBaHHafl BHopauia cTanoBHTca fiansKofi la, 
eciecTBeHHoft, ABHacenie TT oSpamaexca B-b secbMa CMiibHO 
npeysejiMMeHHoe ABMrnenie J5. Ho Bcerj^a cyiii;ecTByei"b H'tKoio- 
poe conpoTHBjeaie, a noTOMy aMn.iHTyAa BH6pai];iH ae Moacerb 
wLiaibca 6e3KOHeqHofl. Kor^a ^acjio ({)opcHpoBaHHwx^ nepio- 
jiOBT, oojibuie HHCjia eciecTBeHHHX'b, W Bcerjia OTCxaex'b Ha 
nojib nepioAa OTb B, HaxoAacb aabepxy cBoero nyxH bt, xoxt, 
MOMenxT), Kor;i;a B Haxo;;Hxca Baaay. Kor^a qacjo (|)opcHpo- 
Baaabixij iiepioAOB^ bi, afjCicojibKo paa-b 6oji'I>e qacja ecxe- 
cxBeaabix'b, ji,BHHceaie W cxaaoBnxca OMeHb MaJibiMb: Macca 
noqxa BaxoJ^Hxca b^ noicofe. 



— 249 — 



T'h, KTO npoeKTHpyioTTj cejlCMorpa(j)w, crapaioTCH Hafirn , 
nocTOflHHyio lOHKy, ocraiomyioca bt> noKoi, to Bpena, KaKT* 
Bce OKpyacaiomee Haxoji;HTca bt, ji,BH3KeHiH. SaM'feTHM^, qxo iipH 
j^BHaceHia BBepx-L n bhh3i> b-l nocjifeiseM^ tojibko qxo yiiOMa- 
HyTOM^ cjiyqai W ecxb noAOOHaa nocTOAHHaa Toqica. 

Kor;i.a HHCJia ^epioAOB^ (J)opcHpoBaHflHXT» h ecTecTBeflHbix^ 
BH6pauift npH6jiH3HTe;ii>H0 paBHbi, to mu HM'teMij j^liJio cb 
T'tMi. ciyqaeMT), KoiopHfi o6ycjiOB.'inBaerb pe30HaHC"b B^ Mysbi- 
KajibHHX'b HHCTpyMGHTax-b; aTH o6cToaTeJibCTBa TaKace sacTaB- 
jrHiOTt Haci> 6oaTbca BHcaqux'b moctobi. h cy^OB^ cb SoKOBofi 
EaHKofi. Mm JierKO MorjH 6bi npHBecTH xoTb ;i.BaAUaTb hhtb- 

pecHblXT) npHM'tpOB-b, nOflCHfllOmHX^ BaWHOCTb BbIIlieH3JI0)KeH- 

Haro npHflu,Hna bt> HnaceHepHOMb ji.'t.Th. Tenepb cxyAeHTij mo- 
acerb caM-b HayuHTb anajioriio 3thx^ aBJieniS wh ajieKTpiiqe- 
cTBi H iioHflTb, qTO xaKoe BH6paij,iH Tepna. 

149. BMdpai^iM MHAMKaTopa napoBOit MaiUMHbi. KapaH^aiu'L 
BT> cBoeM'b ABHmeniH ji.o.i^KeH'b to^ho sanHCbiBaxb AaBJieme na- 
pa Ha nopmenb bt, Kaac;i;bifl MOMeHTX: 3to SHaiHTT,, ^to ecTec- 
TBenHHfl BH6p3uiH npH6opa j^o.iacHbi oneHb 6bicTpo ynnqTO- 
acaTbca TpeaieMi,. Ho BcaKoe T})eHie, Hanpaarhp^, iBepAaro 
TtJia TBepAoe, cJiyHCHT^ npHqaaofi nenpaBiiJibHocTefl. jl,M- 
CTBHTejibHO JierKO BHA'bTb, qTO 6jaroAapa TaKOMy TpeHiro ji;ia- 
rpaMMbi Bcer;^a fiy^yTT* 6o.ite BbiTaayTbiMH, whiiix ohh ;i,0JiHCHbi 
6biTb. Ha iipaKTHirfe mh aaxoAHM^, ™, ecjH qacjio ecxe- 
cTBeHHHX'b iiepio;i,OBX npa^opa b^ 20 pa3'b 6oJite, ^v^wh Ma- 
juHHbi, TO Ha jiiarpaMM't nojiyqaeTca Majio 3y6noB'b, npoHcxo- 
j^antHXT, OT'b ecTecTBeHHHx^ BHopan.ifi HH^HKaTopa. Ecjih qncjio 
ecTecTBeHHbix'b nepioAOBT, TOJbKO bt, Aecaxb pa3'b SoJibnie, to 
j^iarpaMMa nojiyqaeTca TaKofi nepoBHofi, qTo eio nejibsa nojib- 
30BaTbca. 

W 

^HCJio nepioAOB'b Maccw — na kohi;* iipyHCHHbi cb ynpy- 

rocTbH) A, CM. n. 141, paBHo~-|/(//TF//, ec.^HlIpeHe6peqbTpe- 
2 k 

HieMT,. Mbi pa3CM0TpHM'b Tpenie bt, n. 160. KaKOBo qacjio ne- 
pioAOBT, MexaHH3Ma, noAoonaro TOMy, KOTopwfi HMteTca b^ hh- 
;;HKaTop'fe ci, ynpyrofi npyacHHofl? OTBiTi,: nycTb b^ nteoTo- 

W 

pofi ToqK'b HHj^HKaTopnaro MexaHH3Ma Haxoji;HTca Macca — , h 
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nepeMimeHie aiofi to^kh paBHo 5, b-b to Bpena :KaK'L nepe- 
Mtmenie KOHua npyacHHH (bt* oSfciKHOBeHHOM-b HH^iHKaTopt — 

nopniHfl) paBHO 1; npeACTaBBMi* ce6t, ^to BMtCTO ^ mu HMt- 

W 

eMi> Maccy ^ na kohi;* npyaHHW. Tor;i,a nncio iiepioAOB't 

J,jifl ^lOKaaaTejbCTBa B03bMeMT> cjyqafi, noKasaHHbifl Ha qepx. 
80; OAB ecTb HeBtcoMufi pbiqari, 
Bpamaiomiflca na mapHHpi okojio 
ToqKH cb rpyaoMT* W bi» to^k* 
B. HeBtcoMaa irpyacHHa npHKpia- 
jena wb HCMy b^ A. Kor^a A ne- 
peMtCTHJOCb BHH37> Ha pascTOflHie X 
otij nojioaceHia paBHOBicia, ynpyraa 



X O A / 



cHJa BT* npyacHB'K paBHa ^. Yrjio- 

Boe nepeM*ni;eHie paqara no na- ^epi. 80. 

iipaBJieHiro qacoBofi CTpt-iKH paB- 

HO g-^. MoMerb HHepiuH X yrjioBoe ycKopenie qHcjenno pa^ 

W 

BCH-b MOMGHTy CHJlbl. MoMeHTT> HflepUlH ^CTb — OB^. yOOBOe- 

x . •• d^x 
ycKopeHie paBHO , rji,B x oanaqaeTx , 3 TaKi qTO 
OA 

^-j- ecTb TO, 'iTo Mbi HasBajiH 5, laK^ 'iTO BMicTO npeac- 

Haro W, Kor.'^a W 6bi.io nenocpej^cTBeHHO ^o;^B'tmeHO npy- 
acHHt, HyacHo BsaTb s^W, 
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150. VKadare/ib BHfipai^itl. Hepx. 81 noKasMBaeT'L npHGop'L, 
KOTopbTM^ nojibsyioTca a^h aanncH 6hctphx^ BepxHKajibHHX'B 
KojeSanifi somjih. 

Macca CPQ onHpaexca bi> xo^K't P — Ha ocxpie Hoaca hjih 
Ha KOJieca xpenia. I],eBxpT> xaacecxn G naxoAHTca na omofi. 
ropHSOHxanBHoft JiHHiH CB P H Q. Ilycxb PG = a, GQ = b, 
PQ = a-\-h = l, BepxHKaJibHaa iipyacHHa AE h HHXb RQ 
noAHepacHBaiox'b xijio m> xoiKt Q. Bt> ^^aHHOM'b cjiy^at AR 
ecxb npyacHHa AflpxoHi> — IleppH, Koxopaa npn noMomn Bpa- 
maiomaroca yKaaaxeJia iZ, noKa3biBaexi> oxHOCHxejibHoe nojio- 
aceHie A is. Q. IIpeHeOpeaceM^ ea Hnepuiefl h fiy^eMX) npe^- 

A 



o O a O a 

^lepi. 81. 

noaaraxb, qxo yKaaaxeJib BnojiH* xo^ho yKasbiBaex-b oxhoch- 
xejibHoe nojioaceaie An Q. MoacHO 6hjio 6h coKpaxnxb xpy^i*, 
ecjiH pascMaxpHBaxb xojibKo HsfiHXOK'b CHJi'L, AiflcxByiomHXT) m> 
iK}^YidiTh P H B^ cpaBHeniH Cb nojioaceHieMb paBHOB'fecia, 

HO, paj^H aCHOCXH, Mbl paaCMOXpHMTj BCi CHJIH. 

KoxAa xijio coBepmaex'b ;i,BHaceHie napajJiejibHo njiocKO- 
cxH 6yMarH, xo mh MoaceM'b Hanncaxb ypaBHeaie, Bbipa}KaH)mee, 
qxo pasHOAtttcTByioiMaR cM/ia paBHa (HMCiieHHo) Macct, yMHO- 
weHHOtl Ha jiHHetiHoe ycKopeHie ueHTpa TRmecTM Bb HanpaBJie- 
HiH paBHOAtftcTByiomejI. Mh Moacex'b Hanncaxb a Apyroe ypas- 
HeHie Ha ocHOBaHia xoro, qxo paBHOAtitCTByioiMin MOivieHTb 
CMJib BOKpyrb OCM, nepneHAMKyjiRpHott Kb n;iocKOCTM 6yMarH h 
npoxoARiMei^ Mepesb ueHTpb TflmecTM^ paseHb yrjioBOMy ycKope- 
hIk), yMHomeHHOMy Ha MomeHTb MHepuiw BOKpyrb ocm, npoxoAfl* 
uifi^ nepeab uenipb TRmecTM. JI 6y;^y nojibaoBaxbca 6yKBaMH 
X, X ji X oOosHa^enia nepeMimeflia, cKopocxa ii ycKope- 
dx d^x 
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nycTb P E A nepeM'bcTHjiHCb bhhs-l sa Xi. IlycTB Q 
onycTHJiocB na bhcotj h noJiOHCHMi>, qio ynpyraa cMa na- 
Tflaceflifl npyacHHH pasna Q=Qq-\'C (x — .^i), rji.'fe c MBB-fecx- 
Hoe nocTOHHHoe racio (c ecTb eejiHqHHa oSpaTnaa hB% n. 141). 
IlycTb W Biei) rbjia. Tor^a, ecm Pq h HanpaBJieHHbiK 

BBepXli CHJIH B-b TO'IKaXX P H Q BT, HOJIOaceHiH paBHOBtcifl, TO 

Qoia-\-b)=Wa H P,+ e,= Tr. 
OrcioAa ^0 = ^^ ^^ = ^+1 

Ho G nepeM'fecTHJiocb brhst* na — \-t Xi -\ 

a-\-o ^ a-f-h 

TaKi> HTO W — P — Q= — Ibxi -}- ax\ — r—r (2). 

g \ } a-\-B 

YrjioBoe nepeMi^eaie T'fe.ia h BOKpyrii n.eHTpa TaacecTH no 
HanpaBjeniH) cxpijiKH ^acoBi, ^yASTb— ^j^. TaK-b qTO, ecjii 
/ ero MOMesT^ HHepniiH BOKpyn> G, to 

-Qb + Pa = ^^(x-x,) , ... (3). 

W 

Orciojia, ecjiH Bivrkio — noACTaBHTb 31, h ecjiH I = Mk^, rjfe 
k pa;i,iy cb .HHepn.iH BOKpyn> G, to (2) h (3) ;^a;l;yT'b nasii 

=4i(j-"^)+-.<-»+'):-w- 

EciH Z; — pajtiycb HHepuin Boicpyr-b P, to mh HaflACM^, mto 
(4) npHMeTii 6o.Tbe npocTofl bhji,x 

eciii iiepe3X « oaaaqKM-b r-l/ ir| = 2:r X hhcjio ecTecTBen- 
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Hbixi> nepiojiOBi, a no^ciaBBMi BM'tcTO 1 — ^ . Haso- 

BCMX X — 6yKB0fi t/, TaK^ KaK^ HMeHHO 3Ty BeJiHqHHy y MO- 

acexi* oTM^THTb Ha6jiH»j^aTejib, ecjiH flmHKi> npuSopa, KOMHaia 
H caM^ HaojiioiiaTejib, noayqaen, ABHHceHie x^. Tor^a, TaKT> 
KaKl> y = X — X'l HJH x = i)-\-x^^ 

TaKT* qxo j/ -f- w^i/ = (e^ — 1) (5), 

iiJiH 2/ + ^^2/ + |i ^1= (6). 

nycTb j'l = ^ sin g^. 

MbT npeneoperaeM'b B-b pacqexi ipenieM'L jtjra yjo6cTBa 
noHHMaHifl HaraHXT) BHBOAOB'b, oj^naKO mh npeanojaraeMT,, 
MTO ecTb HtKOTopoe xpeHie, jiocxaxo^Hoe, ixo6bi ynrnxoaciixb 
ecxecxBCHHyH) BnOpaniio xtjia. . 

Eaiii npejinojoHCHM'b, qxo i/ = a sin f?^, xo HafijieMb. hxo 
al (i^ 

3x0 03HaqaexT>, qxo BH^nMoe ABnacenie t/ (oho ecxb xo: 
Koxopoe noKa3biBaerb yiiaaaxejib npyacHHw AftpxoH^-IIeppH, 
MoacHO xaoce ycxpoHXb sepKajio^ Spocaiomee .ly^t Ha 3Kpam>) 

BT> — - pa3^ 6ojite AhficxBHxejibHaro ABHacenifl iio;i;- 

cxaBKii npH^opa, KOMHaxbi h Ha6J^H);^axeJa. Fxjh bcjihko 
cpaBHnxeJibHo cb nanpHMbpi,, ecjH Bcerjia 6oJi'te, q^Mt 
Bi. naxb pa3ii iipeBocxoAnxT> xo mh MoaieMi) iipHHflXb, qxo 

Kaatymeeca ABHHtenie b^ ^-^ pa3b 6o.xhe AtflcxBHxejibHaro ^^bh- 

aceHifl H He saBHcnxt oxti qwcjia nepioAOB^. CxhAOBaxcibHo, 
BCflKoe nepioAMMecKoe ABMweHle (iipo^ojiHCHxe.ibHocxb neplo;i.a 
Koxoparo, nojioacuMT,, cocxaBJiHex'b Mente Vs ox^BpeMenn nepio- 
jia npii6opa) 6yAeTi> tohho yKaausaeMO. 

Saw'hxHM'b, qxo, eciH al = l<>^. xaK.T» qxo Q ecxb xo, qxo na- 
3biBaK)X'b ueHxpoM^ Kaqanifl, Q ocxaexcH nenoABiisKHofl hjh 
nocxoflHHofi xoqKoft. Ho na npaKXHK'fc npH6op^ o6biKHOBeHHO 
ycxpaHBaexcfl xain», KaKx* noKa3aHo Ha qepxeact, ii Q hh B-b 
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. KoeM^ cjiyqat ne MOJKerb Chtb nocToaHHoft To^Kofi. Hpii- 
6oyh Toro ace po^a MOHteT-L Ohtb npHMtHeHT* AJia hhSjik)- 
jt^QEia. Hajt'B KOJieOaniHAiH bt> nanpaMeHiH cl BocioKa na 3a- 
naAT>, H-iH CL cisepa Ha K)n>. 

dv d^y 

151. BcflKoe ypaBHesie, co;^ep3KaI^ee b-b ce6t~HJiH^ 

HJiM Kaivyio jih6o jipyryio npoHSBOAHyio, HasHBaeTca c(AM(j)(t)epeHni- 
ajibHMMi> ypaBHeHieMi»». JerKO yStAHibca, hto j^H({)$epeHma.ib- 
HWfl ypaBHenifl Moryrh BHpaacaxb saKOHW bi> hxi* caMOM'B o6- 

TaKi>. ecjiH ecTb jinneflHoe paacToaflie h ^ spena, to 

, d^x ^ d^x , 

ycjioBie ^- = Bbipaacaex^, hto (ycKopeHie) ne HSMtaaeT- 

ca. 9to ecTb caMoe oCmee BHpaavenie pasHOMtpHO ycKopeH- 
Haro ABHHceHia. Ecjih mh npoHHTerpapyeMTj h noJiy'^HM'L, qio 

d'^x 

.— =Ma, TO Mw 9THMT> ycTanaBJiHBaeM'b eoite onpeji'kieflHoe 

nojioacenie, HMeaHO, ^to nocToaHHoe ycKopenie paBHo a. Ecih 
MH BHOBb npoHHTerpapyeMT, h nojiyiHM'b 

% = at + h, 

Mbi HMteM^ eme So-ibmyio onpe^'feJieHHocTb, laKi* KaKx bbo- 
ji.HM'b Bejinqaay 6, oanaqaiomyio CKopocTb npa ^ = 0. 
Ecjih mh eme pa3x npoHHxerpHpyeM^ h noJiyqHMi> 

TO 3T0 SHaTOTT), ^TO 3? = C npH ^ = 0. 

^ajite, Mbi . y6t;^HMca b^ tomt* ^to MHorie H3T> BecbMa 
BaacHHX'b o6iu,HX'b 3aK0H0B'b nojiyiaroTi, npocToe na bejit* bm- 
paaceHie ^JopMt ji;H(j[)(j[)epeHi;iaJibHaro ypaBHeaia, h cxy- 
ji.eHT'b SyjueT'b oCja^aTb 6ojibmHM^ ^peflMyI^ecTBOM^, ecjia oh'b, 
pascMOTptBT) TaKoe ypaBHenie, CbyMterb nepesecTH ero cmhcjtl 
Ha o6biqHbifi asbiKx. 



152. YpaBHeme xaKoro BUAa: 

do-* ' dx^'^^ dx^ 
ec-iH P, Q, li, S II X cyTb (j[)yHKuiH o^Horo tojibko x, hjhh 
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iiocTOHHHBifl, Ha3£iiBaeTCfl jiMHeflHUM-b AMct>(i)epeHL;iaj)bHUMi> ypaB- 
HeHieMi. 

Bojibinaa qacTb namaxt H3CJit;i,0BaHifi bt> HHacenepHHXb 
HayKaxTi, MexaflMKi hjh ajieKTpoTexHHK'b npHBOjiHTL 

HaCL Kt JIHHefiHHM'B ypaBHeHiflMT>/B^ KOTOpHX^ P, ^ H T. J^. 

3a HCKJiroqeHieM-b X cyTb nocToaHHua BeanqkHW. TaKOBM, 
HanpHMtpij, ypaBHenia (8) h (9) bx n. 146. 

^aj'te MM jBHAHiri), no Bt HaBicTHMXt cjiyqaax'L mh 
MOHceMT* HafiTH nojiHoc p'bnieHie (1) npH X=0, t. e. naft- 
;i;eHHoe piineHie Syj^eT^ saKJiroqaTb bi ce6t Bci BOSMoacHbia 
ptiueHia. Tenepb noJioacHM'b, qio 3to ptmenie fiyj^er-b t/ = /" (^). 
Mw BH^tHM'B, nio 3Ta ({)yHKuia AOJiHHa 3aKJiK)qaTb B'b ce6i qe- 
Twpe npoH3BOJibHbix^ nocToaHHHX'b, TaK^ KaKT* BLicmaa npo- 

H3B0AHaa BT> (1) ecTb^. H Mbi AOKaaceM'b, qTO, ecjiH npii A 

He paBHOMi HyjiH) mh MOffieMTi nyieM'b yra;i;biBaHia npHTTii 
OAHOMy ptmeHiio, Koxopoe Mbi HasoBeMT* y = F {x\ to . 

y = f{x) + Fix) 

Syj^er-b pimenieM^ (1). Mh y3HaeMT> b^ rjiaBi III, qro axo 
6yAen> nomoe pimenie (I). 

ocTajibHoft qacTH Hacioamefi oaBbi mh 6yAeMi cih- 
Taxb P, Q H T. ]{. nocToaHHHMH; nycTb 

g + ^gfi'g + cl + ^^X (2), 

r^'fe -4, jB, C, E cyTb nocToaHHHa, a X ecTb 4)yHKuifl x. 
Mbi qacTO nHuiHMi (2) b^ xaKofl (J)opM't 

153. BosbMCM-b caMoe npocxoe ypaBnefiie BH;^a (3). Ilycxb 

£-«^=^ 

oqeBHAHo; qxo (cm. n. 97) 

y^Me''' (5). 

CyjiGTb ptnieHieM'b, npHqeMi, M ecxb nfeKoxopaa npoH3BOJib- 
Haa nocTOHHHaa. 
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154. Tenepb BOSbMeMi,^ — a^y = (6), 

noMombK) npoC'L mh naxoAnMi), qxo 

y = Me'^-^Ne'^ (7), 

ecTb ptmenie, npn qent M n N cyib npoHSBOJibHbia no- 

CTOflHHblH. 

Ho, eCJH Mbl BOSbMCMX ^ W^l/ = . (8), 

TO MH BHAHMT), 'ITO, TdiKb KdiWb a B^ (6) COOTB'tTCTByeTL ni 

Bt (8), ecjiH i 03Ha'iaeT'L V — 1 , to 

i/=afe«^-f-iVe-^^ (9) 

6y;i,eT'L ptmenieM^ (8). Ecjih mm npoBt»pHM^, Bipno jih 9T0, 
noMOiubio AH(})(})epeHii.HpoBaHifl, cqHTaa i peajbHOtt BejiH^HHoft 
H KOHeqno noJiaraa — — 1, ^^ — — i, = 1, ^^ «, h t. 
MH y5tAHMca, ^To aTO TaKi,. Ho KaKoe SHaqenie mh Moacew'b 
npaji,aBaTb TaKOMy oxBiTy KaK-b (9)? CAijiawb npo5H, a 
xaKace BcnoMHHBT> Jiio6onbiTHHfl anajioriH, onHcanHbia bx u. 
106, MH HafijieM^, qxo aTO ecxb noJHoe p'tmeme h, ^to la- 
KHM^ ace nojiEHMT* pimenieMb 6y;^eT'b 

y = Ml sin nx -{- Ni cos nx (10). 

TaiCT, KaK-L (9) d (JO) o6a npe;;cTaBJiflH)rb nojinna 
pimenia (n. 152), h6o ohh o6a co;i,epataT'b no jtBi npons- 
BOJbHHX'b nocToaHHbiX'b, KOTopaa MoryxT* ObiTb mhhmhmii hjh 
h^tT), mh oTcioji,a BbiBo;inMi), ito Bbipaacenia (9) h (10) 
T03Kji,ecTBeHHbi H ji;ja cTy;i,eHTa SyAeTTj npeKpacnoe ynpaac- 
nenie, ecjin on-b Bbipaacenie (10) nocTapaeTca npHBecxn kt* 
BH^y (9), nojibsyacb (j)opMy.mMH ji^Jisi sin ax h cos ax n. 
106, H bcuomkhbtj, nio npoH3BOJibHHa nocToaHHbia Moryi-b 

6blTb H A'feflCTBHTeJIbHHMH. KpOM^ TOTO, BaaCHO J^ASl HHJKefle- 

pa yMtib o6pani:aTbca na npaKXHKi cb BejinqHAaMH, KOTopwa 
MaxeMaTHKH naBbiearoT'b mhhmhmb. 

155. BosBpamaacb Sojiie o6ni,eMy BH;^y (3), Kor;;a 
X~0, MH nonpooyeMT,, ne dyjieTx jih ptmenieM'b t/r^J/e'""^, h 
BHji.HM'b, qTo axo SyAexT) b^ tomti cjiyqat, ecjin 

9n' + A?n'-\-Bm'^ + Cm-\-E = (1). 

TaKoe ypaBHenie nasHBaeTca o6biKHOBeHHO BcnoMora- 
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TejibHUMi>, Hafi^eMi* ero ^eiupe Kopna, t. e. qcTtipe 3Ha- 
qeHia m, KOTopwa 6y;^y^B yj^oBJieTBopflTh eMy, h HasHBaeMb 
flxx mi, Tor^a noJiy^HMt 

nojHoe ptmeHie (3) Jipn X=0] n^mewb M, h t. cyih 
npoH3B0Jn»HBifl nocToaHHHa 

156. TaiTL, piiuHMx ypaBHenie 

^ I 5^ 4_5^_5^_6^/-0• 
ecjiH ^pe;^^OJIoacHM'L, ^to y = to Haft;^eM^^, ito w aoji»ho 
yjiiOBjeTBopsTb ypaBHeHiio 

m* 4- 5m^ -I" 5m^ — 5m — 6 = 0. 
npo6aMH Mw HaxoAHMT> OAHHT* HST* KopHeft m= 1; paB^;*- 
JHBT> JitByH) ^acTb Ha (m— 1) h cHOBa npodya, HaxoAHMi* 
qTo m = — 1, — ecTb BTopofi KopeHL; onaib ;^'hJIHM^) na m 1 
H Torji,a no.iy^aeMT> MHoro'iJieH'B BTopoft cxenenH, ajih KOTopa- 
ro fiHCTpo HaxoAHM'L ocTaJibHbie KopHH m = — 2h 7n = — 3. 
OTCH)J^a 

eyAerb noJHBiM'b pimeHieM^; ilfj, ilf2, h t. a. cyib npoH3BOJib- 

HBia nOCTOHHHbia. 

157. ypaBHenie noAo6floe (1) Moacerb HMixb h mkhmhA 

KopeHb BH;^a fn-^-m, rji.'h i nanHcaflo BMtcTO 1^ — 1, ho mh 
mi, ajirefipH snaesfb, ^to xaKie MHHMHe KopHH StiBaio'rb 
nonapHo: ecjiH ecib oahh^ BHji;a m-|-m, to ecTb h j^pyrofl 
BH;^^ m — ni. CooTBixcTBenHbia piuienia ;i,jih y fiyAyT^L 

y = Jfi^^"*-'**) + iV 

HO Ha ocHOBaniH (10) 9to Moacerb 6bTTb HanHcano TaKTb 
y z= e"^ (M s'm nx N cos nx) ^ 

M li N CyTb HiKOTOpHH npOHBBOJIbHblH nOCTOHHHLia. 

17 
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158. IIpeAnojioatHM^, ^to ABa Kopna m BcnoMoraxeJibHaro 
ypaBHesia cjiynafiBo paBHW; o6HKHOBeHHO ne namyrb 

TSLKb KaKi) aTO 6lijio 6hi pasHO (Mi + M2) e"**" hjih J/e*""^, rjifk 
M ecTb npon3BOjrbHaa nocToaHHaa:, MesKAy liwh o6mee pt- 
menie aojihcho saoioqaTb AS'fe npoHSBOJibHHa nocTosHHWH. 

OTOMX c-iyHali mh ynoxpeS.ijieM'b HCKyccxBeHHHfl npi- 
eMx: MH AiJiaeMii npeAuo-iomeHie, qxo KopHH cyxb w h 
SesKOHe^Ho yObiBaiomee: 

HO non. 97, 6^^=14-/^^;-}- — +^ + . . . 

OTCiDAa y=e''''(^ M, + + Jfa/^^ +3^2 • • • ) 

HasoBeMT, M2h—N h npeACTaBHMb ceOt, ixo A cxa- 
HOBHxcH Bce MeHbuie, a M2 Bce 6ojibine, xaK^ ™ -3/2/^ 
Moacexx, 6bixb KaKofi yroAHO BejiH^HHofi, nojroacHMx> N, KpoMt 
xoro 

Mi + M2 = 3T', 
xaK-b KaK-b h 6e3KOHeqHo yebiBaex-b, xo Bibi naflAeM'b 
y = e'^ (M-i-Nx). 
EcjiH axo paacyacAGHie ne yAOBJiexBopHX-b HHxaxejia, xo 
OHTb AOJISKeHTj nOMHHXb, HXO MH BcePAa iMoaceMXi npoBipHXb 
Haraxj pesyjibxaxx* h BcerAa HafiAGMX), qxo oh^ BtpeH'b. 

159. noAo6HbiM'b nyxeMXi mh npnxoAHM'b Kb cjrbAyionieMy 
oomeMy npaBHJiy p'tmeHia jiHHeftHbixT> AH$(})epeHii,iajibHbTX'b 
ypaBHeflifi cb nocxoaHHbiMH K03(|)(|)Hn;ieHxaMH. Ilycxb 6yAexx> 
ypaBHenie 

CocxaBJifleM'b BciioMoraxejibHoe ypaBHenie 

IIoJHoe sna^enie ?/ mohccxI) 6HXb BbipaHieHO paAOMX* 'lae- 
aoB-b: KaHCAOMy nificxBHxejibHOMy BHaqeHiio m, nojiOHiMMt ai, 
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6y;ifiTh cooTBtTCTBOBaTb HJienij Jfic^i*; Kaac;i;oM napt mhh- 
HHX'L 3HaqeHia a2 =h — ^2ewh 

e"^ (M2 sill l^ovT -f- ^2 cos i32a;); 
npaqcMX Koa^^HuienxH Jfi, Jf2, ^2 cyib npoH3BOJibHbifl no- 
cTOflHHHff, ecjiH cooTB'tTCTByromifl KopeHb noBTopaexca o^Ha- 
MHoroqjeHH (r — 1) cTeneHH cl npoH3BOJif>HHMH no- 
cTOflHHHMu K03(t)(j[)Mn,ieHTaMH, ecjiH KopeHb noBTopaeica r pas-b. 

Ynpao/CHeme ,- + 12-7^ + 66:^,4-2063-^ 

+ 345 g + 2341/ =0. 

CociaBHB'b BcnoMoraxejibHoe ypaBHeHie, nyieMT* npoo-b no- 
jyHHMT) cjit^yiomie nflib KopHefl 

— 3, — 3, — 2, — 2 + Si, — 2 — 3^ 

CjitAOBaxeJibHO, OTBi>Tb 6y;iex'b 
y = (3fi J^Nix)e-''' + -f e-2^(J/3 sin 3^ +iV3 cos3a;) 

ynpao/cHenie 1 . IIpoHHxerpnpoBaxb ~ — 4 ~ + 3?/ = 0. 

OxB'ki,: 2/ = ^e''' + 5e^ 

2. IIpouHxerpHpoBaxb ~ — + ^'^2/ = 0. 

OxBixx: 2/ = e^"" { A sin 3.^■ -f- cos 3;r }. 

3. UpoHHxerpHpoBaxb ~ -f 6 ^ + 9i/ = 0. 

OxBtx-b: y:={A-{-Bx)e-^'' 

4. IIpoHHxerpHpoBaxb 

dS:* ^^dx3 + 62^--lo6^ + 169t/-rO. 

a^icb — 1 2m3 + 62^^ — 1 56m + 1 69 = 0, h JierKO 
Biijii'fexb, ^xo 3X0 ecxb nojiHbifi KBaApaxij. KopHH BcnoMoraxejib- 
Haro ypaBHenia cyxb 

3 -f 2i, 3 + 2/, 3 — 2i, 3 — 2i. 

Oxcioj^a ptmenie 6yAex^ 

y = e^''{ (Ai + B^x) sin 2r + {A2 + JBa^) cos 2x\. 
Tenepb mh pascMoxpiiMi) npHM-fep-b, HMiiomifl sajKHoe 3Ha* 
qenie bx> ^mmi. 

17* 
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EcTecTBeHHbifl BM6pauiM. IIpHMtpii. 

160. B-b n. 146 mm hm^jih MexaHMMecKyio cHCTeiiy, 
BHfipnpyiomyK) o^hoS cTeneHbio cbo6o;i,m, b mbi BHA'kiH, 
'iTO 8TH BH6paii;iH aHajiornqHw cb KOJie^aniaMH, npoHcxo;iflmHMH 

B^ 3iieKTpH4eCK0n CHCTeM*, COCTOamefi H3T> KOHAeHCaTOpa H 

o6motkh cl conpoTHBJieHieMi> h caMOHHAyKii;iefi. Mm npoHeSpe- 
rajiH TpeHieMT> bt> BiexaHHqecKofi h conpc^THBJiemeM'L wh a.ie- 
KTpH^ecKofi cHcxeM*. Tenepb mh saflMeMca H3yqeHiein> hx-b 
ecTecTBeHHHXi> BH6paiuft, h, KaK-L H paHbme Bu6epeMi> Me- 
:^aHHqecKyio 3aaaqy. Ecjih xaacecTb b^ W (j)yHTOB^, nowfe- 
meHHaa kT) KOHuy npyKHHW, Koxopaa HpH CHjrt x : h ^ynroB-b 
yAJHHfleTca na x ^yvb, b% cbocm^ j^BHaeaiH Bcxpiqaer'b 
conpoxHBJieHie oxt> chjuh xpenia, paBHoft h x cKopocxb, xo B'l 
n. 146 MM HMtjiH ypaBHCHie (8) hjih 

Wd^x , ,dx , X 
d^x , bg dx . xg 

■¥» + ir^ + W=^ 

06o3HaqHM'b^Hepe3'b 2fjf. nycxb-.~=w2;(l)npHMexT» bh;i.t. 

al+v.J+.'»=o (2). 

CocxaBHB^ BcnoMoraxejbHoe ypaBaenie, ifu HaflACM'b, qxo 
KopHH ero 6y^yxT> 

m = — fz*zy p — n\ 

Bl> 3aBHCHM0CXH OT^ BeJIMqifHbl fll «, MU nOJyqnM-b pa3JIH4- 

Hbie BHAbi p'hmeHift. Hxo6bi BwqacjiHXb npoH3BOJibHua nocxoan- 
Hbia, Mbi ;i,0JiacHbi Hwkxb AOcxaxo^HO cBijiiiHift oxHocaxejibHo 
;^BHHceHia. Si npej^nojiaraio, qxo Kor^a ^ = 0, xijio HaxoAHxca 
npn x = n ABH»ceHie ero coBepuiaexca co CKopocxbK) v^. 
I. Ilycxb f Gojite n, KopHH 6yj;yx'b — a n — p. 
II. Ilycxb f = nii KopHH 6yAyxT> — f h — f, 

III. Ilycxb KopHH 6yjiyxT» — a-±:Bi. 

IV. nycxb f=0, E KopHH 6yjiyx^ rt m*. 
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Tor;ia, corjiacHO iipaBHJiy n. 159, 
Bt I cjiyqai Ham-L OTBirb 6y;i,ert 

H, paai MH CKasajiH, wio x=0 npa ^ = 0, h ^ npn ^ = 0, 

TO MM MOSCeMT) BUHHCJIHTb A HI B 11 XaKIiM'L oSpaSOMl) Ha&TH 
X TOqHO SaBHCHMOCTH OT^ t. 

Bo II cjyHai Hamt OTBtT^ 

x^{A^-Bt)e-fS 
B-b III cjiyqai OTBiT'B fyjjifdTh 

x = e"**' (A^mU-^B cos 6^; 
B^ ly cjiyqat HawL oTBixt 6yAeTi> 

a: = ^ sin + 
161. Mbi npe^noqieM^ Bsaxb HHCJieHHLifi npHMipx h yBt- 
paeM^ cTy;i.eHTa, qio CMy ne cjitjiiyrb ponxaxb na xo, ^xo 
xpaxflxcfl BpeMfl Ha nero h Ha Apyria noj;o6HLia Bemn. Ilycxb 
w = 3, H 6yAeMT> fipaxb pasJinqHwa aflaHenifl ^Jia f. JK^Si 
y^oScxBa cpaBHCHiH bo Bcix^ c.iyqaaxi 6yAeM'L npeji,nojiaraTb, 
dx 

qxo x=^0 npH ^=0 H ^ =20 (|)yjT> BTb ceKyHAy, Korj^a ^ = 0. 

Cjiyqafi IV. IlycxH f—0, xor^a x = As>mnt~\-Bco^nt, 
= J.X0 + £X1, CJl'b;^oBaxeJIbHO = 0, 

-t: =n^socw^ — nB^mnt. 
at 

20 = 3-4, xaKT, qxo J.=^-^/3. 

TaKHMii o6pa30M'j> naHeceMi. na nepxeact a: 6.667 sin 3^. 

Bxo ypaBHenie H3o6paHcaexca KpHBofi 4, lepx. 82. 9xo ko- 
HCHHO oSuKHOBeHHaa CHHycoH;i,a: ne ocjiafijieHHoe npocxoe rap- 
MOHflqecKoe jiBnaceHie. 

Ciyqafl III. /*= 0,3- BcnoMoraxejibHoe ypaBHenie AaexT> 

m = — 0.3 ± VO'O^ — 9 = — 0,3 rt: 2.985i. 

OxcK)AaB'bYpaBHeHiHa; = e~'''(^sin W + JBcosJO • • (O- 
a = 0.3 H ft = 2.985. 
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Bti Moacexe He cT>yMiTb npoAH$4>6peHUHpoBaTb npoH3Be- 
^eme, xoia mh h J^aJH npaBHio aioro Bt n. 90. Mh 
;i;aeM'b HtcKOJbKo ynpaacHeflifl bti rjiaet III, a a^'tcb mh cor- 

JiacHMCfl, qxo = — (A sin U — B cos U) 
at 



+ be-'^{Acosbt — B^\nbt) (2). 

dx 
dt 



doc 

HojiOHCHM-b = npH ^ = H = 20 npH t = 0. Toj^a 



HST, (I) jB = H 

20 = ^ 

H oTCiOAa X = 6,le~^^^i sin 2.985^ 



20 20 
20 = bA H.H^=.-^ = -- = 6.7. 




^epT. 82. 

9to ypaBHeHie H3o6paaceHO KpnBofi 3 Ha qepi. 82. SaMtxHMT,, 
HTO BCJi'b;i;cTBie Tpenia nepio^t iiaMinHJiCfl. 

Cjiyqaft II. nycTb /=3. Kopna BenoMoraiejibHaro ypae- 
Henia 6y;i,yTi> m = — 3 h — 3 — paBHwe. OTCK)ji;a 

x = (A + Bt)e-^^ (1). 
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3iich onHTb HaMi HyacHO ;tH4)4>epeHiuipoBaTb npoHsse- 
aenie 

^ = Be-^* — 3 + Bt) (2). 

dx 

BBOfla x = npH ^ = h ^~ = 20 npn ^ = 0, nojiyqHMi 

H3T. (1) ^ = H VLdTb (2) B=20. 

OxciOAa x = 20t. e"^^ 

3x0 M3o6paHcaeTCfl Ha ^epT 82 KpHBofi 2. 

Cjy^afl 1. IlycTb Z = 5. Kopna BcnoMoraTcibHaro ypaB- 
Henifl 6yAy'n> — 9 h — 1, 

^ = — ^Ae-^' — Be-\ 
at 

Bboaa HaqajibHKa ycjioBia, noiy^HM^ 

= A + B, 20 = — '9A — B, 
OTCKj^a A = — 2\'2,5=2V2. 

x — 2'l2(e-^ — e-''*), 
3to ypaBHenie npeACxaBJieHO na qepx. 82 KpaBOfi 1. 
CTyAeHTH MoryT-L BSflXb naqajibHbia ycjioBia 

dx 

x-10 npH ^ = H-^^=0 npH ^ = 0. 
9to npcAciaBJiaeT'b cjyqafi x'fejia, na^HHaioiniaro ABHscenie 

BTy MOMeHTb ^ = 0, HJIH, B^ CJiy^ai aJieKipH^eCKOfl CHCTeMbl, 

sapaaceHHaro KOHjiieHcaTopa, Koxopbifi na^HHaex'b paapaacaxbca 

BT> MOMCHXTj ^ = 0. 

3aMixHM^, Hxo ecJiH npoAH(|)(|)epeHi],HpoBaxb (1) n. 160, xo 

Mbi ROJijmiWh, ^ o6o3Haqa^ ^ qepesTj t; ^, 

d^v , hq dv , q 
dt^^W dt^ Wh 

MlI HM'feM'b XaKHM'b 06pa30M'L XO»JHO XaKOfi me SaKOH'L 

;ii.ifl cKopocxH H ycKopeniH, KaKii h ji^jia. caMoro x. 
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TaKffie H cjyHai ajeKipRqecKofl cncTeMH, tskl KaK-b 

ir~03HaqaeT^ cHJiy TOKa, to, ecjiH mh npoAH$(J)epeHiiHpyeM'B, 

TO Hafi^i.eM'b, ^TO OAHH'b H TOT^ SKC saKOHT) cymccTByeTt ;^JIa 
TOKa H ;^Jiff sjieKTpoABMaymefi chjih. KoHeqno 6jiaro;i;apH na- 
^ajibHHM^ ycJiOBiflM'B DOJiyqaTca paaHHs pimenm oTincb ypas- 

HOHift. 

162. EcjH npaBaa nacTb .iHEefinaro ji;H(j[)(j)epeHn.iajibHaro 
ypaBHenia no^oSHaro (2) n. 152 6yAen> He nyjib u name pt- 
inenie aojihcho npejicTaBHTb, KaK^ 4>opcHpoBaHHoe ji;BHffiOHie 
cHCTeMH, TaK'b H ecTecTBeHHHfl BH6pan.iH nojesHO npe^BapH- 
TCJibHO BSOflHyTb Ha aa^aqy cb TaKofi tohkh aptnia, KOTopaa 
Cy^eT-b HCHa hstj cjiijiyjEoniiaro npocToro npHBitpa. 

HyacHO ptniHTb ypaBneme (11) n. 148: 

-^^^ + n^x = n^asmqt (1), 

ypaBHCHie ABHacenm cHCTeMw cb o^Hofl cTenenbio cBoGoAbi h 
0631) TpeHia. 

^H(|)(j[)epeHUHpya ABaac^H, naxoAHMi. 

d^x d^x 
OTCioAa Ha ocHOBaniH 0)-^ + (n^ + q^) -^^^ + (J^n^x = 0. . (2). 

BcnoMoraTejibHoe ypaBHenie A^a (2) 6yAeTb 

m* + (n^ + q^) itv' + q^n^ = (3) 

H Mbi 3HaeM^, nro ;^Ba Kopaa 6yAyTT> ± ni h APyrie zt qi. 
OTcioAa HMteMT) noJHoe ptuienie 

x=^ A^mnt + BQ,o^nt+ Cwiqt + Bc,osqt, . . . (4). 
/^H$(|)epeH^Mpya (1), mh ^ajiH BOSMoacHocTb aBHTbca ;^ByM^ 

JIHUIHHM'b npOUSBOJIbHblM^ nOCTOHHHblM^ C H D H O^eBHAHO, 

^TO noACTaBHB'b (4) B^ ocHOBHoe ypaBHenie, mh nojiynHMi, 
onpeA'bjeaHbia BeJiaqaHbi aji^i C h 2), TaicT, KaK^ Wb aMctbh- 
TGJibHocTH oai He npoHSBOJibHbi. JlerKo saMtTHTb, hto ah4>- 
(J)epeHiiHpya (1) h nojiyqaa (2), Mbi At^aenb CHCTOMy 6ojite 
cjiomHOtt, AaeMT* efi Apyryio cTenenb cBo6oAbi, hjh jiyinie CKa- 
3aTb, Ali'iaeMX ee ^acTbio 6ojibmefl cHCTeMH, ecTecTBeHHKia 
BH6pai^iH KOTopofi npeACTaBJieHbi ypaBHeaieMi (4). Kor^a mu 
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sacTaaflfleMt HiKoxopyio waccy BHfipHpoBaxB Ha KOHii'b npy- 
acHHM, HyjKHo noMHHTb, ^To n,eHTpi TflacecTH axofl MaCCH, 
no;i;cTaBKH, Ha Koiopoft ona yKptHJiena, h KOMHaiw, ocTaexca 
HeH3MiHHHM'L. HoaxoMy nojicxaBKi xame npoHcxoAaTi> 
BHfipai^H, nopoHCj^aion^U xpenie, Koxopoe sacxaBJwex'L BH6pa- 
ii,iH yxHxaxb. Ecjih xyxT> 
ace Haxo;^HXcK ji,pyraa bh- 
6pHpyK)maa Macca, xo axoTT> 
a^4^eKXT> ocjia6jiaexca. Ha- 
npHMtp-L, ecjiH Ha qepx. 83 
M BH6pHpyexT> na Koau'fe 
nojocH MA^ sameMJieH- 

HOfi XHCKaMH J., xo BCHKOe 

ABHaieaie-Jf HanpaBO ;^0Jiac- 
HO conpoBOHcj^axbca abh- 
acenieMTb A h noAcxaBKH 
HaatBO. Ho ecjiH y nacL 
ecxb ;iBi Maccw, (KaKi) bx* 
KaMepxoH't),;i;BH»ynxiaca bt> 
KaacAbit MOMeaxx* no npo- 
THBynoJiOHCHHM'L HanpaBJie- 

HiaMT>, xo HtxX> HaA06H0CXH 

B-b ;^BHaceHiH no^cxaBKH, h 
Mi;^OBaxejibHO CHcxeMa M^M^ BH6pHpyexx» xaKx,, KaKXi 6bi xpe- 
Hia He cyn^ecxBOBajo, h aa axoMi* npHHu.Hnt ocHOBano ycxpoficxBo 
KanepxoHa. Ecjih jiBHafenie naqajiocb wHane, qiM'b bt> Bbinie- 
npHBeAeHHOM'bCJiyqa'fe, oho 6bicxpocxaHOBHxca xaKHM'b,xaK'b KaKx, 
HtKOTopan nacTb ABwrneHia, KOTopaa HymAaeicfl bt* ABMweHiM 
ueHTpa TflwecTM noACiaBOKb, OMCHb gwcipo oc;ia6;iaeTca m Mcse- 
3aeT"b. CxpoHxejiH napoBbixx, ManiHrn, h xi jiHn.a, Koxopbia 
nojibsyioxca hmh bt, ropoj^ax^, vjs,\ sanpenneHO pacnpocxpane- 
Hie KOJiefianift bt, aeMJit, 3HaK)xx>, Tro act axn o6cxoaxejibcxBa 
cji'tAycx'b npaaHMaxb bo aaaMaaie. 

163. Ecjih y ecxb (|)yaKuia x, xo ypaaaeaie (3). n. 152 
noKasHBaexT, aaMX,, KaKyio cjoacayio onepauiio naj^X) aeft aa- 
AO upoH3BecxH. HHor^a ynoxpefijiaexca xaKofl chmbojiX) 

Koxopbifi oaaaqaexx, xo me caMoe; 62/ aaaqHX'L, qxo mh ah$- 
(t)epeBUHpyeM'L y no xji^y 03Baqaexx>, qxo mh jiH^^epeaunpyeMi) 
y ABa^AbT h x. 



^epx. 83. 
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JlerKo noHaTi>, ^to 6, 6^ h t. a- cyxb tojbko CMMBOJibi A"btt- 
CTBia. Eji,Ba jih nyacHO roBopHTb, qio h^y ne snaqHT'L, ^to fiepex- 
ca KaKoe to KOjiH^ecTBO 6, bosboahtcs bx KBajipaT'b h jmho- 
acaeTca na y; 3to npocTO y;^o6HHfi cnocoSi. Bbipaacenia to- 
rOj.^TO y ;i,0JiacH0 6hti> ABaacji;H npo;^H(j)({)epeHu;HpoBaHO. 66 i/ 
Sy^eTT, 03HaqaTb to me canoe. Hto ey^eTt BHpamaTb no 

aTofi cHCTeM* (6 + a) yl Oho oana^aerb — + ay, Hto ana- 

dec 

^.w^h (6^ + Ab +B)y} — Oho osHaqaeT^ 

(fi + a) 2/ xpefiyeTT,, qTo6br npoAH(|)(j)epeHu;HpofiajiH y h npnSa- 
BHJiH Kb aTOMy a pasx no t/, h xoth a ecTb npocTofi mho- 
acHTejb, a 6 He ecTb MHoacHTejib, OAHaKQ mh bh^hmT), tto 
(6 + a)^/ = 6^/ + a2/. 

Jl,'hfiCTBHTeJIbHO, MH HaXO^^HMT*. ^TO 6 BXO;^H^b B^ BTH yCJIOB- 

Hbia BHpaaceHia, KaK-b ajreGpanqecKaa BeJiHHHHa, xoth axoro 
H H'txTj Ha caMOMi) 

EcjiH w H v cyTb (|)yHKn,iH a:, to mh BHaeMi,, ^ito 

3to BHpa;KaeT'b TaK^ nasbiBaeMH^ pacnpeAtJiMTeiibHbitl 3a- 

KOHb. 

ToMHO TaiOKC, ecjiH a nocxoaHHoe qiicjio, to bau~aHu^ 
iim jiMcTBie 6a aKBHBajieHTHo A'^^CTBiio a6. 3to BbipaaiaeT-b 
TaKi> HaabiBaeMHd nepeimtcTMTeiibHbiti 3aK0Hb. 

Bt, cbok) o^epe^b b'^b'^ = 6"^+**; axo ecTb aanoHb noKaaaie- 
iieW. EcjiH aTH TpH 3aK0Ha npHHHMaBOTca aa ochobbhc, to mm 
HMteMT) npaBO BBOAHTb 6 B^ ofibiKHOBeHHHa ajireopaH^ecKia 
BHpaHceHia, npHHHMaa ero aa o6HKHOBeHHoe KOJinqecTBO. 

6 HOA^HHfleTca BcbM^ aTHMTi aaKonaM-b npn coqeTania Cb 
uocToaHHHMH BejHqHHaMH; HO aaM^TbTe, ^to, ecjiH w&v cyxb 

4)yHKi;m x, vHu oanaqaiomee coBepmeHHo otjih^ho otx 

6 . UV, ECjIH mh dy^eMT) BHHMaTeJIbHO OTHOCHTbCa KX 3TH5n> 

;^'tflcTBiaM'b, TO HasipHO ne 6yji;eMT> ^ijiaTb omaOoK'b. 
npoHaBej^eM-b ^McTBie b + b naj^i) (6 + a) y. Ho, 

(b + a)y = by \-ay mvL ^ + ay. 
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npoH3BecTH j^McTBift 6 + i 3KB.WTb: «npoAH(j)(j)epeHUHpo- 

«aTL (3T0 jiiacT'L HaMT) ^ + a ^ j H npii6aBflTB b pa3i> no 

du , ^ , fT^v , dy , , dy , 

+ ayT^. CMAOBaTejibHO 3T0 ^acTL naMt ~ + a -7^ + ft -r^ + 

+ aft?/ HJH ^ ^) ^ ^" ^-^^ 

[6^ + (a + 5)6 + a6] y. 
Mh bhahmT), TaKHMTi o6pa30M'L, ^To ;i,BofiHafl onepan,ia 
(e + J)(6 + a) 
Aaen> tot^ 3Ke pesyjibTaTX, qxo h 

[b' + (a + b)b+ab]. 
noj^o6 HM-L crioco6oM'B H npyrHMH nyiaMH jrerKO noKaaaib, 
^To, xoTfl 6 ecTb cHMBOJi'L ;^ificTBia, a ne KOJiH^ecxBo, ojiina- 

KO OHO BXOAHT'B B1» KOMfiHHauiH XaK'B, KaK^ Sy^TO OHO eCTB 

ajreSpaHqecKan BCJiHqHHa, ;^o rhxi) nopT>, noKa Bct BeJiH^EHH 
a, 6 H T. ji,. cyib nocTOflHHbia. SaMtxHM'b xaote, ito 

(0 + a)(6 + ft) 
ecTb TO ace caMoe, qxo vi(h + b)b + a) 

CxyAeHTb ;^0JixeH'b na npaKXHKt y6'feji;HXbca, qxo axo xaK^, 
H jifymewb ocBOHTboa c% axHM'b cnocoGoMT, o6o3HaqeHia. Oh^ 
yBHAHxi>, qxo 3X0 H36aBJiaex'b oxt> Maccbi HeapoH3BOAHxejibHar- 
ro xpy;i,a. TaK^, cpaBHHxe xaKia BbipaHcenia 

(ab + b){ab4-?)y 
c-b [aaH' 4- [a? J^(xb)b-\- b?] y, 

mn aag + (ap + oc6)| + 6p^. 

164. IIoJioacHMTj, qxo Dy ynoxpefijieno, KaKi, CHMBO-i-b kbt 
Koro jih6o saMHCJioBaxaro A'bficTBia, Koxopoe ^;ojiacHo 6bixb co- 
Bepmeno EdLfl,i> y, h mh roBopHMii, qxo Dy = X; ae 3Ha- 
miTb .iH 3X0, qxo, ecjiH xojbKO mh c'byMteM'b c^'fejiaxb oSpax- 
Hoe j^tacTBien oGosHaqaMij axo oGpaxHoe ;i,McxBie 2)~^ hjh 

1 X 

^xo. y = D''^X HwiH •^V J[jia. HacL oqeBHAHO, qxo, ecjin mh 
coBepinHMX) A^ficxBie D cl D-^X, xo mh axnM^ yHaqxo- 
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atHMi peayabTan. aiflcTBia . Ho, ecjm ^-^ay = X, am 

-j- a ^ y = X, BJiH {^-\-a)y=X^ to o6paTHoe ^^McTBie mh 
MomeMi o6o3HaHnTb 

HJH (2). 

Bo3BMeMT» nocji'tAHee h3^ BupameHifl; Tenepb;--^ ecxb 
npocTofl cHMBOjn> o6paTHaro ;^McTBia, h mm bh^hmti, ^ito 

y=^—a (3)- 

noA^HHaeicfl oShkhobchhumtj npaBEJiaMt yMHoaemH, xaKi) KaK-b 
(3) ecTt TO ace, ^to 

(e + a)t/ = X (4). 

H (4) nojiynaeTca h3^ (3), KaK'b 6bi yMHoacenieM'b oStHxt 
qacTefl ypaBHeHia Ha f6-|-a). 

To^HO TaKace B03bMeM'b + 4" ^) ^ aby=X. . (5), 

HJiH [6^ + (a + &)6 + a6]i/ = X (6), 

HJIH (h + a){b + b)y = X (7). 

3;i,tcb npaMoe j^McTBie (6 + a), coBepraeHHoe HaAi (b + b)y 
^aei^b HaM'b X; OTCioAa no Bbime yKa3aHH0My onpe^^'fejeHiio 

noBTopafl TO ace caMoe, mh nojiyiHM'L 

Ho cor-iacHO cl HarnHM-b mctoaomt, o6o3HaqeHia odpaxEwxT, 
AtficTBifl, (6) HannmeTca TaKTb 
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xaKHM^ oCpaaoMt h sj^tci. mk He bhji,hm^ HHKaKoro npoiH- 
Boptnifl BT> TOM^, qTO MH ycjioBMHCb o6pamaTbca CB Bbipa- 
aceniflMH (6 + a) h (6 + b) (9) laKt, KaKi) Sy^TO 6 em ajire- 
GpaaqecRafl Bejifl^HHa. 

165. Tenepb mu BHaeM'b, ^to ofipaTHoe A'tficxsie 

[6^ + (a + 6)6 + a6]-i (1), 

Moacerb 6bTTb BBinojifleHo B-b ABa npiena; cnaqajia npoH3BOAHM^ 
;i,McTBie (h+b)-^ a noxoMi (b + d)-K 

Tyvb aBJiaeica HHTepecHHft Bonpoc^. Mh 3HaeMT>, qio, 
ecjiH6H h 6hjio A^ficTBHTejibHo ajireOpaHiecKofl Be.iHqHHofi, to 

b' + (a + b)b + ab~b — a\h + a b + bj' ' ' ^ ^' 
BaacHO yaaaxb coBepuieBHo jih paBHOCHJibHO ^tficxBie 

b^(T+7""'rrb) 

aMctbik) o5paxHOMy 6^ + (a + b) f) + ab? . . . . (4). Mbi CKa- 
sKeM-b xojibKO, qxo 3X0 6yji,erb fiipHo, ec-ia npaMoe AMcxBie 
(4) coBepmeHHo yHaqxoHvaex^ (3). UpacoeAHHMM'b (3) Kb X 
H peayjibxaxy npHnaraeM-b (4); ecjia mh npoasBeAeM^ A^fl- 

cxBie (4) aaA'b ^qi^ -X, oieBHAHO mm nojiyqnM^ (b + b) X hjih 

(JI^X. 1 
— + 6X; ecjiH Mbi npoHSBeAeMT) A^ficxBie (4) HaAT) ^-qij 

MH oqeBa;i,Ho nojiyqaMi, (0 + a) X hjih + aX, ho 

TaKHMi) oCpaaoMTj, mh BH^HM'b, qxo (3) oSpaxHO (4), h 
qxo mh HMieMi) npano pacqjiennxb o6paxHoe ;i,tficxBie npe;^- 
cxaBJieHHoe JiiBofi qacxbio ypaBnenia (2), aa oxA^jibHHa ;i;'bfl- 
cxBia, yKaaaaHHH npaBofi qacxbio (2) Mh yace HMtjiH 
cb no;i;o6HbTMH cjiyqaaMH, Kor^a BHpaacenie, naji;!) koxophmtj 
npoH3BOAHJiocb ;i,McxBie paBHO 6hjio 0. H6o oqeanj^Ho, qxo 
ecjiH «!, 0L2, H X. cyxb Kopaa BcnoMoraxeJibHaro ypaBneaia 
n. 159, xo axo saaqnxb, qxo 

b'' + Ab''-' + Br-''+ +Gb + H, 

M0»erb 6bixb pasjioaceao aa qjiean (6 — aj) (6 — ag) h x. 
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SantiHM'b, ^iTO, ecjin ^ = X hjih by = X, mu y = ^hjiii 

y = b~^X, TO o6paTHoe A^ficiBie 6"^ npocTO osHaiaerb, mto 
X HyacHO npoHHTerpHpoBaxL. Tomho laKace 6-2 oaHaiaerb ^Bofl- 
Hoe HHTerpHpoBanie 11 t. a. *)• 

•) IIpeACTaBbTe, mto bt> HainnxT> ;^t3cTBiflx^> HaMt nocToanHO npn- 

XO;^HTCfl BCTptMaibCa CHMBOJiaMH ' , HIH ' , OH 9 H T. J.; Ka- 

Koe TOJiKOBaHie mu AOJiacHU hmi ;^aTB? TenepB B-feTi ocoCeHHofi Heo6- 
xo;(nMocTH pascMaTpHBaTh. hxi. KaKoe 6bi TOjiKOBanie mm ne ;^asH butb. 
OBO Be ;^OJI»Ho BpoTHBoptMBib TOMy, MTO yae CKaaaHO no aTOwy noBO- 

fij. HanpHMtpi, 9 ecTb to ace caiaoe, mto 99^^^ b 9 ■ ^ osBaMaerL to 

Xe, MTO H 9^^^^ 9 ^ HJIH 9 ^ 9V*. Mm A0JI«BU nOMHHTh, MTO BcaKoe 

no:io6Hoe A'^ScTBie ecTb HHTcrpHpoBaflie, h mto mu nojibsyeMca chm- 
BoaaMH jijia o6jierMeHia HaxoatneHia OTBtTOBt; mu nojibayeMca eayM- 
HUMi MeTOjuoMTj npo6u. H caMoe JiyMinee Hame CBHA^TeJibCTBO aaKoa- 
BocTH BToro MeTo;;a, ecTb iipoBtpKa Ha a'^^ji^ noiyMeHHaro aaMH oTst- 
Ta; 9T0 Moacerb 6uTb c^liJiaHO Bcerja. Bojiboiaa MacTb (^yHKaifi, ct ko- 
TopuMH HaMi npHxojiHTca HMto A^o, cyTb HJIH BH;^a hih B sifl hx 

HJ(H CyMMbl TaKHXl (})yHKUift. 3aMtTHM^, MTO 

ecjiH n ccTb ii-fejioe mhcjio, nojioatHiejibHoe hjih OTpMuaTejibHoe. OTCK);^a 
BiiABO, MTO pimeHie 3a;^aM^ 6ujio 6u snaMHTejibHO o6jierMeHO, ecjH 6u 

npHHaTB, MTO 

HJIH MTO 9''^ A^?^^ = Aa\/3 e"^ (1). 

TaKHe sin hx — Bh cos hx = Bh sin (^hx+^^ 
92^ sin hx — — Bh^ sin hx = B¥ sin {hx + 
H 9»*J5 sin hx — Bh"" sin +n ^ (2), 

OMeBH;;Ho, mto 3to ocTaeTca ntpHUMi, noKa n ecTb nojioKHTeJiEHoe 
HJIH oTpimaTe.ibHoe u'fe.ioe mhcjio; ;ionycTHMT>, mto 8T0 BtpHO h tow, 
ecjiH n ecTb nojioatHTe.ibHaa h oTpnuaTe-ibHafl Apo6b, TaK^ mto 

9^ ^ B sin bx = Bb'/^ sin ^bx + (3). 

EcTb n jipyria HaB-fecTHua nojiesnua (j^yHKuiM, KpoMt e^^ h sinSjr, 

Ha^i. KOTopuMH, jiMcTBie 9 ^ ;^aeT^ peayjibTaTu, HMiK)mie A^a aaci 
npaKTHMecKoe 3HaMeHic. HanpHMtpi., nojioHiHM^, mto mu HM-feeMi. ;^tJo 
ci TaKoii ({)yHKixiefi, KOTopa.q paBHacTca BctxT> oTpnuaTOJibHuxi 
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166. SaAaHM msl aiieKipMsecTBa. L|,tnb cl conpoiHBJieHieM'b 
jf? H caMOHHJ^yK^iefi L. 

dt 

o6o3HaHHMi> -t: ^epes'L 6, Tor^a 
dt 

r= (R + U) CmiiC= ^Z-Yj,. 

^tfiCTBHTeJIbHO, BO BCtX'L HafflHX-L aJire6paH4eCKHXT> BH- 

KJia;iKaxi> mh dHxaeMi) R + L6 KaKi. 6u 3a conpoTHBJieHie. 

KoHAeHcaTopi> CMKOcibK) K (|)apaji,i». IlycTb pasHocxb no- 
TOHi^ia.iOB'b Meacjiy o6KJia;i;KaMH 6y;i,eT'b V BOJibi'L. IlycTb C — 
cHJia TOKa B-b aMnepaxT), nanpaB-iaiomaroca BHyipb KOH^eH- 
caTopa, HHane roBopa, cKopocib, cb Koiopofi^ BcapocTaex-b Q, 

aapajuT) ero B-b KyjionaxT,, OTcioji;a C=-y^ = — (aF), hjih, 

(Iv (It 

TaKT) KaK^b K ofiHKHOBeHHO flpHHHMaeTCa 3a nOCTOHHHOe, 

dt 



3HaMeHiH X IS paBHa nocTOAHHofi BeJiHHHHt a j^Jia Bcfext nojioacHTejb- 
Huxi sHaqeHift x; jierKO y6'fe;^HTLca, hto, ecjiH laKyio (j)yHKmio Haao- 

BeMT> f (X), TO 

g'/' f(x)rr:a^x'"V2 • • (4) 

3/2 5 '2 ~"^/2 ' >^^/2 

a anaqeHia ' , hjih 9 ^ , hjh ^ , hih 0" ' jierKO Moryrt 6uTb nojiy- 
^eEu ii,H(j|)(jf)epeHiiHpoBaHie»n> hjih HHierpHpoBaHieMt. MHeMOHHMecKoe 
npaBH.10 3Toro, (mu ho Sy^ieM-L ^pHBo;^HTb aj^-fecB ero j^OKaaaieJiB- 

Im 

CTBa HJIH BMBOj^a), CyfleTt Q^jc*" = -J=—x"*~'^. 

\m — n 

IlycTb H = V2, ^ = 0, TO^;^a nojiyHHM'L G^^^a;^ = JL a; • ^. 

Ho ^ ee HM'feeT'L flcnaro aHaMenm. JI,a;^HM^> eMy ntKOTopoe 3Ha- 
Meiiie, npe;tnojioaHB'b, qio, to, hto Bipno ;^JIa ui^Jiuxi* hhccjix, BipHO 
H ;^JIfl BCflKHx-L HHcejn> H BocnojiBayeMca raMMa-it>y*Kmeft otl ^/s hjih 
jV^, KOTopaa paBHa bm^cto j~^/2.Mu mohbmi, y6'fe;^HTbCfl, 'ito ptme\ 
Hia, noJiyMeHHWH hoj^oShumi odpaaoM^, BtpHw. 
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IIpoBOj^iiMOCTb KOHj^eHcaxopa ecTb Kb^ TaKHMx oepaaoM-L 

OTcioAa, TOK^ BHyTps KOH^eHcaxopa Oy^eT'L laKofl, KaK^ 6y;i- 
1 

TO conpoTBBJieHie paBHo 

K,tnb CL conpoTHBJieHieM^, caMoHHj^yKi^iefi h eMKOCTbio, 
qepx. 84. Bci sajiaqe, Kacaron^iacH ea, pimaioTca bt* npe^- 
nojoaceniH, ^to o6mee conpoTHBJieHie ecTi> 

R+i-e+l (1). 

167. Bt> JIH)6oft CtTM npOBOAHHKOB1> Mbl Bl> T01H0CTH 6y- 

jteMx sHaiL AiflcTBHTejibHoe conpoiHBJieHie (^Jia nocToaHHMX'b 
TOKOBt) mmjij jik)6hmh AByMH xoqKaMH AnB, ecjiH HaMx ^affbi 



^epx. 84. 

conpoxHBJieHia r^, ^2 h x. ;^. BcixX) BtxBefi. Ecjh Kaa:i^aa 

HS'b aXHXTb BiXBefi HMieXX CaMOHHj^yKUlK) li H X. H eMKOCXb 

H X. xo HaM'b ocxaexca xojibKO noAcxaBHXb bo Bcb Maxe- 
MaxH^ecKia Bbipaaceaia bm^cxo ri, + ?i6 + h mh nojiy- 

qHMX) conpoxHBJieHie ajih xokobl ne nocxoaHHbixi>. 

KaKx ace aaMX nyacHO noHHwaxb HauiH pesyjibxaxu? KaKt 
6h cjioacHO He 6hjio A^ficxBie, mh BcerAa MoaceMX) npHBecxH 
ero nocjii ocBoSoacAenia oxx snaMeHaxejiefl h x. ji. cjit- 
;i,yiomeMy fiojiie npocxoMy Bfl;i;y 

a + m + cb' + db^+eb' + fb^-^,... ' 



a' + b'b + cb' + + + f 6^ +.... • • 
axo A'bficxBie fl;0JiacH0 Shxl BBinojaeno Ha^ij HiKoxopHMXi 
BOJibxaaceMx,, Koxopbifl ecxb $yHKii,ia BpeMenn. OTHocHxejibHo 
HtKOXOpblX'L, H3y^eHHbTX'I> HaMII (|)yHKn,ifi BpeMeHH, Mbl BHaeiTb, 
KaKoe ptmenie aojskhh mh nojiyqHXb. TaKi>, aaMtxHut, qxo 
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ecjiH MH coBepiiiaeMT> xk&cTBie (a + M + ... ) naA'b e'''^ 
TO MH nojyqHM'b 

(a + ba + CO? + d^^ + ea* + fa\.Y' (2). 

Ca-fe^oBaTejibHo cjioacHoe A^ftcTBie (1) o6pani;aeTCfl npocToe 
yMHO/KCHie Ha J. h A^wieme na A, r^t A ecTb qncjio 

a A! ecTb ^hcjio a' + &'a + c'a'' + 

ToHHO TaKae, ecjiH mbi BMnojiHaeMi fl.'feficTBie nanx 
sin a-f 5aH-ca2-|-. . (n^ + e), to aojihchm saMtTHTb, qTO 

6^ ^acTTj — mw^ sin + e), 

» +mw^sin(w^-t-e), h t. a. 
Meacjiy rfcMT> 6 ;^acTi> mn cos (w^ + e), 

0^ » — ?;2«^cos(r<^ + e), 

0^ » + //m^ cos (w^ + e), 
Oxcioj^a cjioHCHoe A'feflcTBie (1) ^aeTt tot'b me pesyjbTarb, ^to 

= a — cn^-^en^ — q^ = h — dn^ + fn^ — .... 

a = a—cn' + e'n^—. . . . ^ = h' — d'n' + fn^ — 

SaM'bTHM'b, ^TO (cm. n. 118) AificTBie p + qb uaxb 

m sin {nt + e) yBejiHHHBaeTX aMnJiHTy^y b^ Vp^ + q^n^ pas'b h 

;i,aeTi onepeacenie (|)a3br arctg CTy^eHTTj j^ojiHceH'b caMT> 

npoBtpHTb aTo, xoTK yace oh^ nojiyqHJi'b stotb peay.ibTarb 
ji.pyriiM'L 30000601^1,. JI,0Ka3KHTe, ^to 

(p + ^6) sin nl = Vp2 + ^^w^sin (^7it + arctg 

noAo6HbiM'b ace o6pa30M'b, oSpaTHoe A*ficTBie ^^qr^^" yweHb- 

miiTb aMHJiHTyAy B-hV a' + ^'n^ paai, h ji^Sicrb sanasAbiBaHie 
(t)a3H arctg'—, a OTcro^a 
p + qb . , . , . 

— 1/ 2 , La sm + 6 + arete: arctg — 

r a + i^ir \ a 

18 
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paBencTBo, HMtioiuee oneHb sawHoe SHaneHie h SHaMnrejibHO 
coKpaiuaioiMee TpyAi>. 

168. Bo Bcbx-b npeAbuyniHxi> pa3cyxAeHmxi> mu mrkm 
B'j> BH;iy TOJbEo 4)opcHpoBaHHbifl BHfipauiH cHCTexbi. Mu yze 
jKasHBajH Ha to. ^to ccjh y HacT> ecxb ypaBHeme, nojooHoe 
(1) HJH (2) n. 152, TO ptracHie 6y;^eT^ cocToaxb h3t. jfixx-h 
qacTefi, nojio^HMT, y = f (x); + F(x): rjt f(x) ecxb ptmeme 
npH X BO (2) paBHOMt 0, t. e. Ko^;^a ecTecTBemoe :iticTBie 
CHcxeMbi npe;iOGTaBjeHO caMOHy ced'fe, ^ F (x) <|>opcHpoBaHHoe 
j^BH^eeie. £cjh bo (2) mm o6o3HaqHM'b j^tftcxBie. 

to I)(y) = X ;^aeT^» HaMt 

2, = 2)~i(0)4-D-H^), 
r;it D--^ (0) flaerb /" (a:), a 2>" ^ (;r) ^aerb F (x). 

TaKTi, ecjiH ^~^^y~^y «j y — HJH (6-^a)y=^. 

to no n. 97 MH anaeMii, qTO bt> 3tomt> cjy^at y = Ae~^, 

OxCKJia MH BHAHMT., HTO CCTb HC HV/lb, a ^e""". 

T a 

TaKHMT> o6pa30MT., ecjH ^ + ay = X, to nojHoe pfcraeme 6j- 
j^erb • 

Mbi HsyqaeMi TOJbKO nocjitAHioK) qacTb, — ^opcnpoBaHHoe 
ABHxeHie. Bi) 6oJibmefi qacTH npaETHqecKHX'L HHzeHepHux^ 
3a;iaq'b, noKaaaTe^ibHHa (JiyHKiuH aBjawxca 6biCTpo ydbiBan- 

niHMH. 

169. TaK-L, Vh ajieETpH^ecKofi iitnH, r,ii V={B+Lh)C 

V = VoSinqt, 
TO MH yate Ham.iH (j[)opcHpoBaHHoe anaqeme C, 
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n, coraacBO sameHy BOBOuy npaBBJiy bjib cooacao n. 118. 
3TO npBHerb bbai 

C= — sin ( qt- arctg^) . . . . (]). 

Ho Kpovt OToro ucBa Cyflen. spyrolt, paBBUfi 
U 

flJH 



EOTopHfi corjiacHo BumenajiomeHHoify npasHjy (n. 168) ^aerL 

^iC-L* (2). 

ILffl MH ero DOjyqHM'L no n. 97, 

BC+L -17 = 0, H,iH = — T C^- 
at at L 

3x0 saKOH'B cjioaratiXT, iipoi^eHTOBi>, Koropwfl ;iaeTT> HaMtpt- 

ffleHie (2), no-raoe xe ptmeHie BBipasHTca cyMMofi (2) h (1). 

EcjiH HaMt ii3b4ctho 3flaqeHie C, K0^;^a ^ — 0, to mh MoaccMi* 

HaiTH 3Ha^eHie nocToaHHofi Ai, o^cbbjiho, ito (2) ecTb Hc^e- 

aannufi ^eei. 

Tenepb, iiojiosnirk, V pasHO nocTOAHHOMy Vq 

rt ^0 

O^cbhaho, ^to C= ^ ey^erb BHpaxaxL CHjy (|)opcHpoBaHHa- 

F 

ro TOKa,H6o ecM mk BHnojHHMi.A'feflcTBie JS-fi6 HaAT» C = ^^to 

\ ^ 

nojy^HM'B^ Fq, a Hcqeaaromifi tokt* SyjierL Bcer^a oahh'b h 
TOTB xe npH TfexT, ace jR H Z/, KaKoe 6h hh 6hjo F, a 
-it 

DMCBHO L. 



IIo.iHHfi oTBtTL 6y;^e'n> 



C=.A,e +^ (2). 



R 

IlycTb, HanpBHipi, C=0 npH ^ = 0, xorAa 



18* 
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L 

H (2) npHMext BHAt ^' ) (^)' 

CTyAeHTT> jiomewh saaib Fo= 100, i2 = l,i = 0,l a noKa- 
aaxb, KaKi> CyAei'L BoapacTaxB C Mw yxte hm^jih j^^jio ct> 
sTuwh .saKOHOMTj paHbine. 

170. HpuMthph, KoHAeHcarop-b einiKOCTbio K m Cb conpOTMS- 
jieHieinib r 6e3b mhaykuIm sb napajiJieiibHOinib coeAMHeHiM; V 
BOJbTaacb MeacAy OKOHeqHOCTflMii coej^HHeHia (qepi. 85). 

Y 

^Ba TOKa SyayTT) c = --n C=K^V, hxt* cyMMa C+c = 

= V (^+Kbj mm V (~--^—^, TaK-b qio npn napajue-ib- 
HOM'b coeAHHeHiH OHa TaKOBa, KaKij OyATO o6mee conpoTHB.ie- 
HiepaBHo^-^^^. 




K 

^epT. 85. 

EcjiH V=Vq sin nt, to 

C + — ^ H no n. 167, 

C + c=^^ }/ sin (nt + arctg rJT^O, 

c = sin nt, C = V^Kn sin ( nt + ^ 
r ^ \ 2 

171. L|,tnb cbconpoTMBiieHieMb, cainiOMHAyKuien m eMKOCibio 



rl T id 

^epT. 86. 

(qepT. 86) HMieT-b nepeinitHHbiti BOJibiawb F= FoSinw^ no 
KOHn,aM'b; KaKOBa SyAex-b cHJia xoKa? 
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OTBtT-L C - 



I{ + Lb + 



C = 



C 



H no n. 167 



Kh 



KnV^ 



V 



(l—LKn')-\-l{Kb 
— sin nt + arctg- — » - 



CTapaiejibHwfi CTy;i;eHrB BosbMerb racjia h noMombBi fil - 
CKO.ibKiiXT> qncjieHHbix'b npo6T> Hafi^erb, hto 3to oanaqa* n,. 
EcjiH 0HT> xopofflo pa3pa6oTaeT^ xoxb o^HH-b HS-b cji't;^yK)i[in\i» 
npHM'tpoB'b, TO om> y6t;^HTCfl, mo b^ ero pyKaxx ecTb opy- 

HCie, Cb KOTOpHM-b MOaCHO piuiHTb B'b HtCKOJIbKO HpieMOBTs TS- 

Kyio 3ajtaMy» KOTopyro HHbie yqenbie pimaioT'b Ha MHornx^ 
cxpaHHuaxt, nojibsyacb caMbiMH sanyxaHnbiMn MaieMaTHne- 




6 2-8 3-0 



Hepi. 87. 



CKHMH BbipaacefliflMH, ^HsnqecKoe SHaqenie KOTopbix'b u'n Hb 
xpyAHO, HJiH Aaace coBcfeM-b hcbosmoikho npocjit^HTb. SA'tc^ 
ace JierKO noHaxb $H3HqecKoe SHaqenie Kaac;i.aro ;^'tficTBi^i* 

t ^ucJieuHoe yn^jaofcueme. BepeMij Fo=1414 BOJibTT>, K i 
MHKpo$apaAy hjih 10'^ JZ=100 omobx h n=1000 h flaxo- 
jlMMX) cjitayionue peayjibxaxbi, npoHcxoAflniie oxx naMiHeHin 
HHace MH jiaeMi> xa6jiimy h KpnBbia na qepx. 87: AJiCJ) 
noKasMBaexX), KaK-b Me^JieHHo Bnaqajit Boapacxaex^ cnjia Tn- 
Ka oxT) Korj^a L—0 no M'bpb BoapacxaHia L; aaxfei'L i-ii^i 
pacxexT> 6bicxpie, AocTHrafl MaKCiiMyMa iipn L = ] renpn; aarbrt 
onaxb y6biBaexT> cx, xaicofl }Ke xoqno nocxeiieHHocxbio, bij 
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Kofl B03pacTa.ia. EFG noKasbiBaei'L onepeaceHie (J)a3bT, koto- 
poe npH L — \ obicxpo iiepexoAiii'L aauaaAWBame. MaKcii- 
MajibHaa CHJia TOKa (iipii LKn^ — 1) ecTb xa caMaa, KOiopaa 
OHJia 6h, ecjH 6bi ne 6wjio hh KOH^eHcaTopa, hh caMOHH- 
JyK^iH H ecjiH 6bi mu hm^jh TOJibKO npocToe conpoTHBjeHie 
it 66311 caMOHH;i,yKa.iH. HfliepecHO oTMtTHTb bt> ajieKipHqe- 
CKofl anajioriH n. 160, mto axo paBeflcxBo LKn^= 1, ecxb to 
oxHomeHie, Koxopoe ;;o.ihcho coxpaHaxbca Meayiy L, K n 
(npeneGperaa He5oJibiiiHMX> qjieHOMi>, Bbipa^aromHM'B conpo- 
xHBJieHie), Kor^a KOHAeHcaxop'B nocbiJiaen> BOJiHoo6pa3flHe lo- 
KH Mepea-b u'fenb iZ, L, coeji,HHHH)iii,yH) ero jib* oSiLiaAKH. 



renpH 


JltfiCTByiO- 

mifi TOKb B^ 


OnepejKeflio 

(t)a3UT0KaB'I> 

1 M OifM^ J K/thA It 


reupfl 


^tttCTByH)- 
m& TOKb Wb 
aiwnft'naT'T* 

Cvjuuv kiaJk D 


OnepeaceHie 

4)a3U TOKa BL 





0-995 


84-28 
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8-944 


—26-57 


0-1 


1-110 
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1-1 
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0-2 
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1.414 
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—71-57 


0-4 
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1-4 
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—75-97 


0-5 
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1-5 
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—78-67 
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2 425 
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1-6 
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—80-53 
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1-7 
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4-472 
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1-8 


1-240 


—82-87 


0-9 


7-071 


45-0 


1-9 


1-110 


—83-67 


0-95 
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26-57 


2-0 


0-995 


—84-28 


0-975 


9 701 


14-03- 


2-5 
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-86-18 


1-00 


1000 





3-0 


0-499 


—87-13 


1-025 


9-701 
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OnbixT) CL HHCjaMH, noAoSfliifl xoMy, Koxopwfi c^tJiaHTi b^ aioM'b 
npHMipt cxoHXT> ropaa^o ;^emeBJ^e, ;^a h 6ojite AOKaaaxeieH^ 
npH pa3pa6oxKt noAo6Hofi 3aAaqH, t6mx BcaKie onuxM cb 
ajibxepnaxopaMH, o6MOXKaMH n KOHji;eHcaxopaMH. 

172. EcjiH BXopH»iHaa u'fenb xpaHC(J)opMaxopa HeaaMKHyxa, 
xo BcexaKH aHepria MO^evh pacxo;i,OBaxLca na rncxepesHCb 
H napasHXHwe xokh, h jjcMctrIq dy^ext Majo oxjinqaxbca oi'b 
xoro, KOXopoe mw Hrfejin Cbt, eam 6h bt> new-b ne 6bi.io xaKoft 
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BHyxpeHHeft noiepii, a obua oh HeSoJibiuaa HarpysKa. OAHaKo 
nojioacHMt, qro flarpysKH ntr-b. Ha«AeMi> BJiiaHie KOHAeHcaio- 
pa B-b OTBtTBiieHiM npM npoxomAeHiM «iitHMBaro TOKa». 

ToKX, npoxoflflmift 4epe3T> HeHarpyaceHHwfi Tpanc^opMa- 
Topi», cocTOHTt Hsx ocHOBHoro iJieHa, Toro ;Ke ^HCJia nepio- 
AOBi>, KaKX H nepBHqHaa 3JieKTpoABH3Kymaa cHja, h hst* jipy. 
rHXT> qjieHOBT* xpofiHoro h na- 

xepHoro ^HCJia nepioAOB^, bo3- ^Sis — 

HHKaromHxt JiK)6oni>iTHHMT) o6pa- 
aoM'B fijiaroflapfl npHcyrcTBiio ace- 

.Ttea. Ct* 3THMH (dlOCTOpOHHHMH 

HJieHaMH» KOHAeHcaTop'L naqero ^ 

He Moacext c^ijiaTb; ohi> He 
Moacerb HHKaKt saMacKHpoBaxb t^q^j pg^ 

HXt; o6mifi xoKT* Bcerjia dyjiexi* 

saKJiionaxb Hx-L wh ce6t. Mbi ne fiyAewb roBopHTL o nnxt, Tawh 
KaKX M03KH0 MbicjieHHo iipe^^cxaBJiflXb iix'b KaK^>6bT;^o^OJIHIIxeJb- 
HHMH xoKaMii, H 9X0 H36aBjflex'L Hacb oxT* 3a^py;^HeHifi, xaKX 
KaKi, ecjiH npHHHMaexca bo BHiiManie xojibKO oahht> ocHOBHofi 

MJieHT), Mb! MOaCCM-L C^HXaXb lipOHHUaeMOCXb nOCXOHHHOfi; xo 

ecxb, ^T0 iiepBHqHaa ninb HenarpyaceHHaro KOHJ^eHcaxopa 
HMtexT) nocxoflHHyH) caMOHHAyKaiK). 

/IMcxBHxeJibHo, noM'fecxHM'L Meac^y KonuaMH oSmoxkh cl. 
conpoxHBJieHieM^ R h caMOHH;^yK^iefi jL, KOHAencaxopt gmko- 
cxH K, Ilycxb BOJLxaacb Meac^y OKOHeqHocxaMH Cy^exTb F = 
= FoSin nt, Ilycxb C cMa xoKa, npoxo^amaro b^ H^KOxopbifi 
MOMeHXT* qepea-L o6MoxKy, h c cHJia xoKa, npoxo^amaro qepea^ 
KOHACHcaxop'L, xorji,a C + c 6yAexx> o6iiiiaa cH.ia xoKa bt> chc- 
xeM*. 

^ /7 ^0 sin nt 

H c= Vo sin nt—~ lum c = JSTn cos w^, 

— • iJ: ™ F— ^—LKn^ + JiK.b 

~ R-Di " li + LH 

no Hamesiy npaBH.iy, BUBejenHOMy n. 167. 
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Ha ocHOBaniH n. 167 mw MOHceM^ jierKo HanncaTb nojHoe 
3HaieHie C + c, ho, TaKt Kaivh mh xenepL HHTepecyeuca SHaib 
BejHqHHjr 3aiia3AHBaHia hjih onepeaceHia $a3H, to mh onpe- 
J^'kIHM'b TOJibKo aMHJiHTyjiy. Ona oqesHjiHO fivAen, 



n ^tflcTByioma}! ciiJia TOKa C+c (qio h noKa»ceTT> iiSMtpii- 
xejib) 6y;;eTx pasna 3Toj8 Bejinqunt, A'iJieHHofi na 2. 
GaM'bTHM'L, qio C + c eyACT'L HaHMCHbrnHM'b. Korjia 



3aMtTbTe, ^^J0 ecjiH i BbipaaceHo b^ renpH, a w = 2ir X ^n- 
cjo iiepioAOB^'^tfla npaKTHKt = okojio 600^, to K ey^exx B'h 
4)apa;^ax'b. Ho KOHAeflcaTop-b Aa«ce cb eMKOCTbio B-b ^'sMHKpo- 
|)apajiH HJIH VsXlO"^ ^^apa^a ctoht^ HtcKOJibKO ^ynxoB'b 
CTepjHHroB'b. Mh oinaKu anajiH o^Horo aenpaKTH^Haro ^ejio- 

B^Ka, KOTOpHfl npeAJIOHCHJI'b npHMiHHTb KOHAOHCaTOp'b, KOTOpblfl 

o6ouiejica 6u nicKOJibKo MHJiJiioHOBii (J)yHTOB^ cTepjiHHroB^. 




MepT. 89. 

AaHHOM'b c^yqai A'tficxByiomaa cHja xoKa C+c SvAext 
B-b E : + L'^n' paai^ 6ojiie A*ftcTByiomefl chjim TOKa C. 

CxyAeHTT, AOJiHceHTi Bsaxb qiicienHbifl npHMip'b. TaKT». 
Bi> cymecxByiomeMx, xpaHc$opMaxopt FenHCxora mh naniJiH 
J? 24 OMa, L = 6*23 reflpH, n = 509, cooxB'txcxByiomee HHCJiy 
iiepioAOBi. OKOJO 81*1 bt, ceKyH^y. A'bflcxByiomafl ajieKxpopH- 
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acymaa cHJia hjih \\/ 2 paBHa 2400 BOibTL. Ha nepx. 89 
MH noKasHBaeM'L A^^cTByiomyBo cHJiy xoKa, BwqncjieHHyio 
pasjiHqHHX^ SHaqenifl K, KpHBaa TOKa ABCD ecxb rnnep- 
6ojia, KOTopyio Tpyji,HO OTJiuqaTb ot^ AByx^ npaMMX'L .innifi 
3a HCKJiK)qeHieMT> qacTH ea, jiejKamei npn BepuiHHi. 

MHHHMyM'L oCmefi cHJiLi TOKa oyji.eT'L npH K= 

B-b ^;aHHOM'L cjiyqai paBHOM-L 0.618 MHKpo(j)apaA'i>; h BJiiame 
KOHAencaTopa yMenbrnaerL ofimyio CHJiy TOKa b^ OTHomeHiH 
paBHOMX OTHOffleniK) conpoxHBjieHifl kt> KaacymeMyca conpoTHB- 
jieHiio. HHTepecHO npocjiiAHib na axofi KpHBofl, KaKi) owcTpo 
6ojibmoe3ana3ji,biBaHie (|)a3bi HSMiHseTca na Sojibuioe onepeaceme. 

173. EcjIH tokh nocTOflHHbi, h ecjin to^kh AiiB coe^H- 
HGHH Meacji;y co6oio napaJweJibHbiMH conpoTHBJieHiflMH r^, 
ecjiH V ecTb BOJibTaaa> Meac;^y ^ h jB, h ecJiH nasoBeMT* ch- 
JiLi Tpex^ TOKOBT) c'l, C2, C3, a cHJiy oGmaro TOKa C, to 

_ F _ F _ F 
n r2 rs 

HxaKX TpH napajijie.ibHbie iipoBOAHHKa j^McTByioTi) TaK-b, 
KaK^ 6yAT0 Hxi, oSmaa npoBOAHMocTb paBHa 



.L+L 

^2 ^3 



ECJIH C HBB'bCTHO, TO 



1,1 1 . 

- + - + - n. 



Tenepb, nycTb bt^ Kaac^ofi b^tbh 6y;^eTT5 caMOHHj^yKuia / 

H KOH^eHCaTOp'L eMKOCTH /v, H Mbl HOJiy^HMT, TO^HO THKiH 3Ke 

4)opMyjibi, ecjiH BMicTO BejiHqHHbi r no^cTaBHM'b 

AjireOpanqecm Bbipa'/Kenia SA'bcb onenb cjioacHbi n noTO- 
My Jiyqine Bcero BSfiTb qiicjieHHLie npHMtpbi. 
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174. ABt utnM Bi> napaiiiie;ibHOMi> coeAMHeHiM. Ont HMi^DTB 

coapoT&BJieHie h r2 h caMO- 
HHAVKuiio li H I2 KaKT) pacnpe- 
A^JiHTca TOKT, C Meamy hhmr? 

ECJIH OH TOKt ShJI'L HO- 

CTOflHeH'L, TO (qepT. 90) Bt 



^♦Cg 



BiTBH 

HepT. 90. 

CitBOBaTeJihHO BT> ^;aHHOM'L cjiyqah Cj 



Ci = 



TOK-L 

^2 



4-r. 



a 



r2 +l2^ 



r,+r2 + {h + kr 



Ecjin C - 



Cq sin 



TO no u. 167 



sin 



+ arctg — — arctg QilhllL^ 



EoJiOHCHMT*, qTO BT* dTowb cjiyqat mh meiiaeMi> eocnojib- 

30BaTbCfl, A^fl HtKOTOpOti npaKTMHeCKOH utilM HaCTbK) C B-b OA- 

HOMi M3i> OTBtTBJieHiti, HO ci> HtKOTopuMi> onepemeHieMi) (|)a3u. 

a 4. ^ ('1 + ^2) ^2 ^ 

Mm ycTpaHBaoM^ TaK-b, qTo6H arctg arctg ^ fibiJio 

6h paBHo TpefiyeMOMy onepeaceniio, h noibayoMca a^h naniett 
n,'kin TOKOM-L bti b^tbh 

175. KoHAeHcarop'b, yHMMTomaiotuin BJiiflHie caMOMHAyKuiM. 
HojoacHMT,, qTo 60iibTam"b MeacAy ToqKaMH A e B ciitAyeTb 
KaKOMy ;im6o aanoHy, h mbi HcejiaoM-b, qro6Li CHJia TOKa, bxo- 
Afl^^a^o y ^ h BbixoAamiaro y J5, bt* to^hocth Cbua paBsa 

V 

T^, KaKoe 6bi V hh Shjo, h, hojiojkhm'l, mh HMieM^ Me»:jy 

A n B ooMOTKy CT> conpoTHBJieHieM'L JZ n caMOHHAyKuieif 
i, — noKaacoMt, KaKt ycTpoHTb oiBfeTjenie cl KOHAeHcaio- 
poMt, qToCbi AOCTH^b naniefi utjin. 

CoeAHHHM'L A ]i B c'babio, BKJiioqaiomefi b^ ceOi conpo- 
TUBJienie r, caMOHHAyKuiio i h KOHAencaTop^ OMKocTbio -K' (cm. 
qepT. 91). 
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nojiHafl CHJia TOKa 6yAeTT> o'ieBH;i;HO 





r 1 k 



B 



npHro;i,H kt> ojiHOMy seaMe- 



HaxaiK) H pacuojiaraH noajiefl- 

1 + (rg+ RK) + (IK + L K) 
R + (RrK + i) -I- 03 (RIK + LrK) + LlKb^ 

SaMiTHMTj. qxo, xaK-L KaKT> V MOHceTT, 6biti> KaKofi yroA- ; 
HO (i)yuKU,iefi speMeHH, to mh ne MOHceMT> ynpociniL axoro bh- 
paaccHia hoaoSho TOMy, Kaic-b 3to A'bjajiH bt> n. 167. Tenepb 

MBi xoTHMT,, qTo6M pesyjibTai'L jii'feficTBia 6bijii> paBCHt ^. Hpn- 

paBHHB^ H OCBOfiOAHB'L OTT> 3HaMeHaTeJiefi, MM BHJ^HMl), qTO 

R + 6 {RrK 4- R'K) +fp {RIK + RLK) 

;^0JI3KH0 fiUTb paBHO 

Ji + (RrK+L) + 62 (J?;ir+ LrK) + LIK¥. 
TaKT> KaK^ V MOHcerh Slitl KaKofl yroAHo (j)yHKmefi Bpe-' 

MeHH TO 3TH A^CTBia Gy^yT'L aKBHBaJieHTHH TOJIbKO iipH ycjio- 

BiH LlK=0^ T. e. 1 = 0; TaKT> ^to bx» n.inn cb KOH;teHca- 

TOpOM^ He J^O-IHCHO fiblTb CaMOHHAyKII,iH; 3arfcMT> 

RrK +R'K= RrK + L; t. e. K= 

RIK + RLK = RIK + LrK; t. e. R = r; 
cjitAOBaxeJibHo conpoTHBJienie bT) ii,'bnH ct KOH/i.eHcaTopoM'B 
;ii0J[»H0 5biTb paBHo conpoTEBjeniio bt> jipyrofi u'fenii. 

M TaKb /yifl utnM R-f-LO inibi AOiimHu B3flTb utnb cb koh- 

AeHcaiopoMb R + pa* K = ^. 

176. Ec.iH B-b dtomtj nocjitji.HeM'b ciy^afe F=FoSin«^, 
TO noKaaaTejb A'tflcTBia M0'rKeTT> 6biTb npnBenen'b ktj BH;iiy 

l—K{l + L)n^ + K(r + R)f) 
R — K(Rl + rL) n'^ + h [RrK + L—LlKn'f 
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B. — K( Bl + rL)f?' _ RrK + L — L lKn^ 

TO, xoxa paBeHCTBO aio h HapymaeTca npn iim^nmiw qacjia 
nepioAOBTi, ho, ecjin BejinqHEa n 6y;^eT'L nocToaHHa, to cHja 
TOKa, Bxo;^aI^a^o y J. h BHxo;i,amaro y -B, SyAeit nponop- 
m'oHajibHa F H He SyAOTTb sanasAbiBaHia (j)a3H. Ecih JJ = r; 

TO CHja TOKa SvAeTT* panna 4- 

177. 06TiflCHHTL, noqoMy HHor^a At^^CTByiomirt BO/ibTa>Ki» 
MGHv^y npoBOAaMM b-l nyHKTt Z), qepT. 92 6biBaeTi> MeHte, 
MtMi> B"b nyHKTt B Aaiibiue oti> reHepaiopa. 3to o6biKHOBeH- 

flo npoHcxoAHTi) 6jiaroji.apH pac- 
RLC^^ B npeAt.i(3HHofi Bt npoBOAax'b cm- 

SSSiSmSU 7\ KOCTH (oSblKHOBeHHO OKOJIO 

MHKpo^apaAa na mhjih)). Mh hh- 
ace pa3CJI'fe;^yeM^ pacHpej^ten- 
HyK) oMKOCTb; Tcuepb ^Ece npeji- 
^ nojio^Mt, ^To y B Meacjy 

"* npoBOii.aMH HaxoAHTCH KOHi^enca- 

Top-L OMKOCTH K, IlycTb Mcacjiy npoBo;iaMH y B noMtn^eHO 
conpoTHB.ieHie 6631) HHj!i;yKuiH r, hojohchm-l ott> JiaMnt. Hycib 
conpoTHB-ienie h caMOHH;i,yKnia npoBoj^oBT> MeacAy D e B 
AjTb R 11 L. nycTb V BOJibTaat'L y JB, h C ch^ TOKa, H^y- 
maro OT-L D B. 

Cn.ia TOKa, BxojiHDxaro bti KOHAeHcaropt, paBHa 

V : J; HJIH Khv. 

CHja TOKa, npoxoAfliuaro Hepe3'L r, panna — , cjiiAOBaTejbflo 

r 

K^-^l^)^ 0)- 

IlavHeHie BoabTasca Meac^y D a B paBHO 

(i? + LO) (7 H.1II {H + LU) [k^ 4- 
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Tenepb, ecjH v=:^VQsmnt, to najieHie uoJibTawa Gjisfirb 



\(R 



.r J \ y / 

BoJii>TaatT> y D pascHi ^a;^eHiIO ero mkci v hjih 

[(l+f-i^«») + (7?i: + ^)f,j 
xaKX iTO no n. 167 

KBajipan. A'tflcTByiomaro BOJibxaHca npn D 



KBa^paT'L AificTBvibmaro BOJibxaaca npa B 



= 1 + 



H BT> AaHHOMi> cjyqat MoryrL 6biTb laKia BejiHTOHW nocTO- 
HHHHX'b, npH KOTopux^ 3T0 OTHOnieHie Sy^eT'L Menie 1. 
Jt.Tfl ^HCJieHBaro npHM'tpa BosbMHTe 

r=10, J? = 0.1, X=1X10"^ 72=1000, 
H nycTb L M'hHfleTca OTb 0, i^o 0,05,0,01,0,02,0,03 h t. a. 

CiyAeHT'b He BCTpiiHT'b saTpyAHenifi btj pascjiijioBaHiH 
3Tofl 3a;^a^n xaKHce h B'b tomti cjiy^at, Korji,a BMicTO r 
(1) OH^ B03bMeTi> r+ffi; t. e., Kor^a j^ajibiue J5 noMtmeHbi ne 
TOJbKO jiaiinbT, HO TaKace h o6motkh cl caMoiiHAyKii,iefl. 



rlc 



Boiite odiuitt cjiyHaH AByxi> odMOTOK-b. 

178. nycTb Ha nepT. 93 o^Ha ooMOTKa Gy^erb cb ajieK- 
TpoABHacymefl cHJofi E, conpoTHBJieHieM'b iZ, caM0HH3,yKn,ieft i, 

CMKOCTbH) K\ :ipyraH ooMOTua ex. r. ^kc^ 
BsaHMHo^ HHAyKii;iefl m. 

BSHB-b iZ BMiCTO R + I/O +- >- H r 

HMtcTO r+Z6 + ^ , nojyqHM^ ypaBHo- 

SaMtxHM'b, qxo He cjiiAyex'b SeanoKOHXbca oxHocHxejibHo 3Ha- 
KOBT> npH C H c H X. A-, TaKT* mKh OHH Sy^yx-b aCHH HS-b 
pimenia. 




(1). 
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H3^ 3THXi» ypaBHeflifl mu nojiy^Mi) 
_ lie — mbE 

rE-mbe 

^ — 'Rr—m'b^ 

Tenepb mh MoaceMx BMt,cTO r, E n e ^o;^CTaBMTb hxT) 

BCJIHqHHH H nOJiy^HMTj CHJIM TOKOB'L. 

SawiTBTe, ^to E Moacex^ oaHa^aTh BOJii>Ta»cT> bt. npe^i- 
Jiax-L TOJiBKo qacTH n,inH h Tor^a R cqHiaexca TOJibKo mm- 
;i,y aTHMH npe^tJiaMH. 

CjiiAyronUa ynpajKHenia MoryTi) cjiyacHib npHMtpaMH aio- 
ro o5iD,aro cjiy^aa. 

EcTb MHoacecTBO H A^yvnTh npHM'hpoB'b, Bi> KOToptix^ npn- 
xoOTTbCH HMixb ji.'fcjio cb BsaHMHofi HHAyKiiiefi. 

179. HycTb ABt utnM (qepi. 94) ci> caMOMHAyKuieft Haxo- 
AflTCflBi> napajiJiejibHOM'b coeAMHeHiM m B3aMMHafl MHAyKuin MXb m. 

L R C 




I r c 

HepT. 94. 

(1) nycTb MeacAy OKoneTOocTflMH hx^ v = VQsm nt; ypa- 
BHCHie (2) HBT* npejiibiAymaro ynpaacneHia noJiyiaeT'L bh^T) 

€ = — V, Hjih, Hawfenflfl J? na J? + i6, h r na r + 
Br — m^b^ 

B + {L — m)b 

[Br — {LI — m^) n^] + (ir + IB) b ^' 

(2) KaKTi pacnpeA'feJiHTca tokt* A^mnt Meat^y AByMfl la- 

, ^ ^ (7 B — mb 

KHMH ninaMH? TaKx KaKT>- = r-, TO Mbi cpaay mo- 

c r — nv) 

n r 

XeMTb HafiTH 



C+c C+c 
r. X B + iL — m)b . . . 

(7J + r) + (1/ + ? — 2m) 6 
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Mh no.iaraeM'L, hto ji,m cxyj^eHxoBx BecbMa nojieano ca- 

MMMX nOJIHHM'L 06pa30M'b HSCJI-feAOBaTb 9Tn npHMtpM^ IipH 

^eMx j^M nojiHOTbi pimeHia ohh ;i,0J3CHbT BcnoMHHTb npaBSJlo^. 
AaHHoe B-L n. 167. 

180. Boo6pa3HM'b, qio B'b npeAHAymeM'L npHM'bpi ifip^n 
Md-b i;tnen MMteTi Tanme B3aMMHyK) MHAyKuiio CiHNfitfOl 



-n JuflBnao — N c,l,r, _ 
Phc. 95. 

utnbio. Mbi BOcnojibsyeMca hobhmh 6yKBaMH (cm. qepT,. §0)^. 

IlycTb V ecTb pasHocTb noTenn.iajioB'L Me»;^y Koaua^B 
j^Byx-L utneft, coeAHHenHHX'L napaJiJiejibHo. IIojibayHCb r, fit h 
m BMtcTO r + Z6, jiO h mh nojiymwh 

V = riCi + }i.6'2 + mi (ci + Co). 
OTCK)ji;a noJiyqaicfl ypaBHeniii 

V =•(>! + mi) Ci + (p. + my) C2, 
t; = ( IX + J c, + (^2 + ma) 6*2, 

^ ^ (ra + mo) — (H> + mi) ^ 

^ (ri +mi)(r2 + m2) — (p. + mi)(}i. + m2)~ '* ^ 

noAoCnoe ace BHpaaceHie fiyAerb h ^2 

TaKHM'L odpaaoMT* nojiHbii tokT) C pacnpenijiHTca cjiijtyi^ 
mnMi) oCpaaoMT) 

(rg. +>^^)-((^+m.) ^. ^2). 

EcjiH MH HanHmeMt 3th BLipaacenia noJHOCTbio, to ins- 
MOD^bK) HX^ MH MoaccMt ptiuaTb saMiqaTeJbHO HHTepecuij>T 
aa^aqfl, ^xo MoaceTT> 6biTb oGjier^eHo BBeAenieM^ qacjieuBhix i. 

BeJIHqHH'L A-Jia HiKOXOpHX'L KOJIHqeCXBT>. EcJIH MH XOTU^ 

BBecxH cro^a KOHAeHcaxopw, xo nyacHO xojibKO Hanncaxti ' li^ 
cxo r, r + Z6 + ct> cooxBixcxByiomnMH 3HaqKaMH; ^ flpa^ 

MeXT> BHA'b H 7Ai BH^T) mH. 
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Jlo KaKHXT> npcA'tJiOB'L MOHeMTi Mu opaib HiKOTopbie nsx 
m 0TpHi];aTejibHH.Mfl? il ne paacMaTpHBaj'L axoro noApooHo, ho 
acejiaiomie Hst cTyAeHiOBt MoryTT, nonpoSoeaTb paaJinqHwa 
BejHqHHH H 3aTiM7> npoBtpHTb cBOH pesy.ibTaTbi CT> nacTOfl- 
mHMii KaTyniKaMH. Hpn oTcyTCTBin KOHjteHcaTopoBT>, ypasHe- 
Hie (2) noJiy^HT'L bh^;!, 

_ ra + 0(^2 + ^2 — — nil) ^ 
— r.'+r^ + b — 2)1) 

181. Bpatuaiotueecfl nojie. Tok^ npoxoji.HT'L qepeaii o6- 
MOTKy cb cepAeMHHKOMT> 6e3T> HH;iyKii,iH; TOTb ace TOK^ npo- 
xo^HTTb Tiepes-b o6MOTKy ct> cep^ie'iHHKOM'b cl HH^iyKuiefi. Ka- 
TyuiKH HaxoAflTca hoat* npsMHM'b jvAcmh Apyri> jpyry h 

B3aHMH0fi HHAyKII,ilI H'tX'b; BblflCHHTb CBOfiCTBa HOJiefi BT* UBH- 

ipt KaxymeK^, HaxoAamHxca nojii'b w^smuwh yrjOM-b jpy rb kT) 
Apyry. IlycTb qncio o6opoTOB^ CyAerb h ^2. BaitcTO cep- 
AeqHHKa ct> HHAyKuiefi Boo6pa3HM^ saMKHyTyso Ha ce6a Ka- 
xyiuKy cb conpoTHBJieHieMTj rg, qnc-ioM-b o6opoTOB'b h to- 
Yiowh c, ][m npocTOTH npeAnoJoacMMT>, hto Bci xpn oSmoxkh 
HM'biox'b OAHH-L H xoxx* ace paAiycL h qxo oSmoxkh ^2 h xo- 
pomo H30JiHpoBaHbr. HanpaaceHie no.ifl nponopuionajTbHo 
fiiC Ha KBajipaxHbifl canxHMexp'b, nasoBeM'b ero njC Apyroe 
Fo nponopnioHajibHo hjih cKameM'b, paBHO n>iC + n^c na KBajip, 
caHx. HpHMeM-b, qxo nojiHaa HHAyKH,ia / b^ KaacAofl oCMOXKi 
nponopuiOHajibHa HanpaateHiio nojia B-b ea ii,eHxp'b, — nojioacHM^, 
btj h pa3^ 6ojibine. TorAa am xpexbefi o6moxkh HafiACMTi. 

= + HJIH = r^c -f- hnzb (^2 C nzc). 

&W3W26 G 



xaKT) qxo — c = 



r3 + K'« ' 



H oxciOAa F2 = n2C— — i 7.-^-7. • 

EcJH xeuepb C = Cq sin g^. 
xo Fi — Co sin 
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n. 126 paa-LacHHT^ CBoficTBa Bpaniiaiomaroca nojia. Mh mo- 
TKewb noKaaaTL, KaKHMi) nyTCMt MoacHO nojiy^HTb BejiHEOjin- 
Hoe Bpamaiomeeca nojie. 

OqeRH,T,HO, ^TO hn-^^ bt> peajibHOMTj 3HaqeHin ecTb caMOHH- 
AjKma TpeiLefi icarymKH, a — oaea'iaerL nocToanHyio Bpc- 

Menu. KaxyinKa cb oahhm-l o6opoTOMii, t. e. cepj^eqHHK-b cl 
HHAyKU,iefl, Bcer^a HM'ten> 66jibinyio nocioaHHyio BpeMeHii, 
^tM-b KaiyuiKa Toro ae oS'LCMa ct> 6oJLhmEWb ^hcjiomti o6o- 
poTOB-b. O^ieBHAHO, ^To ec-iH cepAe^HHR-b cA'tJiaa-b AOCTaxoiHO 
SojibinHXT) pasMtpoBX, mbt Am AaHaaro ^HCJia nepioAOB'b mo- 
aceMT> nojyqHTb noita o;^Hoo6pa3Hoe h paBHOMipno Bpamaio- 
m.eeca nojie, ecjia cA'^JiaeM'b 

3to o^HH'b ndTb BecbMa MHoro^HCJieHHbix'b iipHMipoBT), no;^- 
TBepacAaroniiHX'b nojiesHOCTb namero o6o3HaqeHia AtficTBia 6. 

182. IlycTb BT* n. 178 E=V 3JieKTpoji,BH»cymefi CHJii bi, 
nepBHTOofi o6MOTK'h TpaHC(f)opMaTopa, conpoTHBJieHie icoTopofi 
H H caMOHHj^yKiiiia L; noJioacHMT,, qio bo BTopa^Hofi oSmotk* 
H'tTT) caMOCToaxejbHoft 3jeKTpoii,BHacyiu.efl chjim; ea BHyxpeH- 
Hee conpoTHRieaie rj, caMOHH^yKaia I, a BHtuiHee conpoiHB- 
jenie 6e3'b HHAyKuin otl Jimivh nycxb dy^exTb p.* UycTb BOJib- 
Tawb Meac;i;y OKoneqaocTaMH BTopHqaofi o6motkh «; = cp. 

lloACTaBHMi, B^ (1), (2) h (3) n. 178 E=V, e = 0; 
BM'bcTO E BOSbMCMT) R-\-'Lb. BM'bcTO r iipriMeMT, r + ?0, qro 
Bt A'feftcTBHTCJibHOCTH eyAexi* paBHO ri + p + ZO, 

m 

. Rr-j-(Rl + rL)fi + {Ll — m')f>' ' ' ' * ^ ^' 

(0, 

Br + (Rl + rL)f)-\-(Ll — m')(P' ' ' ' 

SaMtTHMT), iTo BTopoe ypaBHeHic (1) n. 178 6y;teTB 

0=/«eC+(r + «e)c (2) *. 

19 
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I. Hat (2) *, ecJiH C = Coe'*', c • 



rna 
r + la 



EcJiM r Majo cpaBHHTCJibHO ct la, to 
— c _m 

II. EcjH C = CoSinqt, to onaTb, BsaBT, (2)*, nojiyqam. 
fnq 



■ c = 



Cq sin (qt + '^ — arctg ~ ^. 



2S 



OTcroj^a -rj: — —"- -r,= -i : — = 

;^'BHCTByH)iii,ee CI/ 

3a HCKJioqenieM^ Toro ciy- 
naa, Kor^a narpyaica BTopimHofi 
S:** H'bnn Men^be oSwKHOBeHHo BCTpt- 
^ Maiomeflcfl Ha npaKTHiti, r ne- 

q:epT. 96. BHa^lHTCJIbHO BTi cpaBHCHiH CI. Iq 

(flySKHO B3flTI) npHM'tpi. H3'b npaKTHKII H JlOKaSaTb, qTO 9T0 
TaKT)) H nOTOMy MH MOTKOMT) npHHHTb, qTO 

C= Co sin qt 
c ~ Co J sin (qt — it), 



— c 



T 



(3j. 



Bt. HiKOTopbixi, npaicTHqecKHX^ cjiyiaaxT, BaacHo noM- 

HHTb, ITO OTHOIUCHic BeJIHqHHT, — C II C B'b H'tKOTOpblfi MO- 
MCHTl. paBHO 

mq cos qt : (r sin qt + Iq cos qt) 
H HHorj^a SHBaeTx paBHO o^. 
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Bo3BpamaeMca ivb (1). IlycTh Ll = (dTkwh BiipaxaeTca 
ycjioBie OTcyTCTsin warHMTHOil noTepn) n iiojoschml, qxo mo3K- 
Ho npeneSpe^ib Rr. B-b jik)6om'b cAyqah h3t> iipaKTHKH Moac- 
Ho npene^pe^Jb J^a3Ke Kor^a r bt, aicKOJibKO pa3^ iipe- 
BOCXOAHTb COnpOTHBJIOHie o;^HOfi jiaMnw. 

rn V 

TaK'b Tro— KaKij (j)yHKii,ifl BpeM'jHH, ecxb coBepmeHHaa ko- 
nifl V; ToqHo xaKace h C. 

EcjUH Nun cyxb qHCJia o6opoTOB'L Asyxi, oSmotokt, na 

OAHOM'b H TOMl. a^e CepAeiRHK't; TO 

m : L : l = Nn : : (5), 

TaKT> HTO — c = (b ); 

T. e. CHJia TOKa bo BTopiiuHoft 11,'liiiH TaKOBa, Kaii^ oyATO bx 
uefl A^ficTByexx TpaHC(|)opMiipoBaHHaa ajiCKxpoABHJKymaa on- 

jia ^ — F^, H BBCACHO BH'liiUHee coiipoxuBJieHie, Koxopoe a 

HaSHBaK) TpaHC(j)OpMlipOBaHHbIM'b IiepBH'inblMl> coupoxHBJie- 

HieM-b^ii ^2)- 

KCJIH 06xCMbl 06'bHX'b OOMOTOKX paBHW, H paBHW OO'beMLI 

hxTj H30JiHpoBKH, xo it* 6y;i,exii paBHO r, BHyxpoHHOMy coii- 

pOXHBJieHiK) BXOpnqHOfl 11,'bnn. npHHABl, 3X0 BO BHHMaHiO, 

iiojiyqHM'b 

- V 

-^=2^F •••••••• •<'>' 

- F 

a pc HJiH v = „ (8) 

p 

19* 
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TaK^ KaKii ofiwKHOBeHHo mrjio cpaBHUTejibHo ct> p, to 

M — HasuBaeTCfl naAeHieMi> BOJibTawa bo BTopMMHOil utnu otii 
HarpysKM. 

TaK^ KatfL j = P^ BHepriH coofimacMofl JiaMnaMi), to 

= ^ H Apo6b, BHpaataiomaa na;^eHie noTeHii.iajia, fiy^erL 
2ri 

paBHa^ P H nponopuioHajibHa KOJiaqecTBy pacxo^yeMofi 

anepriH hjh qacjiy jiaMnt, kotopha naxoAffTca b-b i^tnH. 

183. IlpeAWymie peayjibTaTti Moryxt 6HTb nojiyqeHH 
ApyrHM'L nyxew^. 

IlycTb I 6yJ^eT^ HHji,yKii,i}i, oAHa h xa ace bi* ofi'tuxi) 
oGMOTKaxT,. 3j^'bcb onaxb mh npeAnojaraeMt oxcyxcxBie Mar- 
HHTHofi noxepH, 

v=BC+mi (1). 

= rc + nbl (2). 

YMHoacaa KaacAoe ypaeneHie na CBoe N hjih n, jijkjisi na 
cooxB'bxcxByromee E hjth r a CKjia;i,biBaa, nojiyiHM'L 

rfl,t A = NC-{'nc h nasbiBaexca o6opoxaMH xoKa. 

Pasi. HaMTb HSBtcxHa npHpo^a MarHHXHofi i^inn, x. e. po^t 
aeji'fea, ero ctqenie a KBa^paxHbix'L caax., h cpeAnaa ajih- 
Ha MarHHXHoft u'tna X, xo mbi mohcgm^ nojiyqaxb cooxaonieHic 
MesKAy A u 1. SI oAnaKo xmaxeJibHO pa3CJi'bjioBajn> ^xox^ Bon- 
pocT, H Hafflejn>, hxo, KaKOBi, 6bi hh 6hij[i> nepioAHHecKifl aa- 
KOHt ;^Jia ^, noKa qacjio nepiOAOBT> h pasMipbi cep;i,eqHHKa 
He oxcxynaioxt oxt> o6HKHOBeHHO ynoxpefijiaeMbtx'b aa npaK- 
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THKi, ^]lml> A (3) coBepmeHHo HesHanHTejieHT. OT6pocHB^ 
ero, MBi HafiAGM^, ^w Cb ;i,ocTaToqHofi TO^iHOCTbio 

TaKT*, Bi* oAHOMt Tpac^opMaTopi bt, 1500 yaiTOBi 
It = 21 0M0BT>, jV= 460 oSopoTOBt, lacTb r, BBipaaaxcaromaa 
BHyipeHHee conpoiHBJieHie = 0.067 omob'b, w = 24 oSopoxa, 
A'McTByiomee F=2000 bojibtl, hjih F= 2828 sin g^, ta* 
g=OKOJio 600, a = 360, X = 31. Beai* narpysKH r = c>D; 
iipii noMofi HarpysKt r = npH6jH3HTejibH0 7 OMaw^. 

Mbi nasBaJiH TpaHO(|)opMHpoBaHHMM'i> conpoTHBJie- 



HieMt nepBH^Hofi ^kuu, Bt 3tomt» cjiyqai oho paBHO 27 




njiH 0,073 OMa. 

ECJIH Bt nepBH'IHOfi H BTOpnqHOfi 11,'blIHX'L ofiteMM Mt- 

6ki4h paBHbi, TO SesTj coMH'hmH axa BejiHinna 6biJia 6bi 
6ojite 6jiH3Ka kt* 0,067, BHyxpeHfleMy conpoTHBJieHiio BTopnq- 
Hofl n,'bnH. 

n^R 0,073 

HJIH — — ecTb ji,pooHoe qHCJio, Bbipaacaioni.ee ynenb- 

menie I cpaBHHxeJbHO co anaie.HieM'b ero npn oxcyicTBiH nar- 
py3KH. Kor^a npn nojiHofl HarpysKi r = 7 OBiaMi*, yMeHbrnenie 
6y;^exi nanSoJiBuiee h Fb axoM'b cjiyqai oho paBHO l^'o- Ho 
npH^HH* ero MajocxH mm h bshjih b^ (4) BMicxo Apofinaro 
yBejinqeniH sHaMenaxejifl, ^podnoe yHenbuieHie nncjinxejifl. 
BH'iHCJiHM'b HaHfiojibmyio BejinqHHy J, x. e. Kor;^a xpan- 

c4)opMaxopi> He Harpysen-b; -Fecxb HHxerpaji'b Fhjih — 
2828 

— 600 TaKHMi* oopaaoMi. awniiMTyAa I fiy^eTi* 

2828 
600 X 460' 

yMH0>KHM'b 9xy MaKCHMajibHyH) BejinqHHy I bi> Be6epax^ 
Ha 10®, HXo6bi nojiyraxb ee B'b C. G. S. eflHHHiiaxi h pas- 



A'kiHM'B • Ha , a = 360, — nojiyiHM'L 2856 C. G. S. eOTMU^ 
HH^iyKuiH BT» acejiiai na KBajip. canx., kekt, MaKCHMyM^ bi, 
iipoAOJiaceHiH KasK^aro u,HKJia ji^jisl ji,aHHaro TpaHC(|)opMaTopa. 

TaKT) KaK-b 6J paBHO : U + ~ )i to h3t> (2) mu 

nojiv^aeM'L to ace anaqenie — rc^ KaKoe uwhjin paHhiiie bi, 
(6)"^ 182. 

184. Bo3Bpaiu,aeMCfl tn, (7) ii. 182. nojioHaiMt, nro mar- 
HMTHaa noiepn cymecTByei'b, n »ito BM'bcTo Sy^eT'L rj -|- /'O. 
EcjiH BHHKHyTb Wh A'hjo, TO HO Tpy^Ho yfitAHTbca, HTO ara 
aaMtaa h SyAert BupaacaxL MarnnTHyio iioTcpio. Tor^a mli 
A0JI3KHW B^ 3HaMCHaTeJib BbipaH^eHiji (7) no;i,CTaBHTb 

p + 2r, + 2?'0, 

BMtcTO p + 2ri. TaivHMT, oSpaaoM-b naim* iipe>KHifi peayjibTan. 
HyjKHO paaA'IiiTHTb Ha 

HJH, npenefiperaH no Ma.iocTH axofi BejiHqHHbi, na 1 + — h. 

P 

9to BHaqHrb, qTO npeacHiifl aMnjiBxyAa BejinqHHbi v AOJiacfla 
fiuTb yMeHbuiena B'b 



1 + ^^^^ IipH0JIH3HTeJIbH0, 1 + —~ pa3'b, 



ecjiH TOJbKo MarHHTHafl noxepH Majia; npn axoM'b iipoHsoMAerb 

21'q 

3aua3AbiBaHie (^mu Ha BejiHqifHy arctg — Mm aoji3Khh 

P 

npHnoMHHTb, qro q paBHo 27: f, vj\t f,ecTb qncjio ^epioAOB^ 
BT, ceicyHAy. Mh bhaLjih panbiue, qio P — 3Hepri^, nepeAa- 
BaeMan na jiaMnbi, o6paTHo nponopii,ioHaJibHa p, TaKHMi, o6pa- 
aoM-b Mbi npHxoAUM^ kl BbiBOAy, HTo ApodHoe yMeHbuieHie, 

2r,P 

HBJiflfonieeca orb ofiwKHOseHHbix'b conpoTMSJieHiil SyAeTij-^, a 

OT-b MarHMTHOil noiepM paBHo V2 «^/'-P^ u hto sanasAbiBaHie 
({)a3bi 6jiaroAapa MarHWTHofi uoxepk Bbipaacaexca yrjioM^ Be- 
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iiHqHHofl afP paAiaHOBt, r^i a nocToanaaa, saBHcamaa otti 
BejH'iHHH noxepH, a f qjicjo nepioAOBii bx eAJiHHU,y BpeMeHH. 

185. Tenepb neofixoAHMO pa3T»flCHHTb eme ojiHy Bemb, 
Kacaiomyioca TpaHc^opMaTopoBij. Ecjih HSBicTHO F, to, upo- 
HHxerpHpoBaB^ ee h paaj.'tJiHB'L na iV^, mu noJiyqHM'L J. Ym- 
HoaflBi, axy BejinqHHy na 10® h paaA'tJiKBi, na nonepeqnyio 
njioma^b cepAe^HHKa, BMpaaceHHyio Bt KBa^p. caHTHMexpaxt, 
Mu nojyqHMt saBMCHMOCXB ,3, — HHjiyKii,iH Ha KBa;^p. canx. 
cepAeqHHKa, oxt> BpeiieHH. IIojyqHBb ^, mh noMombBo KpHBoft, 
BHpaacaiomefi aaBHCHMocxb accitea Meac^y ^ h p, MoaceM'b 
HafixH ;^jifl jiK)6oS BejinqanH p cooxB'fexcxBeHHoe anaqeflie if, 
H, yMHoacHBTj nocji'fe;i,Hee Ha j^JiHHy MaruHXHofi n.'huH, nojiyqHwrb 

471 

rayccaacii hjih ^q"'^ odopoxu xoKa B'b annepaxX) A, Ta- 

KHMT) 06pa30M'b 6yjl(dTb HSBtcxeHt SaKOH'b H3M4HeHia A H, ecjiH 

BO BxopnqHofi uinn xoKa nixb, xo mm nojiyqHMt saKOHb M3- 
MtHeHifl TOKa Bb nepBMMHOtt utnu ji,m HenarpysceHHaro xpan- 
c$opMaxopa. nocjiiAHee Bbipaaconie oAHaKo ne coBciM'b xoq- 
Ho, xaKT) KaKTj HHKorAa xpanc^opmaxopi ne 6HBaexT> coBep- 
meHHo HeHarpyaceHHHM'b, ^aace h bx> xomt> cjiyqab, Kor;i,a bxo- 
pHqHaa i;tHb HMtexx> desKOHeqflo 6ojibuioe conpoxHBjieHie. 

186. SaAaqa W. Grove; BUflCHHXb SHaqenie ROHAencaxopa 

Bl» IIOpBHqHOfi n,4nH MHAyKUiOHHOtt 

KaiyujKM npH nepeMinHbix'bxOKax'b. p ooooc^qj^i 

Ha pHC. 97 ADB ecxb nep- hi JT 
BHqHaa utab cb sjeKxpoiBHay- M *^ y 

mefl cHJiofi E = Eq vSin nt, co- | \ 

npoxHBJieHieM'b R H-caMo«HAyKn,iefl A 
L. BA ecxb KOHAOHcaxopTj cmko- ^epi. 97. 

cxH K, Q> r coiipoxHBJieHie 6e3'b HHAyivn,iH B'b. napajwejib- 
HOM'b coeAHHeniH cb soHAeHcaxopoMi,. C — CHJia xoKa B'b nep- 
BHqHofi wtnH; aMnjiHxyii,y ea o6o3HaqHMX qepeai* Co 

KoHAOHcaxop-b HMiexTi conpoxHBjieHie 

Kor^a r VI K HM'feiox'b KOHeqnyio BejrnqHHy, 3HaqeHie Cq no- 
Jiyqaxb BocbMa .lerKO *). 

*) Kor/ia r vL K HMtioxL KOHCHHwa SHaqenia, cywMa napajuejib- 
HUXT, conpoTHBjieHift Meac^y B n A paBaa pjp^r^- * o6m,ee conpo- 
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Ho MH ce64 npeAJoaHMt piraHTb 3aji;aqy B'l npeflinojioaeHiB 
r = H r = cc. Kor^a r = 0, conpoinBJieHie 6yAe'n> I{ + Lh 
E 

H CHJia TOKa -^-7- , OTcioAa 

'^"'^ji'+iv 

Korjta r = =»i, conpoTBBJieHie 6yflen> 

^+i/6 + T5;r H.1III 



HJiH no n. 167. 



(1 — LKtf) + J/gQ 



^ (1 - LKn^f +WK^^ = +7iri"jr'T^"^ ^' 

(2) 6yAen> doji'te (1), cc.iw 2KLr? 6ojibuie J, laKHM^ o6pa- 
30M^ CHJia TOKa wh nepBiiMHoft 11,4^1 yBeJiunHTca, ecjiH eM- 

KOCTb KOHACHcaTopa 6yAeT^ Sojibiue MaKCHMyw^ chjih 

TOKa 6yAeT^, Kor^a K = b^ aTOM'b cjiyqab KOHj^eecaTop'b 

BnoJini yHHiTOSKaeTTj caM0HH;i,yKi;iK) nepBH»iHofl utrm. 

187. AiibTepHaTopbi bi> nociitAoeaTejibHOM'b coeAUHeHiM. 

IlycTb Hxt 3JicKTpoji.BEacymia chjiw 6yji,yTT> n c.,, a C 6y- 
j.eT'L CHJia TOKa. Ilojiyyaromaaca pa6oTa 6y;i,eT^ CiC h CoC. 



THBJueHie u-fenH 6yAeTi 

TaKHMii o6pa30M^ CHJia TOKa 

^_ (1 - [ - r^Q) jfe/Q sin 

{li + r — LrKn^) + (-KriC + 

a OTCH);^a 



■ (i? -i- r — LrKn'f + (JRriT + i.) W 
3ana3;(brRaHic ({)a3u j^ih ^ laKmc JierKo HanHcaTb. 
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EcjiH e^ = E sin {tn + a) h 62 = E sin (nt — a)t, to + 63 = 
= 2E cos a sin nt, 

EcjiH I — caMOHHAyKuifl KaatAofi MamuHW, r hxtj BflyTpen- 
uee conpoTHBJreaie, 21i — BH'bniHee conpoTHBJieHie h, ecjiH Pi h 
P2 cjTTb cpeflHifl 3HaqeHia KOJuqecTBa paSoTU, pasBHBaeMofl 

9THHH ManiHHaMH, TO 

^ _ 2ii^ COS a . sin 
~ 2ft+2r + 2/^ ~ 

E cos OL . / ^ ^ \ 

= , sin nt arctg-f^-T- , = 

iioJOHCHMTi, = ilf cos OL sin — e) 

OTCiOAa Pj = 1 /2 -ZlfE cos a . cos (a + s) 

P2 = ^2-^^ cos a .cos (a — e). 

TaKHMT> 06pa30M'L MW BHAHM1>, ^TO P2 60JIbme Pi, H 4T0 

ABHJKeHie 2-ofl MauiHHU eyAeTt aaMOAJiflTbca, bT) to Bpena 
KaK'b nepBaa nojiyqaen> ycKopenie; TaKHMi> oopaaoMT) a 6y- 

;^eT^l yBejiHiiiBaTbca, noKa ne ji.oa^eT'L ji,o BejHqnHM a = -^, 

KOTAa Pi H P2 CTaHyrL paBHWMH 0, TaKHMi, o6pa30MT> Ma- 




o 



^epT. 98. 

lUHHbi 6yAyTT> HeflTpaj[H30BaTb J^py^^ Apyi'a h Toicb npcKpa- 
THTca. 6Tcio;\a cjihAjeTTj, 'ito ajibTepHaropbi noryi-b 6biTb coe- 
AHHneMbi nociitAOsaTeiibHO TOiibKO npM ycjiosiM saKptniieHin 
MXi> Ha ofiiMeMb eajiy. 

188. TaKt KaKT, mw yate qacTO HBitjiH j^bjio ct» iiapaji- 
.jiejibHHMH n.tnaMH, mh a^icb ^a^HM^ cji'6Ayioniyio o6in,yio 
^opMyjiy; ecjiH ajieKTpoABH»cyn;ia chjih ei, €2 h C3 (pnc. 98) 

nOCTOaHHH, TO 

v = ei — Ciri = 62 — C2 r2 = ^3 — r3 . . . . (I), 
n ci + C2 + c^ = 0. / (2) 
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EcjiH AaHH 3HaqeHia ^i, ^2, ^3 h r2, ra, to JietKO 

HaflTH CHJIW T0K0B1., TaK'b KaKTi 

+ + 1 + (3). 

EcjiH JKO e iiepoM'tHHM, TorAa bm'6cto npocTuxt conpo- 

THBJieHifl MM AOJiaCHW npHHffTb ri + li 6 H T. Jl,. 

189. AjibTepHaTopu bi> napajiiiejibHOM-b coeAMHeHiM. IlycTb 
ABa aJibTepnaxopa, npn 'leMt Ka»ji,Hfi HM'teT'b conpoxHBJieHie 
r H caMOHH;^yK^iK) I, a ajieKxpoABHacymia chjm hxti 

61 = sin (w^ + a) h e2 = -Esin(n^ — a), 

Syj^yqH bi. napajuiejibHOMi. coeAHHeniH Meac^y cofioft, npacoe- 
jtHHeHbi Ki» u'bnH 6631, HHAyKuiH, HM'feiomeft conpoTHBJioHie i?. 
Kaicyio cpe^HioH) paGoxy ey^ext AaBaxB Kaac;^aa MainnHa, h 
6yAyxT» JiH OHi cxpeMHXbca k-l cHHxpoHHSMy? Ecjih 6h h 
6biJiH iiocxoflHHHMH HJiH ? = 0, xor^a 6bT V fiujio paBHO 

v = — C\r — e^ — Car = (ci + Cq) JS. 

OTCIo;^a 

Tenepb noAcxaBHM'L r + Z6 bm4cxo r. xaKx> KaKX> e nepe- 
m4hho. JlerKO BHA*Tb, qxo 

e\ = ei{a 

r^t «^ + *V =1, a — cos 2a, hn = sin 2a. TaKHMx, oOpaaoMii 

no^^ooHoe 3Ke BwpaaceHie bt, saBHCHMocxH oxi, uojiyHHxcfl n 
AM C2, ecjiH HCKJiioMHXb ciyqaft ft — oxpnuaxejibHaro. IlpeoC- 
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paayeMi BupaxeHie (1) no npaanjiy n. 167, npH ^cmt. js^ssi 
yiipomeHifl BBeAeMi. BejiHquHw: 

2ln(B + r) (l + b)n R , Q—hR)n 

^^'^ ^ 2 fir + - ;V '^g'{'' j? + r j? « ^^-i-^^^:^- 
Tor^a Ci~ M sin (w^ + a — + 

npH 'leM^ yobi cp, ^[^2 SyAyrL saKJiioqaTbca Meac^y npeA'b- 
MMH H 90"". 

CpeAHflfl pa6oTa eyAeTi* 

Pi=: J/i?COS(cp — 
Pa^ COS (cp — • 



_COS(cp — 

P2 cos(cp — 

EcJiH E = cn:>, TO MH ^OJIy^HM^ 



?n , , si n a 

■'^^^^^^-r-coi 

P2 C0S(cp--^2) 

3T0MX cjyqa't oqcBHj^HO Pi Sojibuie P2. ABTopii aiofi 
KHHrii. caMT* HO aaHHMajicfl noApoGnbiM^ H3CJitji.0BaHieMT> 06- 

maro Bbipaffiema , HO rt, kto Hsyqaji^ ero, npHxc^HjiH 

X 2 

KTi BHBOAy, qTO Pi BcerAa fiojiie P2. CxyAeHTbi AOJacHH Baaxb 
KaKia J11160 3HaqeHifl ^Jia r, /, P h a h npoB'tpHTb aio na 
A'feji't. EcjiH Pi Bcer^a Sojibiiie Pg, bto yKaauBaeT'L na to, ito 
onepeataiomifi ajibTepnaTop^ Gy^eTT, ^aBaTb 6ujibmyH) pa6oTy 
H cjitAOBRTejibHo ABHa{eHie ero aaineAJiHTca, a oTCTaiomifl 6y- 
Aerb cTpeMHTbca ABHraTbca ducTpie, TauHMb o6pa30M^ ohii 
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o6a Cyj^yn, cxpeMHTbCH ki> coBnaAeHiro, oicio^ta cjiijij&n>, q-TO 
aiibTepHaTopu ciitAyeTb coeAMHRTb napajiiiejibHo. 

190. CtoWkm. Pa3CM0TpnM'[, BiiojH'h npHSMaTH^ecKyjo cxofi- 
Ky OAHopoAHaro MaTepf>flJia h, upeHe6peraa ea co6- 

CTBeHHblMT, B'bcOMT), HpeflllOJIOaCHM'L, qXO KT> 060HMT> 

KOHUUMT) ea iipHJioa^eHw wh n.eHxp't chqenia hxt* ch- 
m F. HycTh ACB, qepx. 99, npej^cxaBJiaei-B cooofl 
oceByio JiBEW corajTofi ctoSkh. IIycTbPQ = i/ 6y- 
mrh nporn6'i. btj TO^K't P, npa qeMi OQ — x, Hycxb 
OA = OB = t, lIpeAnojiOHCHM'L, mto y BecbMa Majno 

CpaBHHTeJIbHO C'b ;i,JlHHOfi 2l CTOfiKH. 

HarHfiaioiuifl momght^ bt. TO^Kk P fiy^erb Fy^ 
Fy 

a KpHBHsna ey^ei-b jfj., npa ^ewh E — MO^iyjirb 

lOara HJia Aanaaro Maxepbaja, a I — HaHMeabniifi 
MOMeax'b HHepii,iH nonepeMsaro cb'ieHia oxHOCHxejbao 
oca, ^poxo;^a^^efi '^epe3^ ero u.eaxp'b xaacecxa. TaKi^ 

KaKi. Ha ocHOBaaiH u. GO KpiiBH3Ha paBaa — ^*), 

^epi. 99- TO Mbi noJiyiMMTj 

^y = -^-y (1) 
^ajiiie xaKT, ace, KaiCL a paabrae, Korji,a mh BCxptqajH 



*\ SaM'ibTHM'B, ^To, pasi HU KpHBH3By jiHHin BupoacaeMi Mepes-b 
J « TO, ecjFH Bupa«eHie, ki. KOTopoaiy mm ee npHpaBHHBaeMT>, cawo 

no ce6'fe noJioaHTejiLHo, to mu nepeA^ ^ ;^0JIKHu nocxaBHTb laKOH 
3HaKT>, HTo6i>i CA'feJiaTb ee laKae nojioHHiejibHoB. TaKBMi o6pa30Mi, 

eCJIH HaKJI0Hl> KpHBOg (MOpT. 99) MH 6yAeMl> pa3CMaTpHBaTb TaKHMl 3Re 

cnoco6oMi>, KaKT> mu 3to A'fejaiH ;^jia nepi. 6, to mu yStAHMca, sto 
Bi npeAtJiaxT> orb x—.^\^x — 0-4, ^3 oTpHuaxejibHo, a TaK^ Kain. 
Fv 

y, a cji'l^AOBaTOJibHo h -t^C iiojio^HTejibHO, to mu b^ npaBott nacxH ypaB- 

HCHifl (1) AOJJ«HU nOCTaBHTb 3Haia — . 
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noAo6HHfl ypaBHCflia ("cM. n. 119), jierKo yotAHTbca, ^to 

y = acosx^ ^ (2) 

yjiiOBJieTBopfleT^ ypaBHeniio (1) npH jhoSomx SHaieniH a, Epn 
x = ma nojiy^HMt y = a, TaKHMt o6pa30MT> ana^ieHie a 
onpe;iiijiaeTCH — axo ecTb nporao-b ctoSkh no cepeAHH'h. JI,axfee 
npenJiaraeMi, BHHMaxejiBHO cji'fe;^HTb 3a xoaom^ HaraHxi) paa- 
cy}KAeHifi. 

Korji,a x = i/ = 0. OxcioAa 



acos? 



TeiiepB KaKt aio noHHMaTb? 

OqeBHAHO, AOJiKHo 6uTi> paBHO syjiio hjih a hjth cos?. 
Ho, pa3i> npomoxueAh uaturn, TaKi> ^xo a nojyiHJio ntKOTO- 
poe KOHeqfloe SHa^enie, cos I dojiotcem 6wnh paeem 0. ^to- 
6h cos yrjia 6h\JVh paBeHi* 0, yrojn> j!i,ojiaceH^ 6biTb paBCHi, 

HJIH — HJIH HJIH — H T. Ji;. JlerKO BHJl,'tTb, HO^CMy MM 

Jt £i Z 

ocTaHaB-OHBaeMCff TOJibKo na ^ *). 

OTCK)Aa yciioeie, npn KOTopoM-b Momej'b npoM3oiiTM MsrHd-b, 
6yAeTi> 

^=2""™F=-^ (4); 

3T0 SyACTT) Harpy3Ka, KOTopaa npoH3Be;i;eT^ H3rH6'b. 9thmt> 



JlerivO y^-fenHTLca, mto hojihoo ptuionie (cm. n.n. 154 h 159) 
ypaBHenia no^oOiiaro (\)^ icoTopoe mo^ctl ouib HanncaHo TaK^: 

6y;^CT^ V = -A. cos no; -f sin 

-A H J5 — npoH3BOJiLHiJfl nocTOHHHua. A ^ B o^pe;^tJIaK)TCfl bi 
KaKjlOM'i. ;^aHU0M^> cjiyuat no ycJiOBiawx aananifl. Taicb bt» BacToa- 
mcMt cjiy'iai o^eBH;^HO, hto upa = 0, a;--? ml x — — I (ml^^. 

= -4. cos n? + ^ sin w?, 
-4 cos — ^ sin w?, a OTCK)/^a ^ 0* 
*) 3to SHaMenie yrjia ;^aeTi> HaHMCHbrnyio BejinHuny ^Jia F. Sna- 
Henie ;^py^Hx^ ciyMaeBt aaKJiioMaeTca Bt tom^, hto y MoaterL ate- 
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BHpaacaeTca daiiowb 3fijiepa. HarpysKa, BbipajKaeMaa ypaBHe- 
HieMT> (4), MOJKeT'L o;i,HHaKOBo npoflseecTH h onenb siajiwft h 
BecBua ^ojibinoft mm6ij, BecbMa JierKo aiy xeopiio cToeKt 
pacnpocTpaHHTB ii Ha cjiy^aH, KorAa cioftKa saKpinjeHa ^By- 

Ma KOHUaMH HJIH OAHHMt. 

Bi* cjiyqai BecbMa GoJibmoro n3rH6a, ypaBHenie (1) ne- 

npaBHJIbHO. TaKT) KaKT* IipH eO-lblUHXT) HSrHfiaXT) KpHBH3Ha He 

paBHa-^, HO j^jra n.'BJieft HH^eHepnaro HCKycciBa ero mohc- 

HO CqHTaXb AOCTaTO»IHO TOIHblM'b. 

191. Mbi MoaceM-b cqHTaib CHJiy F bl ypaBHemH (1), 
KaK^ TaKyio, npn KOTopofl CToiiKa joMaexca ox'b H3rH6a. Ecjih 
f 6yjieTb BpeMeHHoe coapoTHB.ieHie na cacaxie, a A none- 
pe'iHoe ciqeHie cxoSkh, xo narpysKa fA pa3pyniHXT> cxofiKy 
Henocpeji.cxBeHHbiM'b cacaxieM^, xaicHMT, oSpasoMb m-h axExi, 

JlByXX) Harpy30K'b MH AOJiaCHH UpHHHMaXb bo BHHMaHie MOHb- 

juyio. JlerKo BHA^b, qxo fA npaxoj^Hxca 6paxb ]i,m Kopox- 

KHX-b CXOeKl* HJIH J^JIH XaKHXX,, KOXOpHH HCKyCCXBeHHO *) 3a- 

mnmeHbi ottj H3rH6a, a (4) — A-UHnHbiXTj cxockX). Ho, Ka- 
Kia 6u HH 6biJiH npHHaxH Mipbi, jierKO yStj^HXbca, nm 
HHKorji.a cxofiKH He ObiBaiox'b Biiojmt, lipaMw h o^HopoAHbi, ii 
nxo HXTb HeB03M03KHo Harpy3HXb npaBHJbHbiMi, o5pa30M'b. Cjrfe- 
;i,0BaxejibH0, 5yAyqH HarpyjKeuM, onli H3rH6aK)xcfl naacc npH 
caMbixb MaJibixb HarpysKaxb h jioMaDxca npn rpy3axi> MCHb- 
niHxi> fA HJIH xoro, Koxopbifi oupeAl^^aexca paBCHcxBOMi* (4). 
,l,0B0JibH0 JiK)6ouHXHo o;i,HaKO xo, qxo, eCJIH HcnbixHBaxb cxofi- 
KH OAHHaKOBaro ciqeHia, ho pa3Hofl ajihhh, xo JiOMaromie rpy- 
3bi, xoxa H cb rpyfibiMTb npHfijiHacenieMb, cji'tjiiyioxb nliKOxo- 

pOMy 3aK0Hy BTi CMHCJlt 3aBHCHM0CXH OXX) flJIHHbT. TaiCb KaiHi 

jam KopoxKHX'b cxockij Haji,o npHHHMaxb F = fA, a j^jia a-»hh- 
HbixT, 6paxb BbipaaccHie (4), xo mh motomt, jijir cxocrtj jud- 
6ofi AJiMHM' npHHHXb ^opMyjiy 

KOJibKO pasTi Bl npeAtJiax'b MeM^;^y a? = ii x^l npHHHMETb aaa- 
HGHie 0, TdKi qio cioftKa 6y;^eTB iiM-fexb ntcKOJibKo T04eK'b neperaSa. 

*) 3to saMtqaHie saKJiioHaeTb hi ce6t utjiyH) TeopiBO CToeKi Bt 
TOMi BH;^'fe, KBKb 610 iiojib30BaJiHCb npH upoeKTHpoBaniH <l>opTCKaro 

MOCTa. 
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TaKI> EaK^ OHa B'l^pHa M J\J\f\ KOpOTKMX'b M fl,J\f\ A^MHHUX'b CTOeK'b. 

^'bMcTBHTejibHO, ecjiH I BejiHKO, TO wh 3HaMeHaTejit mm mo- 

aceMi npoHe6pe4b 1, h (5) npHMex-b bh;i,t> F= '^^^^ , ccjih 

ace I MBJio, TO MH MOJKeMt SHaMenaTejib npHHSTb paBHbiMb 1 
H noJiyqHMTb F = fA, 'laKHMi, ofipaaoM^, mh iioJibsyeMca bi* 
STOM'b cjiyuai H'liKOTopofl 3MnHpHHecK.ofi ({)opM}^jiofl, KOTopaa o^n- 
HaKOBO npHJoacHMa BC'bxT> cToeKi,. HTo6bi npHBecTH ee Kb 
ofiHiHOMy BHAy, nojoacHMi. I=Ak^, rj^t k — HanMeHbiuifi pa- 
j^iyc^ HHepii,iH ciqenia OTHOCHTOJihHO och, npoxoAfliuefi qepeaii 
ero ueHTp-b TflacecTH, Tor;^a 

^■ = -^1 (6), 

1+4. 

rA't a paBHo a vi f cyTb BejiHqHHbi, KOTopbia MoryTi* 

5wTb iiojiyqeHbi m^h ohmtob^ co cToflKaMH. 

EcjiH F npHJiOHiena ho bi, i^eHTpt ctienia kohii,obi>, a na 
paacTOfleiH h orb Hero, to name KonenBoe ycjioBie CyAOTi* 
3aKJiK)MaTbCfl B^ T0}n>, iTO y = h npH x = L 9to o6'i>acHfleTi» 
iiaMx, iionoMy ctoSkh nenpaBHJibHo narpyjEenHbia .lOMaioTca 
npH MeHbiuefi Harpyaicfe, q'tw-b Ta, KOTopaa onpe^tjaeTca bti 
(4). CTy^eHTbi, acejiaiomie iio6jiH/Ke iioBHaicoMHTbca cb aTHM'b 
BonpocoMi,, MoryTTj ofipaTHTbca K^ Engineer 3a 1886 r. cTp. 
464 — 513, r;^'b npnaaTbi bo BaHMaaio h naqaJibHbia oocto- 
HTCJibCTBa H3rn6a. 

192. CTOHKd Cb 60KOBOH HarpysKOH. OrpaHUMHMca paBCMOl^pt- 
HieMi, TOJibKo CToeia ci, KOHuaMu, yKptujieHHUMii na mapHHpaxii. 
EcjiH fioKOBaa narpysKa TaicoBa, mto cawa 110 ceot, iipeAnojaraa ko- 
HGHHo H ypaBHosi^raHBaiomia ec oiiopHua conpoTHBJieHia, ^poH3Bo;^HT^> 
H3rH6aiomifi MoaieHTB, Koiopufl mu HaaoseML cp (a;) to no (1) n. 190 

TaKL, nycTb CToflKa paBHOMtpno Harpyaena 6oKOBofi HarpysKoft, 
noaoacHMt, neHTpo6t«Ho8 chjoH iimi co6cTBeHHWMi B-fecoM-b, Tor^a 
cp (a;) V2^' — ecjiH w! 6oKOBaa narpysKa iia ennnHuy aji«hh. 

Mu c»iHTaeMT» 6ojite y;^^)(5HMM^ npHHaib 9 {x)=z^l^ Wl cos '^^x, 
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r/jt W— nojnaa 6oKOBaa HarpysKa, bto 6yAeTi. Majo oTJiH^aTbca OTb 
npe;;uAyii;aro BupaaceHia. OiciOAa 

He TpyflHO y&bAHTtca, Hto 

y= cos|-a; (2). 

SaMtTHMT), HTO opH 1^ = 0, 910 ypaBHeHic npe;tCTaBJiaeTi» ypaa He- 
Hie ynpyrofl jihuih 6ajiKH. 



IIporHSi no cepoAHHt Sy^eiL 



y.-^f^-- (3). 

B HanOoibiuiB HsrHGaniiiifi MOHesTL CyAen 

,x = Fy^ + '/4 Wl, HJH 

-V,»'<.^;:(^$;-^) «). 

EcjiH a jx MO«eTB npeHflib JiiooyH) BejH^HHy, to snaMeHa- 

TCJib (4) ;^oji»CHT> 6uTb paBBHi 0. llojiaraa ero paBHum-b 0, hu nciy- 
MHJiH 6u aaivom Efljiepa ji,m ctooi;t>, KOTopua HacTOJbKo ajihhhu, ito 
paapyraaiOTca ott, H3rH6a. Ecih aHaneHie Eftji^pa ;^Jla F HaaoBeMi 

^epca-b £7, t. e. U=z—j^, to (4) npHMerb BH;^^ 

^ = y,wi-^^ (5). 

EcjiH Zc — HaaSojibmee paacToaaie TOHeK-b ctHenia oTb HCHipaib- 

HOft OCH CO CTOpOHU CaHMaH)Ifl,HX^ HaupaHtCHifl, T. 6. CCJIH — = Z — 

c 

HaHMeHbmeMy MomeaTy conpoTHftjieHia ctneHia, a A njiomaAi» c-fene- 
Hia, H ecjiH f — aaa^ojibraee cacHMaiomee Hanpaacettie B-b cfeneHiH to 

Z^A ^' 

Ilojibayacb sthmi BupaaKeHiean h noACTaBJiaa p bm^cto (lOMa- 

F 

lomaa aarpysKa Efijiepa aa KBajip. ajoMt^ ctHeaia) a w BMtcTo j 
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(HCTBHHaH jiOMaiomaH aarpysKa na KBa^p. AiofiM^), mu noiy^HMi 

i'-iK'-fhm 

dry ({)opMyjiy ee Tpy^uo sanoMHHXL. H3i> Hen ho)kho onpe;^tjiHTb m?. 

IIpuMThpz. Ka«A^ TOHKa acejitsHaro hjih crajibHoro cnapHMKa 
HiMbioiiiaro aiuhy 21 AH)ttMOB'B, oaHCUBaeT-b oKpyacHocTb paj^iyca 
r j^iofiMOBi. CtHeRie ero npHMoyrojibHoe, Butiomee pasMispu d ;^k)&- 
MOB-b no HanpaBJieHiH) ;^BHxeHifl h & bi> HanpaajieHiH, nepneH^HKyjiap- 

HOMt Heniy. Mh Moaemi npHHSTb W= ^2940 ^y^^^^"^' ''•^^ ^ — 
HMCJO o6opoTOBT> BT) MHHyTy. ByAeMii CHHTaib CTep«eHb yKptnjieHHUMii 

CBOHMH KOHI^aMH HOMOmbK) fflapHSpOB'b H H3CAtAyeMl B03M02KHOCTb 6r0 

paspymeHifl no j^Bymi HanpaBJieHi£[H'b. 

1) Bii TOMi HanpaBJieHiM, bi KoxopoMi ueHTpo6t»HaH CHia ot- 

cyrcTByeTTi, momghti HHepma ^ AJia lOMaiomaro rpyaa (|)op- 

Myjia 3ffjiepa A&CT'b sejiHHHHy 

Bry npo;(OJibHyK) HarpysKy mu CyAeif'b npHH^Maib, KaKi lOMaH)- 
myio, laKae m ji^a ;^py^o^o HanpaBjema, TaKT> mto paapymeHie Moateii 

OAHHaKOBO np0fl30&TH Bl TOft H Bl APyroft BJIOCKOCTH. 

2) ZarHot bi HanpaBJieHiH ;^'feftcTBia neHipoS'fejKHott chjuu. Mto6u 
nojiyMHTb w Am ypaBHCHia (6), Hyano Bsaib BupaaeHie (7) h pa3;t'fe- 
jiHTb ero Ha bd; nojiaraa 

i^;=3X10^ 

Mu nojiyHHaii = 6.17 X ^ X 10^. 

IIpHHHBiaa HapCojibmee ;ionycKaeMoe HanpaacHie ^Jia ciajiH paB- 

HMMT> 20000 (j). Ha KB. Ji.JO^TH'b (npHHOMHHMT,, ^TO BCJI^ACTBie nepCMtH- 

Huxi HanpaaeHi8, ero na^o 6paTb HeHbmnM'b) h, HMta vb beaj, hto b^ 
aioMT, HanpaBjeniH i = ~, mm ypaBHCHie (6) nojyMHM-b bi cjitj^yio- 

8-4XI0'(l-3D8^)(l-^:)=!iy (8). 

TaKT,, BosbMeittx, HanpHMtp-b, b=^l, Z = 30, r=[2] cJitAyiomafl 
Ta6jiHaa ;^aeT'b SHaneHia n pasjiH^Hux-b BejiHHHHi. d, nojiyneHnbia 
HS-b ypaBHCHia (8). 
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YnpaMcmnk, Kpyriuft cxajibHOft CTepseab imteTi AiaBfeTpi) I 
AiofiMi H AJHHy 8 (|^TB, HHa^e roBopff, 7=^48 AK)ftMaMi>. BosbMeui 
ir=15(X) (t)yBTOBi. AoKasaTb, hto ecjB OAHoepeMeHHo npsjioxHTk kt> 

CTep»HH) npOAOJIbHyH) HarpySKy, KOTOpaa BI OTAilbHOCTH npOH3B02(HTl 

uanpflseBie 1910 Ha kb. a-^ b crH6aiomitt mombhtl AaK)miH bi 
OTA'iiLHOCTH HanpaaceHie 816 ({>. ea kb. to HanpaaceHie vh cTepx- 
nojiyqHTCfl paBHUMb 23190 <{). ea kb. a* 

Jipyrie HHTcpecHue npHui^pu mosho HaftiH bi The FhUosophical 
Magazine sa MapTb 1892 roAa. f 



rjIABA III. 



AKaAeMH^ecBifl ynpaacHenifl. 

193. Bi, rjiafii I mh hm^jih ji.'kLo cl jiH(|)(|)epeHii;HpoBa- 
HieMT> H HHTerpHpoBaHieMT) x"", a wb rjiaBi II e*^ h sin ax, 
H ecjiH He saj^aBaTbCfl n.'kiLK) 6ojiie nojiHaro osHaKOMJienia 
anajHSOM'L, to Sojibme HH^ero h ne xpeCyeTca. Ecjih mh 3Ha- 
eM'h 3TH Tpa $yHKti,iH5 TO 3Toro ftocTaTOiHO noqxH AJia BCiXT) 
npaKTM^ecKHX'B HHaceHcpHHX'B 11,'fejiefi. UticTBHTejbHO, ji,ajib- 
me fiy^ijeji) bh;iho, ^to MHorie npHMtpoBT>, AaHHwx'L bx 
BT> BTofl rjiaB'b, MorjiH 5bi fiuTb ji.aHbi h b^ rjiaBaxi) I h 11. 

ji;H(j)4)epeHii,HpoBaHifl h HHTerpHpoBania ^yHKuifi Boo6me, 
MH 6u coBtxoBajiH CTyAeHTaMT, npoiecTb CHCTeMaTOTecKifi 
KypcB, nponycKaa B-b neMi, TpyAHbia MicTa npn nepBOHaqajib- 
HOM^ qxeniH h BoaBpamaacb ki, Enwb Bnocjitj^CTBin, Korji;a 
y3Ke nojiyqeHH npe;i;BapHTejibHbTa BHaqenia, KOTopbia ne- 
o6xoAHMH Hx^ noHHMaflia. Ecjih cTy^eHrb ne HMieTiD 

HXl) pyKOBOJliHTeJIH, KOTOptlfi paS'bHCHHjl'L 6bi CMy aiH Tpyji,- 
HHfl Micia, TO 0HT> H CaMl> CBOHM'b yMOMT* J^Ofij^eTT) ^0 HX'b 

noHHManiH. RpH noMOiuM HeMHorMXi> npaBMiii> jierKO npi- 
oGpicTH yM^Hbe AH(J)(j)epeHi].HpoBaTb ajire6pa.HqecKia ^yHKuin 
X H, xoTH Mu H BHpasHJH HceJiaHie, qxoSbT cxyAeHTH no- 
3HaK0MHJiHCb CL HHMH HO CHCTeMaxHqecKOMy Kypcy, OAflaKO 
MH SA'kcb jiaji.HM'L Hxi. IIpaBHJia 3TH HyacHH rJiaBHHM'b o6pa- 

dOWh Jim TiXT) OIKOJIbHHKOB'L, KOTOpHM'b HyaCHO HaCKOpO HOJli- 
rOTOBHTbCfl KT) 3K3aMeHaM'L H HOJiyMHTb HaBHK'b Bt JI,H$({)epeH- 

UHpoBaniH. Ho noji,o6Hhie ronouiH TaKTj f'kj^KO Sepyxca hotomt, 
aa aTor'b CTpaniHHfi npejiMeT'L h TaKx CKopo aoTowb 3a6H- 
Bai0TT> ero, 6jiaroAapa TOMy, qTO B^ A'tficTBHTOJibHOCTH ohh 

HHKorna H He noHHMajiH,.qTO 3HaqHT^^, qxo mh 6h uoco- 

20* 
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B'hTOBaaH HaqHHaiomiHM'b ne rnaTbca sa TaKHMt HaBbiKOM'b bi 
OT^^epeHUHpoBaHiH, a cHa^ajia no6jiyacji;atb BnOTbMax^, KaKt 
axo npHXOAHJiocb J^'b-^aTb h Hanrnwrb cxapHM'B yqHxeJifl&rb, xo- 
TSL H no Apyrofi npHqaat. Kor^a ace npe^MeT'L cxaneT'b co- 
BepmeHHO acewh, T6r;i;a mohcho h nocTapaxbca ftocxH% na- 
BHKa B-L AH$<t)epeHii,HpoBaHiH H yAepjKaxb ero 3a co6ofi. Hc- 
KyccxBo axo JierKO ycBaHBaexca, a npn ptmeHm pasjiHqnbix'B 
npHMtpoBi), BO BCflKOM-b cjiyqa't eme npio6pixaexca cxojib Ba»- 
nafl AJiH npaKXHKH onbiXHocxb b^ o6paiiiieHiH cl ajireSpaHqec- 
KHMH H xpHroHOMexpHqecKHMH BbipameniaMH. 

B-b rjiaBaxT* I h II mh sacxaHBajiH na xomT), hxooh ciy- 
j^enxH H3o6pa2cajiH rpa(()nqecKH ^yHK^H, HMiromia BH^'b 

ToiHO xaKace ohh aojiskhh nocxynaxb h co BcaKoft HOBofi 
(j[)yHKi^ifi, Koxopaa BCxptxHXca hmtb. Ho mh aojihhh aitcb 
npe^ynpej^axb nxt, qxo .lyqme BbT5paxb HeMHoria mh mvh 
H Hayqnxb hxT) ocHOBaxejbHo, ^^wh HMixb xyMaHHoe npeji;- 
cxaBjenie o MHornxij. 

Hflseflepy npHxoj^nxca na Kaacj^OMT^ mary Hsoept raTb h 
npn pimeHiH jiioSofl saAaqn oh^ HMiex^ sa co6ofi xo npea- 
MymecxBO, qxo CMy npaxo^Hxca ji.'hficxBOBaxb Bnorai caMO- 
cxoaxeJibHO. He BaacHO caMoe ptmeHie aaj^aqn, a Baacno to, 
KaK-b oHa pimeHa. 

H3o6pa3HXb rpa({)HqecKH y = X%ax, Mh npeAnojiaraeM'b, 
qxo cxyji,eHx^ yme npoAtjrajnb axo Cb y = a^w\.nx. 

194. Uycxb y = f{x), xaK^ qxo, Kor^a BH6paH0 qacTHoe 
3HaqeHie x, xo mo»ho BHqncjHXb y. Hycxb B3axo HOBoe saa- 
qenie x, a HMenno x -}- oa:; oho ji.acx'b naMTa B03MoacHOcxb bh- 
qncjiflxb cooxBixcxByiomee 3HaqeHie y, a HMeaao 

2/ + ^2/ = /"(^ + ^^)- 
BbiqaxaeMT, a js^mwh aa ^x xor^a mh nojiyqaMi* 

^ f{^+^^)— f{^) 

ox hx 
dmwh MH o6o3HaqaeM'b bx, o6m,mi> m^^ xo, qxo mh j^oji- 
acHH cji.'fejiaxb Cb niKoxopofi (j[)yHKuiefl a qxo mh y»e A'i^Jia.iH 
paabuie cb aamaMa xpeMa (j)yHKi^iaMa; no HaiueiKiy onpeAtJie- 
dy 

hIk) ^ ecTb npeAtii"b, YJh KoxopoMy cxpoMaxca (l) no Mipt 
6e3npeA'iJibHaro yMeabraeaia 5a;. 
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195. HataToro onpeA'bJieHifl oqeBHAHO,^TO npoHSBOjiiHafl af (x) 
ecTb a, jMHOffieHHoe Ha npoHSBO^^iyio f {x), h JierKo noKaaaxb, 
^TO ^poH3Bo;^Haa cymiibi (J)yHKuifi paBna cyMMi npoHSBOAHHX'b 

KaaCAOfl HHX'B OTAi-lbHO. HtKOTOpHX^ VLWb npHMipOBt 

rjiaBM I MH npHMJiH aio Sesi) J^0Ka3aTeJIbCTBa. Mli Moaceii'L 
npeACTaBHTb bto ;^OKa3aTe.IBCTB0 bt> cjitji,yH)mefl ^opni. 

IlycTB y = u-\-v -^w — cyMMi Tpexi ji.aHHMX'B ({)yHKuift x, 
nycTb X nepexoAHTX btj x-^-ox^ u wh u-\-hu, v wh v-\-hv h 
w wh w-\- hw. Hsx BToro cjiijiyerb, ^to, ec;iH y nepexojiHTTb 
BT> y-^-^y, TO 

oy = ow 4- 6t; -f- 

OX ox ^ ox ^ ox 

, , dy du , dv . dw 
a Bi, npei*.i -- = _ + _+_, 

196. npoH3BOAHafl npoH3BeAeHifl AByxb (t)yHKuin. IlycTb 
y = uv, rj^i u E V cyTb ({)yHKi;iM x. Kor^a x cTanoBHTca 
o^-p&a?, nycTb 

7/ -f- 8 y = -f- 8w) (t? -|- 6?j) = w + M . -|- V . ow + 6w . Sv. 
BuqHxafl, naxoAHM^ 

6y = M . St; + 1; . + oii . ot;, 

6t; , ou , ou ^ 

6X ox ox tX 

^aji'te, nojiOHCHMT) ^to o^, a cxajio CtiTb, (KaKT> axo npn- 
HHMajiocb nocTOflHHo BT> HHiuHX-b pa3cyacji,eHiflX'b}, H 8w, OV H 
82/ 6e3npe;i,ijibH0 yMenbinaiOTCH, TorAa, KaK0B0-6H hh Shjio 

3Ha^eHie^^, aojijkho bx npeA^Jt odpaxHTbca bt> 0, 

a noTOMy 

dy ^ 4- ^ 

dx dx dx 
CTyjieHra caM^ ^^i^m^wh nepeBeciH axo Bbipaacenie na 
oObPiHufi flSLiKt. TaKace JierKO j^OKasaxb, HanncaB'b TOJbKo 
uvw btj BH^i uv X ^To ecjiH y = to 

d?/ dw , du , dv 
dx dx dx 
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npuMfbpia. nycTb y = 10.r% xor^a Henocpe^cTBeHHO ^ = 

= 70x^. Ho MH TO ace caMoe MoaceMi nanncaTb bt> BMut 
y = ^x^X 2a:*. Hauie HOBoe npasHJio AacT^ 

^ = ^x^ (Sx^) + 2a;* (15a;») = 40^;^ + ^Ox^ = 70x^. 
Ilpej^jtaraeica ciyflieHTy caMOMy noAoSpaib Apyrie npH- 

MtpLI. 

197. ripoMdBOAHafl HacTHaro. 

nycTL y = -, npH newb u n v cyib (J)yHKixiH x. 

Tor^a y + oy=^^. 

BmHTaa, HaxoAHMi 

u + hu u v.du — u.dv 

Qtf — 

v + hv V v^ + v.dv ' 

du dv 

V %i — 

dy dx dx 

dx + v. dv 

HpeAnojiaraa, qxo dv eesnpe^ijibHo yMOHbrnaeTCH, mh bh- 

AHMTj, qXO V,dv CipeMHTCfl 0, H OTCIO;^a HM'feeM'L 

du dv 

dy dx dx 

dx v^ 

3j^tcb onaib cTy;^eHTT> ^oJisKeHT, nepeBecTH npaBHJuo Ha 
o6biqHBifi aauK'B h AOJi»eHi> nocTapaxbca aanoMHHTb, qio Ha 

J, „ du 

nepB0MT> MtCTB CTOHT'L V 

SHaMeHarejib, yiMHomeHKbitt Ha npoM3BOAHyio HMC/iMre/ifl, MMHyci> 
HHCiiHTe/ib, yiMHOKeHHutt Ha npoMdBOAHyio 3HaMeHaTe;ifl, m ace 
At/ieHHoe Ha KBaApaib SHaMeHare/ifl. 

HyacHO npoA'b.iaTb ntcKOJibKO qHCieHHLix^ npHMtpoei, 

HanpHMtp-L, y = paBHO »^ ^tficTBHTeJiLHOCTH Sx^, n 
ox 

dx 
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no HaineMy npasHJiy ^ = — ^ — - = 40a?*. 

CiyfleHrB ;^OJI}KeH^ npoAijaTb nicKOJiBKo ynpaacHeHifl, na- 

npHMtp-b, 2/ = --— = 5ic ^mueai,ey= — jr-4= —^hx ^ 

H npoBtpHTb pesyjiLTaTH. 

198. EcjiH 2/ ;^aHO, KaK-b ({)yHKiiia di, z j^ano, KaK'B (|)yH- 
Kii;ia X, Tor^a jierKO BiipasHTb y, Karb 4)yHKi^iH) 6. Hanpn- 
MtpT>, nycTb 1/ = 6 log (a^sr^ 4" ^) h je^ = c -f - + sin ex^ Torj^a 
i/ = 6 log [a {c-\-dx + sin ea;)^ + 
TaKHMT> o6pa30M^, nojio»HMTj, qxo y = f{2) h z = F{x)\ 
ecjiH BirtcTO a; mm BOSbMeM'b x-\-ox npn 3tomt> sHaqeniH 
BBiqHCJiHM^ ^ + oiT, a npH sflaqeniH -s^ + 0^ BBiqHCJiHM'L 2^ + 8?/. 
Torjia MM MoaceM-b cKaaaib, qxo name hj naxoAHTCfl m> 3a- 
BHCHMOCTH oTi 8a; H MOHceMT) HanHcaib 

S^_8^y8£ 
8a;~8^^8x 

3to oqeBHj^HO cnpaBOA-mBo, laK-b KaKT> bt, oCinxi Apoeax-b 
coxpaHKCT^ o;i;ho h to ace SHaqenie, KaKT> 6bi Majio oho He 
CTaHOBHJOCb, a oTcio;iia cjiiAy^Ti), qio npaBHJio (1) ocTaexca 
cnpaBeAjiHBMMT> h Tor^a, Kor/na ox 6e3npeji,tJibH0 yMeHbrnaex- 
ca, a xaKi) KaK'B mm npeji.nojiaraeM'b, qxo h 8^ SeanpeAtjibHO 
yMeHbfflaexca, xo nojLyqHMX) 

3to nojio»eHie HMiexX) xaKoe rpoMa^oe anaqenie, qxo cxy- 
;ieHTL xojbKO xor^a HMiexi> npano cqHxaxb ce6a yjiOBJiexBO- 
peHHHMT>, Korii;a coBepuienHo acHO y6t;i;Hxca, qxo axo a'M- 
cTBHxeibHO xaK-b. HeoSxoAHMO aaMiiHXb, qxo cHMBOJi'b dz ne 
MoaKexi> 6MXb nocxaBJOH'b oxj^tjibHO; mm Hnqero ne snaeMx 
oxHOCHxejibHo caMoro dz, ji^jih nacb hcho xoJbKO snaqenie 
dy dz 

nojiHaro CHMBOJra h -r • 
dz dx 

Jjia HaqHHaiomaro 3xh pa3cyacji,eHia MoryxX) noKaaaxbca 
yxoMHxejibHMMH, HO 3X0 HeHsCtjKHo MSL jiexKocxH AaJBHtfloia- 
ro ero oanaKOMJieHiH cb dmui> BonpocoMTb. IIo3XOMy OH'b jioji- 
3Kem» BbiflCHHXb j^JiSL ce6fl 3x0x11 3aK0Hi) Ha qncjieHHMXi npn- 
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31'hpax'L. IlycTb, HanpHMtpii, y = a2^ h z = hx^. TaKi> KaK-h 

^ = 3a-2r2. ^ _ 2hx, to mh HMieMT) ^ . ~ = ^ahz^x hjih 
a^r eio: az ax 

^ab^x^. Ho, ecjiH nocjii noACTanoBKH y = aft^^®, mh npojiHc^)- 
4)epeHiinpyeM'L He^ocpeJ^cTBeHHo, mh nojiyqHM'B toti ae ot- 
Bi'rL. CxyAeHTL ^oJiJKeH'B caM^ cocTaBHTb nicKOJiLKO npir 

Mtp'OBTj. / 

CxapaTOJibHHfi cxyjieHTi) MoaceiTi bhachhtb ceCt (2) no- 
cpeACTBOMTj xpexT* KpHBHx^; OAHofi, cBfl3HBaiomefi z "Si X, jipy- 
rofi, cBflaHBaiomefi y m z w xpexbefi, nojiy^eHHofi nat AByxi> 
nepBHXt nocpe^cxBOM^ HSMtpeHifl, h noMombio hxi. noKaaaxb, 
qxo jiJiK HiKoxoparo 3HaqeHia x yicjioH'B KpHBofl (y, x) paeeHt 
npoHSBeAeniio yMOHOB-b Apyrnxi* jiByx^ KpHBHXt. Ho, npas- 
ji;y cKaaaxb, axoxt MexoAi> cjiHniKOM'L cjiosKeH'L, qxoObi 6HTb 
ocoSeHHO noy^HxeJibHHMTb. PacnpocxpaHaa jiBJvke Hamn paa- 
cymjieHia. mh bhahm'l, ^to 

dy dy dw du dv 

dx dw' du ' dv' dx 

199. FopasAO Jier^e ^aKaaaxb noMombio KpHBofi, qxo 

dx^dy-^ 

dx 

xaK^ KaKT> JierKO BHji,tTb, qxo -y ' ecxb KOxaHrcHCb yrjia, 

dy 

dy 

j^jifl Koxoparo ~ cjiysKHXT) xanreHCOMi. 

JI,pyrofi cnocoei). Ecjh npn yBe.iHqemn x na BejiH^HHy ox 
mh nojiy^HM'b npHpameme y paBHoe 5i/, h ecjH mh, bshbT) 
on ^y, o6paxHO bhhhcjihm'l ox, to flja nero nojyqaM'L xo ace 
ana^eHie, KOXoparo na^ajiH. Oxt> ciOAa 

!^X?-"=l (5). 

ox oy ^ 

Ha xoM'b ocHOBaHiH, ixo (5) cnpaBeJUHBo, mwh oh Majio 

HH Chjio ox, cnpaBe^JiHBO h (4). 

200. HoacneHie wb (2). Ecjih B3axb MHAHKaropHyio Aia- 
rpaiMMy raaoBott MauiMHM, xo, npHMinaa n. 57, jierKo hsi aefl 
aafixH j^iarpaMMy jwa h, BeJiHqiiHH, noKasHBaiomefi CKOJbKO 
ras-b nojiyqaexT, xenjioxn btj ({)yTO-(J)yHTax'B Ha eAMHMuy m3- 
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MtHeHifl od^emai, npH ycjoBiH, ^to iiMteMi* nocxoaHHufi raat, 
noiyqaiomifi Tenioxy hst* HteoToparo HCTOiHHKa {b% j^'tficxBH- 
xejibHocTH axoxTi HcxoqHHKT> 3aoK)qaexca caMOM'L rasfe, 
xenjioxa noJiyqaexcH mi> ero xHMHqecKofi OHeprin). 

HoaoOho xoMy, KaKt J^aBJIeHle ecTb BejiH^HHa pa- 

6oxH, 3axpaHeHHofi Ha eji,HHHny HaMtneflia oS^eaia, xaKXi h 

Ji = GaMixHMi., mo h BLipaacaexca bi> xtxi* ace caMBix'B 

eAHHHiiax'L, KaKt ii p, h, ^xoClt na^epxHXL KpiiByjo am A, 
Heqero o6paiiiiaxb BHHManie Ha Macmxa6H p r v. Hxt Moac- 
Ho HSMtpaxb Ha AiarpaMMi AiofiMaMH. Bii'tcxo xoro, qxo5H 
6paxb HHAHKaxopnyio ^iarpaMMy h. nsMipaa xanrencH Kaca- 
xejibHiix'L, HaxoAHXb npoH3BOAHHa, Dpome 6yAfexx>, na^ep- 
Tnwb axy jiiarpaMMy b-l GojibmeMt MacmxaCi, cocxaBHXb xa6- 

jiHD,y SHa^ieHifl p r v r HaixH npH6jrH3HxejibH0 ^ am Kaac- 

Aaro 3HaqeHia v. nojib3yHCb axHMH 3HaqeHiaMH h naflAa 3Ha- 
' 1. dH 

nenm h = -^ pasjinqHUx^b xo^eK^, npeAJioatHM'b cefii 

saAaqy HafixH xo KOjiH^ecxBO xenjoxH, Koxopoe rasx nojiy- 
qaexx* bt> ceKyHAy. Ecjih t npeAcxasjiaexi) BpeMH, xo 

dH_dH dv 
dt dv' dt^ 

cjiiAOBaxejibHo nyacHo h yMHoacHXb na TaK'b KaK^ ^ npeA- 

cxaBJiaexxi cKopocxL nopmna, h xaKT> KaK^ ABHacenie nopuina 
no nepBOMy npnCjiHaceHiio ecxb npocxoe rapMOHH^ecKoe, xo 
MH onHCHBaeM'b nojiyoKpyacHOcxb na AiaMexp'fe, paBHOMx xo- 

Ay nopniHa, h xorAa opAHHaxbi nojiyKpyra AaAyT^ IIo- 

axoMy, ywHomaa KaafAyio BejiHqHHy h na cooxBtxcxBeHHyio 
opAHflaxy nojyKpyra, mh nojiyqaeM'b B'b oiipeA'hJieHHOMX) Mac- 

mxa&h AiarpaMMy, Kaxopaa noKaacex^ bo BcaKifi MOMeHXT> 

at 

^ . dy dy dv 

TaKT) KaKt MH yace bhamh, qxo -^ = ~.-- h qxo 

dx dv dx 
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^ z= 1 : TO MH qacTo fiy^eM-b nocxynaxb cl dy ejie dx, 

KaKt 6yAT0 ohb j^McTBHxejibHHa ajireSpanqecKia KOJin^ecTBa, 
noMHH oj^HaKO, ^TO, xoxa dy hjih dfa; h MoryxT> nncaxbCfl ox- 
j^'kibHO, HO BXo fttjaiox'L xojbKO paAH yAo6cxBa; xaK'L, ea- 
npHM'i^p^, MO»Ho Hanncaxb 

M.dX'^N.dy = .(l). 

r^li M n N cyxb (|)yHKn;iH x h ?/, ho axo bti ^ificxBExeJib- 
HOcxH saMinaexT* BbipaHenie 

^+^1 = (2). 
Jl,ajiie, nycxb y=:ax?, mh MoaceMt Hanacaxb 

dy = 2ax.dx (3), 

HO 3T0 xojibKO aaMinaex'B BbipameHie 

1=^ 

OcHOBanie, KoxopbiMt mli pyKOBOjicxByeMca b^ axoM-b ciyqai, 
aaoioqaexca bt* xomx, qxo^ ecjH 6bi mm noaceJiajiH HHxerpnpoBaTb 
(3), xo HaMT> Hyano 6hijio 6bi tojbko nanHcaxb chmboji'l /, 
a, ccjihSh mh noHcejiaJiH HHxerpHpoBaxb (4), xo mw ;^0JI3KHM 
6bi;iH 6bi BHpaaaxb axoxt npoi^eccB cjiOBaMH, necMOxpa na to, 
qxo o6a axH npoii;ecca b1) cymnocxH ojiiHo h xo ace. Mh yace 
nojibsoBajiHCb b1) xaKOM'L cMHCJii dy h dx B-b oaBt I. 

IIpocxbixT> MaxeMaxHqecKHXX) npaMtpoBXi, noacHaE)in;Hx:T> 
n. 198 MoacHO cocxaBHXb MHoacecxBO, ho xaKHXi*, Koxopae 5u 
aacxaBHJiH ocnoBaxejibHo no^yMaxb, nafixH ne xaKXi jierKO. 3a- 
Kowb npaBEJien-b, ne xpy^Ho axo ji,0Ka3axb, ho nyacHO, qxo6bi 
axoxTa aaKOHX Bomej'L b-l njioxb h KpoBb, a j^jia axoro nyacHo 
Koe-Hxo no6oJibnie aKaii.eMHqecKaro ;^0Ka3axeJIbCTBa. 

npHM'hHHM-b xenepb na ji^tjih axH npHHi^HnH. 

201 . nycxb y = log x; axo Bbipaaceme coBepmeHHo pasHO- 

y dx y ^ XT 

CHJibHO x = e^, a noxoMy -=- = e^ = x a ~ = Bi r-iaBt I 
^ dy dx X 

MH nojbaoBajiHCb axHM'b bhbojiiom'l deaij j^oKaaaxejibcxBa. 3to 
ecxb cjiyqafl, cocxaBjaioniiifl HCKJuoqeaie npH HHxerpHpoBamH x^. 
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202. HsBicTHo, HTO ^poH3BOJ^Hafl sin x paBHa cos x, nafi- 
TH npoH3Bo;i;HyH) sinaa:. 

t/ = sin ax = sin «, ecjiH u = ax. 

dy du 

= cos w H ^ = a, 
aw ax 

dy dy du 

xaKTi qio = -—.— — cos w X a = « cos ax, 
dx du dx 

HafiTfl npoHSBO^Hyi) y = cosax, SHaa, ^T0 npoHSBoj^naa 
sin a; paBHa cos a:. 

y = cosax = sin (ax -f- ^ j = sin u, vjiik ^ = a, 

dy dy du ^ ^ / . ^\ 

— = — . — = cos w X « = « cos { ax = — asm ax, 

203. IlycTb y = log (x + a). 

HoJiOHHM'B, x-^a = u, HJiH y = log w, Tor^a ^ = 1 h 

dy dy du 1 1 

dx du' dx u x-\-a' 

204. i/ = tgx. Ilpeji.CTaBHM'B stotl nocJiiAHifi, KaK^ Ha- 

sina; 

cTHoe y= , 

cos X 

dy cos . cos a: — sin a; ( — sin x) 1 



dx cos^rc cos^ip' 

CiyjieHTB j^ojacoHT) noJiyqHTb aTOTi) peayjiLTai'L h seno- 
cpeiCTBeHHMMi> cnoco6oM^. 

205. y = ctg x. Mh lenepb 03HaK0MHJiHCb yace h^koto- 
pbiMH npieMaMH. 

npe^cTaBHM'b ero B'b BHj^i 'lacxHaro y — ~^^^ 

dy sin a; ( — sin x) — cos x (cos x) 1 

'dx sin^a? ~ sin^a;' 
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MH MH MOffiCMt riocTynHTb TaKHM-L cnoco6oMi>: 
y = u~\ ecjiH u=Xgx, 



dx ^ ^ dx ^ X gQg2^ 

^ 1 i_ ^ ^ _ ^^^^^2^ 

Xg^x'cos^x sin^x 

206. IlycTb y = s\TLax^, noJioacHM'L y = smu h u = ax^. 

Tor^a ^ = 2ax, 

du 

H = COS U, 

du ^ 

dy 

-~ = cos « X 2ax = 2aa: cos 
au 

IlycTb 2/ =6"^*"'*', noJioacHM'L i/ = e", h w = a sin :r, TaKi qxc 

-V^ =e , — = a cos a:, 
aw 

laKTb 1T0 ^ = cos x. mn a cos x. e""^. 

arc 

207. 1/ = sec X. Mh MOMceMi) nociynHTb ct hhmti hjih, KaK-L 
c^ qacTHHMT,, HJH cjiij^yiomHM'b o6pa30Mi,: y = (cos x)~^= 

rjli w = costr. 

du dy dy du _^ ^ . . 

^ = — smx,-^ = . = — 2^ V — sin a?) 
ao; ax du dx ^ 

sin a: 

= — r— = sec X, tg X, 
cos^a; •• ^ 

208. Bl> nyHKTt 11 ypaBHenie d,hkjiohjih 6bij[0 Aano b'b 
saBHCHMocTH OTT^ BCDOMoraxejibHaro yrjia ^^x — a^ — a sin cp 
y=a — a cos cp. 

Hafi^ieM'L ^ H — Wh HtKOTOpOfi TO^Ki. 

^ , ci?/ dy dz> dy_ dx 

dx (icp ' dx d({> ' d^ 

a sin cp sin o) 

(a — a cos cp) 1 — cos cp ' 
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TaK«e = A ('!!!] = i(^J)x^-^ 

dx^ dx \dx) d'f \dxj dx 

(1 — cos (p) cos 9 — sin cp (sin 9) . . 

= -71 ,0 — :{a — a cos 9) 

(1 — cos 9)2 

— —1 

a (1 — cos 9)^ ' 
209. EcjH -j- = a2 (1), to 

2«+2.| = 0.™| = -i....(2). 

EcjiH MBi aejiaeMi) BupasHTb ^ tojibko qepea-b x, to mh 

j;oji»HKr HafiTH y nax (I) h noACxaBHTb ero B-b (2). Ho J^JH 
npaKTHqecKHxt npHJioaceHifi 5oji'he npHroAHO (2). 

"TaKHMt ace caMHMT> nyTeM^, eGJiH^ + |^=l, to 

2a; , 2t/ di/ _ ^ d?/ X 

V dx~ ' dx~~ y 

X^ |y2 d'U 1)^ X 

;tai4e, ecH _-- = i,-=_-. 
TaK»e, ecjH xl 3 -j- t/V 3 — aU^ 

cTrc dx ^ x 

EcjH 2/ = ^/s^c sin 2^ 4" V32 sin 4rc, ^ = cos* j;. • 

iXX 

EcjH y = \'3 tg ^o; tg ^. = sec* a;. 

dX 

nycTb y = \/x^ +a^-= u^'^^ npn mcmt, u = x^ + ^ — 2ir, 
TaK-b ^TO ~ = ^l^u"^!^ X 2a; HwIH 



210. nycTb y = arc sin x. Hnaqe roBopa, y ecTb yroji., ch- 

nycT, KOTOparo paBCHx x; OTCiOAa x ~- sin y 

d^^ / r-s — / « 

— = cos 1/ = |/ 1 — sin^ y—y 1 — ^ 
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OTCioji;a ^ = — ^ — . 

dx yi—x^ 

Mh H3BJieKJiH KopeHb KBaapaTHHfl, H HaiE'L pesyjibxaTB 

MOaceTL 6HTb CO 3HaK0Ml> -}- HIH — . HHX^ MH ^O-IKHLI 

BLi6paTb Tor-B, KOTopHfi HocTaBJieH'B npcA'b cosy. 

21 1 . IIoaoShhmx o6pa30M'B, ecjiH y = arc cos x; 

(Jy^ 1 

dx y^l — . 

212. nycTb 2/ = arctg x, vdwb qTO x = tgy 

dy cos^y \ ^ ^ i ' 
dx 1 -|- 

213. no;^o6HHM'L oepaaoMi), ecm i/ = arcctg x, Tor;^a 

1_ 

dar 1 -f- 

214. OTCK)J^a BHOTO, MTO BHpaacenie (2) h (4) n. 198 h 199 
J^aI0T'L naM'L bosmohchoctb AH(J)(J)epeHri.HpoBaTb MHoria oCbiqHbia 
BEjpajKeHia, h cTyAOHTbi aojjkhh cji;ijiaTb nofiojibme npHMt- 

pOBTi. OhH AOJaCHH npOBipHTb pfl;^'L HHTerpaJIOB'B, JiaHHHX^ 

Bi) KOHii;t 3Tofi KHHrH. CTyj.eHrL jifiJiTRewb HM^Tb npH ceCi 

HaCKOJIbKO B03M0aCH0 DOJIHMfi pflAT> HHTCrpaJIOB'L. Oh^, KOHe^- 

HO, He MosKexi) pacqHTHBaib aanoMHHTb hx^ Bct. HHor;i;anpH 
J^H^})(})epeH^HpoBaHiH peKOMenAyeica npeflBapHxejbHo JiorapHe- 
MHportaxb o6i qacxH paBescxBa, KaK^, nanpHMip^, bt* cjit- 
ji,yiomeM^ cjiyqai; 

y = x''; log y = xlogx, 

l.f = ^xi + log.. 

2/ cfa; X ^ 

| = ^'fl+logx).t 

215. Bt c.TLjiyK)mBXT> npHMtpax^ 6yKBbi, no^oSnHfl x, y, 
z, V, w, ^ VL ;ip., fiy^yxx oanaqaxb nepeMtHHwa KOJiflqecxBa, 
a 6yKBbi noAoCHbifl a, 6, c, m, n, h x. J^. nocxoflHHLia. Cxy- 
ji.eHT'L cjiHUiKOM^ npHBbiKaexb KT) a; H y; uo3XOMy nycxb ohi> 
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HHorfl;a, npe»j^e, wbm> npncTynHTb kt> An$(|)epeHi;HpoBaHiK), 
sairfeHHT'L X nocpe;iCTBOM^ 6 mjih t ejie v, tohcc caMoe cAtjiaeTB 
H CT> y. Oht> AOJaceH'L npoBtpHTb ptmenie KaacAaro HHTerpajia 
noMombio An({)(j[)epeHixHpoBaHi£[. 



PflA"^ ocHOBHux'B cJiynaeBi*. 

dx^ ^ ' X J X ° 

^ (sin mx)=m cosmx, f cos mx,dx = - sin iw^; 

4- (cos wix) = — m sin m^c fsin m^r . c/ir = cos mir; 



d . a r dx l 

— (tg ax) = z , / — 5 — = -tg ax; 

dx^ cos^ ax ^ cos^ aa; a ^ 

d , . . a r dx 1 ^ 

— (cotga.'r) = — , I —- — = cotg ax', 

dx^ ^ ^ Wi^ax ^ sm^ ax a ^ ' 

d , . . 1 r dx . X 

— (arcsma;)= — r> I — = arcsin— 

dx"- l_^2 J y^2 _^.2 a' 

— (arctg X) = — -j — ' I = - arctg - ; 

d r cS^ 

— (a*) = a''loga, / dx = '^ . 

dx^ ^ log a 

Mnorie h3t> yKasaHHLiXL HHTerpa-ioBi> a^hli 6ltjih yace 
paHbiue H OHH TOJibKO Ha nepBbifl Barja^-b Kaacyxca jipyrHMH. 

/I,aace ynoTpeCjenie ^ ^ ^ bm^cto qncjieHHaro o6o- 
SHaqeHifl CTeneHH hjih Kopna MoaceTTi saMacKHpoBaxb (j)yHKuiio 
AJia HOBH^Ka. TaKTb, 

;^paBEO-^ - 
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H ero HHTerpajn) paBeHT> 




216. Bt> H^KOTopHXTb MS'L noMtineHHWx^ HHSce HHxerpa- 
jioB^ yKaaaHBi HSBicxHwa oiipeAtJieEHHa noACiaHOBKM. Cty- 
AeHTT) He j^oJimeHt na^aTb ayxomtj, ecjiH nero SyjierB 
ocTaBaTfcCfl HenoHflTHBiMb, KaKHMT, oGpa^oMt AOAyMaJHCb AO 
aTHXi> noACTanoBOK'L; ont aBHJHCb njoii,oMT> MomeTT> 6uTb ui- 
jibixij He^'kib yMCTBeHHofi paSoTU npeacHHXi) h coBpeMeHHHXTi 
MaxeMaTflKOBii. Mnoria m% hhxt> 6hjih nojiyqenbi noMombro 
npoC'b vkwh ase cIIoco6oM^, KaKHMi* mh yme uojib30BajHCb, 
Kor;i;a npn HHTerpHpoBasiH opajH OTBtox h npoBtpajiH ero 
npaBHJibHocTb J^H$({)epeH^flpoBaHieM•b. 

KoHeqflo npn HsynemH paBJiKqEbixT, ^pieMOB^ ;i,H({)(j)epeH- 
n,HpoBaHiH H HHTerpnpoBaHia, cTy^eHT'b, HMiiomifi BosMoatHocib 
Bsaxb HtcKOJibKO ypoKOBT> y npenoAaBaiejia, HMteTX fiojibraoe 
npeHMymecTBO nepe^;!. cTyAeHTOMT>, saHHMaromHMca canocTO- 
ATejibHo no KHHri. OAHaKo jcuawbo paSoiaiomifi Cea^ iiocto- 
poHHefi noMoiUH cTyAeHTT> TOJKe nwhen aa co6ofi HiKOTopHa 
npeHMymecTBa; to, ^to OH-b iiayiHT-b, ohij ycBonx^ xopouio h 
He 3a6yAeT'b axoro. Kto npoiuejib no AEVAm ntniKOM^, hm*- 
eTTb HtKOTopbifl npeHMymecTBa nepeAT> Ttai-b, kto nyTemecTBO- 
Bajn> no Hefl no 3Kejit3HbiMT> ji;oporaM'b. Ho, Kor^a yqaTca ia- 
AHTb Ha BejiocHneA*, to a AYMaio, nepBbie ahh nojieano, eciH 
noAAepHCHBaioT-b caann; a oSyqenie BejEocnneAHoit iaAfe HMt- 
eTT) fltKOTopoe cxoACTBO cb o6yqeHieMT> npicMaafb ;i,H(j)(J)epeH- 
i^HpoBania h HHTerpHpoBania. 



1. 



ynpa»CHeHifl u npnai'bpij. 

2/ = ^log^,~ =l+log X. 



3. 



2. 




4. 



y = -;- = — (sm x + cos x). 



— 321 — 

5. y = log(igx), ^=—- — . 

6. ^ = e"' sin ^ = |/^^&^ . e""' sin (6^ + c), 

S^tcb uu nojibsyeMca vhwb ate ynpom.eHieM'L, KaKi. u b-b 
n. 116. CTy;i,eHTi> AOJiaceHT> o6paTHTb BHUManie na to o6cto* 
HxejibCTBo, HTo fla ocHOBaniH n. 1 65 A'bficTBie 6 (o3tt&'S^|3r 

ni;ee ^j, npoHSBeAenHoe n pasi) Haj^T> sin 6^, jBejiH^HBa^ 3Bi^ 

aMnjTHTyAy b^ 6** pasx h jJiaeT-b onepeacenie $a3bi Ha ^ iifwi- 
MHX^ yrjioB'L. Il3^ Aaiflaro npHMtpa MoacHO BHji;'tTb, qr^ ■ ( cni 
^iflcTBie 6 npoB3BecTH n paa-b Haji,^ sin bt, to aMMiiTj^a 
yBejiH^HTCH Bi* {a^-\-b^yf^ pa3T>, a onepeacenie $a3H 6^thM 

HTaKT> ~ = (a2 _|_ J2) sin + 2c); 
H ^ = (a2 _j_ j2>) V2e«^ sin {U + 3c). 



n . /I — 6 # 1 

7. i> = 2arctg^^, -^ = -^i— 

8. , = log(.^ + ^n.i = ,T+^- 

. , 1 dii , , 

10. 1/ = aa;2 -f- 6x -f c, -7?^ = 2ax + 6. 



12. « = ^1^ = — i.3'7cv-2-". 



13. fe'^dv^-e"'. 



21 



1 
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4. f av-'-" (Iv = — . 

5. / (af + i< + c) = Va at^ + •/2 + ct +.r/. 

6. J\^\dx = f x'' . dx = '1^ ''^ 

ndt n 1/ ^""Vs+l 2/ 

n y n y n 



ma /-^ arctgaJi / » 

20. J*y^a -|- « . d». HpHMeMi 3a4cba+f=y, TorAarf«=<fy, 

/i/j «/, 4;, 



21. 



«y4-»» i/^"*" lyi""* 

= 3a;f +^ci^4 a^-f- , 

4 — m 3 — m 2 — m 1 — m 

ociaeTca tojibko noAciaBUTb t-\-a BMicTo y, 

'■ — TT • nycTb a-{-hx = y^ laK^ qxo b.dx = dy, 

(a + M 

= |[^5(a + bx)'l' - V» (a + 6a;//']. 



23. f-=L^.(ft = — -\/a^ — t\- oqeBHAHO. 



24. • HycTb X — a = y, dx = <ly, 



j'll = log y = log(a; — fl^i. 
y 

25. TaK^ KaKL , ^ 2 = ^( — ^ T"\ to 

— 2a\x — a x-^-aJ 



= Ja P^'S - - + «M = Fa '''^^ 



— a 



^o;^o6HMM^ ace o6pa30MT> 

/dx _ 1 . X — a 

{x — a){x — h)'~a^l T-'^' 

26. EcjiH x^ -\- 2Ax B MonRerb owtb pasjioaceno na jxun 

A'fefiCTBHTeJIbHHX^ MHOaCHTCJia, TO i 9jix^S ^P®^^*^^^^^^* 

BT> Tofi ate (J)opM't, KaKT> H npe^HAymifi HHxerpaji^. 

EcjiH ace 3Toro ntrL, to HHTerpajn* mohcct'l Sutb nanircart 

^'^ / a:' + 2Ja;+^' +-^^'"^"^"-^ = ^ + ^' 

a2 = B—A^, to mh nojiy^HM^ HHTerpajn> 

r -~— KOTopHfi paBCHTb - arctg - . 

27. Jtgx.dx = — J ^^^^J^ 9to y nacL nepBLitt 

Mtp-L fiojibffloro KJiacca HHTerpajiOBi,, b^ kotopbix'l qHCJini t\n. 
fl;po6H oKasHBaeTca npoHSBOAHoft ananeHaTejia. IlycTb t/ = cus a:, 
TO^;^a dy = — sinx.dx, TaKT> ™ BBimenpHBeAeHHBifi HHTeqpAaS 

npHHHMaeTT> bh^Tj — — — log (cos 

28. IlycTb /' (:r)H3o6paHcaeT^ co6ofi upoH3Bo;i,Hyio / {xj ii 
HaMT> Tpe6yeTca nafiTH .UycTb f(x)=y, 

21* 
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WTji^s. f (x). dx=dy, laKi) ^to HHTerpajn> npHEHMaert bha'^ 



OTCH);^a cjiAyert, ^to ecjH qacjiHTejib ;^po6H oKaawBaeTca npo- 
H3Bo;^Hofi anaMeHaxejia, to OTBtTt SyAert: 



29 



log (BHaMCHaTeJib) 
' 2bx.dx 



r x,dx 1 r2hx,dx 1 , , , i ox 

TT r{m-\-nx)dx ^ „ 

31. UpHBecTH I ' ^ g KT> oojite npocTOMy BHJ^y. Ecjih 

6m qncjiHTeJib 6Hjn> 2cx-\-b, to HHTerpaJiTj noAxoAHJit 6h 
noAi> npaBffao npHM. 28. ^HCJiHTejib MoacexTb 6biTb npe^cTaB- 

JieH'L BT) BBA* 

^ /r. 17x1 W6 

-(2c.. + i) + «»--, 

TaKTb ^TO Mo«HO HanHcaTb flHTerpajni bt> BHjt 
2cx+b ^ . ( nb\ r dx 



n f 2cx+b ^ , / wA\ f 
2cJ ^L + hcT'^' V''~ YcJJ a 



+ bx + cx^ 

dx 



= £log(a + 6x + cx-=) + (m-g)/^^ 



bx + t*ii;^ 

HocjiiAHiS HHTerpajiTi ji;aH^ b^ npHMipt 26. 

= ^2 log(a^ + x'^) + - arclg 
a a 
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3. I — T-y =—j- f — rr = — r-log a+ocosic). 



34. I — i = / — dx 



r (l +lo g x) dx_ rdx 
"^J X logx J X 



= log (x log x) — log X 

z=:z\ogX-\- log (log X) — log X 

= log (log^). 

Korj^a wb Bbipamenia fixo^arL a*" h (a + bx) to nyacHO upo- 
6oBaTL no;i;cTaHOBKy y = a + hx hjh 2/ ==: - -|- ^- 

X 



35. 



/ (a 



{a + bxy" b(a + bxy 



C x.dx If, , «1 
r (Ix _ _ _1 , ^ 1 a + hx 

38. f — 



dx 1 



; + bx^y^ ^ 2ma (a + fta^^)'" 

2m — 1 r cSr 
~mcrJ {a + bx^y^ 
TaKHMi> o6pa30M7> MM nojiy^aoMi) 4)opMyiiy npMseAeHin. 

Korjta BHpaHcenie saoroqaex^ b^ cefii |/a + 6a:, to cjii- 
J^yeT^ npofioBaTL 2/^ = a + 6x. 

or^ rr C ^'^^ 2 (2a — bx) / , - 

39. TaK-L, I . ■ = ^—-r-^ — Wa+bx. 

40. J* J |/ 1 + log . r/a; IIpoSyeM^ log a?. 

OTBtTT,: -/g (1 + logic) ^/2. 

/cfx 
e^'A-e^ ' ^P^^y^^'^ ~ .V- OTBiTT*: arclg e". 
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217. MHTerpMpoBaHie no MacTflMi>. Ecjih u nv cjTb ^jhk- 
nm TO 

d . _ ^ _|_ ^ 
tlx ^ dx dx' 

OTCiOAa uv = Ju.dv+J v.du, 

J^u . dv = uv — / V . du (1) 



HJIH 



Mh MoaceMT, HanHcaib (1) bt> bha* 

r dv ^ r du ^ 

I w . ~ .dx~uv — I V . — ,dx, 
^ dx dx 

nocpeACTBOMT) aTofi (|)opMyjiH HHTerpajTb j u^dvmiBffrh 6htb 
BHpaaceH'L qepes'L j v . du, 

42. TaKi), HanpHMip-b, qiofiw iib&T}^ j x"" ,\ogx,dx^ npn- 

dv x^'^^ 
MCMTi = log Jt; H— ==x",TaK'LqTot; = ^ .$opMyjia(l) ^aerL 

HaM-L — J— - log a: — I — r— cfic, HJiH — TT loga? • 

43. fx.e^'^dx. 

nycTt = iT; ^ ^e'^jaKTi qxo = — 6*^; TOTAa (J)opMyjia (1 ) 

CI 



iacTT> r x.e^ .dx = —xe^ — — f e*^ ,dx = ^xe°^ — - 

a \ a / 
44. Je'^^'.sin bx.dx. HaaoseMT) OTBiit A. 



ax 



IlycTL u = sin bx^ v = — e**, TO^;^a $opMyjia (1) jiiacn* naiTL 

A = —e^ sin Jic — - f e*** . cos bx,dx = — e^^sin hx — -J5; 
a a a 

noAofiHHMx ace o6pa30M^ MoaeT'L 6HTb npeoCpaaoBaHt HHTe- 
rpBJii>Je'^.cos hx.dx, KOTopHfl mh HasBajH J5, ecjiH npHHaxB 

u = cosix E v = —e^: 
a 

Toria J5 = — 6^cos Ja: + — f e*"sin6a;.rfa; = — e***. cosbx+—A. 
a a a 

Oicioia A = -e"^, siubx — -f-e'^cos6a; + - J.Y xaKi, 
a a\a cl J 

A r ax ' T ^ e'^iasmbx — b cos bx) 
wro A=\ e smbx . dx — — ^ » , . 

noflo6HHBn> 3Ke o6pa30MT> 

^ f aa? I. J e"^ (aco^bx-\-b%mbx) 
B =J 6- COS bx . dx ^. 

218. nocpeACTBOMi> 4)opMyiii> npMBeAeHin mu nocreneHHO 
npHBo;i.HMT> HHTerpajH kt> BH^aM^, yace H3BicTHHMT> HaM^; 
3TH ({)opMyjiH Bcer^a noJiy^aioTca noMon^bio MeTo;^a HHTerpn- 
poBania no qacTaMi. TaKT,, HanpHMipi), 

J a a J 

EcjiH HanpHMtpTb HaMT, HyacHO HHTerpHpoBaxL x^e"^, to mh 
BBipaacaeMi) ero qepea^ aj^e^*^; aaiiMT), nojibsyacL ({)opMyjiofi 
npHBeAeHia, BMpaacaeMT> x^e^ ^epea^ x^e^ h t. ji,., noKa ne 
npHBOAeMi ero x^e*^ bjh ^"^j HHTerpajn> KOToparo mh 3HaeM7.. 

MxaKT, J . dx = aj^e^— 3 J xH'' dx 

= xH'' — 3i^x^e'' — 2jxe\dx^ 

= x^e"" — ^x^e' + 6(a:e^ — J e'' . 6fo j 
= — 3it;2 + 6a; — 6)e^. 
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H'bKOTopua odn^ifl ynpaKHeEia. 

45. y = asm^bx^ ^ = ab sin 2bx. 

cfy _ 

46. y = b sin ax^, -y- = hnax''~^ cos ax*. 

dx 

47. y = (a + fta;T, ^ = n6a;*"M« + *^T~'- 

48. 2/ — + ^=e^*(J4-ac + ftcic). 

49. t/ = a^ ^ = a*, log a. 

50. i/ = log,x, ^ 



x\oga' 
a — t dv a 

dv 



52. - = 

53, »== -j- = 57. 

(1 (1— t;»)Vs - 

54 v=V'^+* _ ^fo^ _ya £l/t-]/a ) 
56. «/=arctg — 



l—x'' dx l-^x' ' 
du 

57. 2/ = log (sin a;), — = cotga;. 

58. «=iogv/?~-^ ;|=-^,. 



60. 2/ = arc sin 
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V dy 1 



61. a: = arctg Z_ — = /- 77. 



62. ip = arcsec^, ^ ^ 



dt ~ty^—i' 

63. 1/ = sin (logv% ^ = ^ cos (\ox v), 

. 1- dv — 2 

64. p = arcsm^„ ^^ = ^,. 

65 «-l±^ (fy_ l-2a;-a;» 
66. i) = log(cotg«), J 



sin 2t)' 

Ts 
Jt 



<T<< 

67. s = (?'(l— <3) _ =e'(l— 3<— 



et_e-t 4 

69. a: = 



70 V — — — 

71. nycTbx=tg6+sec6,AOKa3aTb,qTO ^ = ^^_g.^ 

d^x 2 

72. IlycTb x = b^ log fJ, ji;0Ka3aTb, ^to -xt = r-. 

73. nycTb y = e''' cos x, j^oKaaaxb, hto ^ -|- 4i/ = 0. 
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74. nycTb y = — AOKaaaTb, ^to — = -^5^3:^. 

75. jV'"~i(a + 6iz;~)Pl^^(f^. 

(1) . EciH n,4jioe n nojroacHTejibHoe ^hcjio, to CJIi;^ye•rb 
npoH3BecTH BosBeAeHie bt> cieneHb, nepeMHoacenie h HHTerpH- 
poBaTb Kaacji,yio qacTb OTAtJibHO. 

(2) . IIpHHHMaeM'b (a + 6a;") = y\ a ecjrn TaKaa noACxa- 
HOBK.a He npHBCAeTT) kt> pe3yjibTaTaMi>, to 

(3) . IIpHHHMaeM'b {ax"^ -\-h)—y'^, 

76. j x'^ {a-\-x)^l^ .dx,TL^Q,Tha'\-x=y^^T0T][,2i>dx=2y.dy, 
E x = y^ — a, TBm> mto mh noJiyqHMT> 2 J (t/* — 2ai/^4"^^)y^ 
HJiH 2 J* (2/® — 2ay*^ -\- a^y^) dy, wro y3Ke JierKO HHTerpnpyerca. 

77. f — jj. npoeyeMxa^-^-L 1 =y\ -J_ =x\ 

— 2x'~^ 'dx=2y. dy, Tor;^a nojiyqHM-b 

/dx _ 
3T-. HpofiyeM-b a^x ^ -\-l = t^.vL Haxo;^HM'b 
(a^-{-x^) 1^ 

1 rdt 1 X 

79. nycTb x = A tin nt-\-B cos nt^ jiOKaaaTb, qTO 

OA rr d^'y , (T"^!/ 

80. IlycTb u = xy, ^OKaaaTb, ^To — „ = x — ^ -{" ^ T"»»- • 



81. ^OKaaaxb cnpaBeAJiHBOCTb nojioacema 
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dy . dx dx , dy 
(cm. n. 83) Ha cj'hAyiomHX'b npHM'tpax^: 

X 

u = arclg y^^ — s^^^ C^^** + 

u = sin (x^y), u = x ?\ny-\-y sin x, 

u = bx^ log ay, w = log ^tg 

^_af-bx_^ ti = :»;ylog(l+a:V). 



by — ax 
x^y 

82. y = e'^sm'^bx, ^=e'^sirr~^bx(asmbx+mbcosbx). 

ax 

d^x ^ 

83. X =e cos J^, -=T5r =(a^^¥Ye--'^ cos (6^ — «6), rAi 

at 

d»M 1.2.3.4 

84. , = ^loga.,-^ = ^— . 

1 / • N 2 cos a; 

85. 1/ = log sm x), --4, = — — . 
^ rf^-^ sm^ X 

86. EcJiH V = ^i^r^^/i + ^a^''^/^ + H T. A-, a* 

ai-j-6i = a2 + 62H t. a. = ^, 
TO V HasHBaeTca: OAHopoOTofi (})yHKixiefl xnyn — aro HSM-fepeHia. 

^OKasaTL, ^T0 x -\- y = nv. lIpoBipHib aro ji^jlsi cjiy - 

87. Boo6me, ecjiH u = f(y-\-ax)-\-F{y — axXn^fnF 
cyTb KaKifl HH6yji;b (})yHKn.iii, ^oKaaaTb, ^to 

(Pu_ ^d^u 
d^^~^ df' 
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npaqeMt, paayMieTCff, ji,ojihchh fiwTL bsjith qacTHHa npona- 

BOAHMfl. 

88. nycTb u={x^ -\-y^-\- ^^)~^/^ AOKaaaTb qxo 

'dx^~^dy^~^d?~ 

89. IlycTb s = 06""^ sin yj^oBJieTBopflert ypaBHeniiD 

d^s ds 

+ 2/*-7r + n^s = 0, HaftxH /* H B'B bebhch- 

MOCTH OIL a H P HJH a H P BHpaSHTb qepCST) /" H W^. 

90. nycTb i/ = e'^ecTb pimeHie ypaBHenia 

dx^+'^d^^+^d^^+^di+^y-^^ 

HafiTH a. KaKTb npHMip^, B03bMeMT> 

efr* efrr'-* dx^~^ dx ' 
H Hafiji;eM'b ero pfeinenie. 

OTwkTb: y = ae' ~\- be~" -\- ce^^ -\~ d, Tji;l a, 6, c, d cyxb nt- 

KOTOpbia npOH3BOJIbHbTa riOCTOflHHbia. 

219. IlycTb TpeSyexcfl HHTerpnpoBaTb Apo6b BHji;a 
Ax"^ -\- Bx"^-' + Cx""-' 4 - H T. J^. 
ax"" + bx""-' + ca;"-2 + H t! A. 
TA't m H n ixijibifl H nojiojKHTejibHbia qncjia. 

EcjiH m 6oJibffle hjh paBHO to npoHSBOjiHM^ jij^eEie h 
noJiyqaeM'b niKOTopoe qaciHoe h ocTaTOKT>. Hacxnoe cpaay 
HHxerpHpyexca h HaMT> ocxaexca HMixb A'hjio cl ocxaTKO^TL — 
ipoSbK) BH^a (1), B'b KOTopofim MeHbiiiew. ^ajrie, Momno Bcer^a 
HafixH MHOHCBxejib SHaMenaxejiH h pasjioacHTb AP^6t> na npo- 
cxifimifl Apo6H. 

Ilo.ioacHMTb, qxo KaaK^oMy MHoatHxejiH) sHaMenaxejiJi BH^a 

A 

X — a cooTBixcxByexi) qacxHaa APo6b - — - . KajKAOMy mho- 

sKHxejio BHAa x^ -\-(xx-\-^^ noJiOHCHMX), cooxBtTCTByexi) qacT- 
Ax-^B 

nafl Apoob BHAa -rn — — t-k; ^cjih Hce ecxb n paBHHXX) mho- 

x^-^-ax-f-p ' 



KHTejreS BH^a x — a, to, noji03KHMT>, qxo hm^ 6y;iyTT> cooTstT- 
CTBOBaTb qacTHHfl fl;po6H 



{x — af ' {x — af 
TaKT>, npeAnoj[o»HMT>, ito mbi BM'teMT> j^ijio cl J^po6I>K), ko- 

Topyio MH o6o3HaqHiMT> H HTO jP pac^a;^aeTCfl: na 

MHoacHTCJiefl a? — a, a; — jS, -|- ao; -|- 6, {x — 7)"; mh iiHUieMT): 
fQc)^ A B Cx + D E 

^ajile jMHOHcaeMi) na (:r) ece paeeHCTSO h mu MosceMii 
oiipeAtJiHTb A, B, C, D, E, F, 6r, h t. jt. hjh cjiiAya onpe- 

UtoHHUMT) npaBHiaM'b, HJIH HOJIbSyHCb CajlMMH npOCTUMH 
CO06pa3KeHiaMH. 3aMtTHMT>, qiO, TaKl* KaKT> Mbl HM'teMT> TO- 

ac;iiecTBo, t. e. ypaBHenie, Koxopoe c^paBe;^JIHBO npn jnoCoM-b 
sHaqeHiH X, to oho ey^erb crrpaBeAJiHBO, h B^ tomtj cayqai, ecJH 
Mb! noJoacHM^ = a, hjih ^ = [3, hjh = 7, hjih x^-\-ax -f- 6=0. 
no^iCTaBjaa Bct 9th BejinqHsw m> paBencxBo, mh nojiyqHM-b 

A, B, C, E u D, HTo6bi HatiTM G, mh MoaeM-b upoAUc{)- 
(|)epeHUHpoBaTb name ToaAecTBo h Tor^a nojioasflxb x='{ 
H T. A- Bli yo'tAWTecb, hto BaM^ 6yAeTT> TpyAHie noHflTb aTO 
onHcanie, qtMi, AtficTBHTejibHO BbmojiHHTb caMHft npoueccb. 
Kor^a ace AaHHaii Apo6b pasjoacena na npocTiflmia, HHTerpa- 
poBaxb ee Jienco. 

x^ A B Cx-^L 

{x—iy(x^-^l)~ {x—iy'^x — l'^x^-^i ' 
OxcioAa 

x^=A{x'-\-l)-^B{x—l){x'-{-l)-\-(Cx-^D)(x—iy, 
nycxb a:^ -|" ^ = xorjia jierKo naflxH, qxo C = — V2, 

D = 0. HOJIOHHM'b X=l, V HMteMTj A=^h, ^X06bl HafiXH 

B, npHHHMaeMi a; = 0, h naxoAHMTb J?=V2. OxcioAa mh 
HMieMTi Am HExerpHpoBanifl 

11 ,11 1 ^ 
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H oTBirt 6yjieTT> raKofi 

Korji,a ecTB r paEHMX-L MHoacHiejiefi BToporo HSMipeHia, m 
6epeMT> lacTHbifl apo6h BH^a 

+ A J C2X + D2 , 

{x^ 4- «^ + -r «^ + 

He Tpy^HO noHHTb, KaK-L 3tom^ cjyqat oiipe^'feJiHTb 
Bci nocTOflHHbia. 

Bt> Hamefi npaKXHHecKofl AbflTejiLHocTH pi^KO, kohc^ho, 

npHXOAHTCA BMtlb A'klO CL CJIOHCHblMU cjiyqaflHH. 

92. BsflTb HHierpaji^ , , ' v- hjh — ^ — r-* 

^ x^-\-x^ — 6x ^ x{x-\-3) {x — 2) 

M N P 
npHMeMT> 3ry ;^po6b paBHoft 1- 



X ' x-)-3 ^ a;— 2' 

TaKHMT, o6pa30M^ ^ — \=M (a: + 3) {x — 2) -}- 

JSx {X —2) + Fx (x+ 3). 

TaKT> KaK'b 3T0 paBencTBO cnpaBe^JKBO npn JIH)6oM^ 3Ha- 
qeniH x^ TO nojioacHM^ ar = 2 h Haro;^HMT> P, npHMeirba; = 

H HaXOJI.HM'b Jlf, IipHMeM'b X = — 3, H HaXOAHM-b N, 

HTaK^ MH Hafl^eMTb, qxo naHHaa jipo6b pacqaAaeTca Ha 
IJ J 1 ,11 



6a; ' 3^ + 3 ' 2a: — 2' 
a HHTerpaji'b ea paBeHt 

/ /e log a; + 1 / 3 log (a; + 3) + ^ /a log {x — 2), 



^x^~3x^2 ^\ ' ' a:^ — 3a:+2/ 



: V+lSx — 6log(a;— 1) + 41 log(a; — 2), 
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94. f-. ^—.:dx 



— Ix — 6 

r/" » I T I 1 1 32 1 , 343 1 \ , 



95. f- 



x.dx 



x^ -\- -\- X -\- \ 

=1/2 arclg X + V4 log (1 + X') — V-2 log (I +x). 
9a;a-[-9a;_i28 _ A . 
a;' -- Sai^* + 3a; + 9 ~" a;+ I ' (ic — 3)2 "^a; — 3 ' 

H HBI HaXOAHMT> J. = — 8. .B, = — b,B'^=ll; ■mS.'h ITO IIH- 

Terpajii paseHi 

-8log(a:+l) + ^+17log(a;-3). 
97 . oc.dx 



/jqr^zra = + 3) + log (x - 1). 

98- /^r::p£^ = Vsarctgx-V6arc1g|. 
>/6log(x + 2). 

1/3- 



^,-^-rfa; = - arctg-^+V:log^. 



/ (I + X) (1 + ^) = (iT^ + ^'^'^^ 



102. 



103. / = |-6x+32log(a;+4)-4 log(x+2). 

104. / ^> 2 = log (a; - 2) + ' /a log (a; + 1). 

105. 4^^(i^ = -/5log(a.-3) + 3Mog(a. + 2). 



106. 
107. 
108. 
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dx , , , a; -r 2 



r dx ,/ 1 • 

j^. + 6x + 8= '='^°^x + 4- 
r {2x-b)d x _ 7' , ioe£+i 

^ (a; + 3)(a;+l)»~ 2(ic + l)~'" ''' "^a; + 3' 
r dx 2 ^ 2a; 4-1 



+ ^ + /3 1/3 



110. 

111. 

112. 



r -2.+2.' ^^"^(^^-^^- 



220. Maxima n minima. Egjih mei na^epTHMi) KaKyio jhGo 
KpHByio, HMiioDiiyio maximum h minimum, a Taicace Ha^epTHirb 

dy 

KpHByio, noKasHBaiomyH) SHaqenie ~ wh nepBofl KpHBofl, to mei 

saMiTHMt, IT0: — TA* y maximum, ^ = 0h^^ — oxpHixa- 

i . . dy d^y ^ 

TejbHo, a rjiih ymmimura, = h j-| nojiojKHTejibHO. Bthmt, 

CBoflcTBOM'L MH noibsyeMca B^ cjiy^at, ecjin R'bi'b Apyroro Sojrfee 
jierKaro cnoco6a ji;jia pimeHia pa3JiH»iHHXi> npaKTHiecKHX-L 
upHMipoBt. 

3aMiTHM^, iTO TO, 1T0 MH s^^icb HasHBaeM-L maximum' OBTB 
1/ o6o3HaiaerL, qTO y nocTenoHHO B03pacTaeTi> ^0 btoS BejHqHHH, 
a noTOMT> yMeHbmaeTca; y Moacerb HMtTb ntcKOJibKO maximum'- 
oB-b H minimum 'oB'bjKorj^a KpHBaa HMioT^ BOJiKHCTbifixapaKTept, 

3aMtTHM^b, qTO ^ MoaceT'b 6HTb a ^ = 0, TaKi ^to bi* ^an- 

ax dx 

HOM'b cjiyqai HiTT> hh maximum'a, hh minimum'a, HMeHHO, 
KorAa y nepecTaerb BoapacTaTb h sarfeM-b cnoBa HaiflHaerb 
BOspacTaTb. (Cm. M. (J)Hr. 6). 
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X 

1. HafiTH maximum h minimum 



2. HafiTH HaaCojibmee sHanenie 



^OTBiT'b: 1/2 H — ^2- 

X 

ia'^-^x) {h^ + xY 



3. ^oKaaaTb, qxo a sec O-f-* cosec 0' minimum, KorAa 
^ „ l+3a; 

4. riorjia inaximum? OiBtrL: npn x= ^2/.. 

5. Kor^a x"^ {a — re)" ji.'fejiaeTCfl maximum hjh minimum? 

n * ma . 

OTBtTb: npn x = — ; — , maximum. 

^ m-\-n 

6. Jtarn, yroJi'L C TpeyrojibHHK'Ii; ;i;oKa3aTb, qro 
sin^ -4 -f- sin^jB ciaHOBHTca maximum, a cos^ J. -]- cos^ J5 
njinimum, Korjia A = B. 

7. 1/ = a sin a; + * cos a?. KaKOB^ maximum h minimum 

OiBtTT*: maximum t/=|/a2-|- 62. minimum t/ = — |/a2_|_j2^ 

8. HafiTH maximum SHaqenia a tg 6 -|- J cotg 6. 

OTB'bT^: 2|/^ 

9. HafiTH maximum h minimum ^ , — -r— ^;T• 

^c2-^4a;-[-lO 

OxBtT^: maximum 2 h minimum ^/e. 
CxyAeHTbl ^;OJIHCHbT BW^epTHTb (|)yHKiiiio bt, bha* spHBofi Ha 
otTqaTKi. 

■x-\-l 



10. HafiTH maximum h minimum 



a:^ -|- — 1 ' 
OTBiTT>; maximum — 1. 
_ x'^ — lx^^ 



11. HafiTH sHaqenia rc, KOTopHfl A^JiaioT'bt/ — 

X lU 

maximum'oM'b h mini mum 'om'l. 

22 
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OxBiTL: x = 4: ji.'tjiaeT'L maximum; x = 16 j^tjiaert rainiraum. 

12. KaKoe SHaqenie c c/i.tjiaeT^ v maximum, ecjin v =- logc? 

c 

' OTBtiL: c = e, 

1 3. EcjiH p = ~l~ ^\ TO ^ = |/a& jii^SLQTbp maxi- 

p 

mum'oMT>. 

sin^ ^£4^4, 

14. x = - ^, 6 = -- j^-Bjiaerb maximum. 

1 —cos 6' 3 

15. KaKoe SHaqenie c c;i;'tjiaeT^ v minimum, ecjin 

2 

V = Otb^t'l: ^5 = ^2- 

1 -j- c — 

16. Korji.a ^x^ — lbx^-\-12x — 1 maximum hjth minimura? 

OTBiTx: npH = V2 maximum, npn x = 2 minimum. 

17. tg*"a;tg**(a — a;) maximum TorAa, Kor^a 

tg (a — 2x) = — r— tg a. 

3^ 

18. s= c| _^^2 > ^ = 3 maximum; t = — 3 minimura. 

19. ^aHT* BepTHKajibHufi yroji'L TpeyroJibHHKa h ero njio- 
niiaj^b, HafiTH ycJioBia, npH KoxopHx^ ero ocHOBanie fiyAert 
minimum. 

20. ^jiH AMHaMOMaujMHbi MM vLwkewb ypaBHenie 

^= nSc' 

TAt a ecTb qncjio nponopn,ioHajibHoe ynoBofi cKopocTH apMS- 
TypM, npn axoMi) a h s saBHcai'b ot^ ^opMbi, ott> qncjia 060- 
poTOB-b H T. A. E ecTb ajieKTpoABHacyn;aa cHjia apMaiypw 
Bi) BOJibxaxx, a C — cnjia TOKa btj aMuepax-b. Ecjih r ecxb 
BHyTpennee conpHiHBJieHie j^HHaMo hT> OMax^, a E BHtmnee 
conpoTHBjieHie, to 

H pafioTa MaiuHHH dy^eTi. 

P=G'B (sC 
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IIpH KaKofi BejiHqHHt iJ, P Gy^eT'L maximum? 

m% (2) H (1) Uhl nOJiyqHMT> —T^' = C. 

1 + 5(7 r-\-B 

TaKi>qTO l-^sG==~^,C=^(~ 1^ 

T,_It(_a_ Y • 

Vr + i? y ^ Vr + P VV (r + Py 



= 0. 



0T6pacBiBaa pimenie j =o,TaK'L KaKx oho ^a- 

erf> C = 0, MH nojyqHM'L^-— 1=^-^^^, h oTciojia, 

ccjiii A^YLU a K r, MOHCHO oiipeAtaTb P. Bo3bMHTe a =1.2, 
s = 0.03, r = 0.05 h noacHUTe 3Ty aajnaqy noMombio KpHBbix^! 

21. Htoo naxoAHTca b'b Mop'6 bx iiyHKTi, OTCToameMi, na 
paacTOflHiH 4 mhjii> on, gjiHHcafimefi ToqKH Ha npaMOMt 6epe- 
ry H OHx acejiaeTL nonacib bi> 
nyHKTb, HaxoAsmificfl na 6epe- 
ry ace Ha 10 MHJib on, 6jiHacafi- 
mefi ToqKH, cqHxaa no naapa- 
BJCHiio 6epera. Oh^ MOJKen, h 
n;ibiTb Ha Becjaxt h hji.th ntm- 

KOMl,. HaflTH, BT, KaKOfl TO^Kt 

OH^ AOJiacem, Bticaj^HTLca Ha 6e- 
pen», qToSbi nonacTb bt, jkg- „ 
jiaeMHfi nyHKn, ci, HaHMOHb- 

mefl sarpaTofi BpeMenn, ecjiH oht, na Becjiaxi, nponjibiBen, 3 
MHJiH BT> qacL, a nimKOM^ Moacen, npoflTH 4 mhjih bt, qacB. 
^peA^OJIoacHM^, qro oht, Moacen ci, o;^HHaKOBbIM'L yj^oficiBOMi, 
ocTaBHTb CBOK) JiojiKj Ha 6epery bt, jiroeoMT, iiyHKTi. 

^C = 4, CP =10, IlycTb oHt npnqajiHTT, bt, P, npn 
qeM^ CP o6o3HaqHMi, qepeat x. Tow -4P =1/16 + ^2 
H PP=10 — 3?. OicioAa nojiHBifl npoMeacyTOKt BpeMenn bt, 

Vu4-x^ , 10 — ^ 

qacaxT, = 

3 ' 4 

22* 
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3Ta BejiH^HHa Syj^eT-L MHSHMyMOM-L Tor;^a, Kor^a 
V3^(I64-:r2)-V2=i/4H.iH^«/9j:2 = i6+a;2 pTCK)Aaa:=4. 535 

MHJIb. 

22. Ji^JiB o;i;Horo po^a ajeRxpHqecKHX'L jiaMnoHeKi> HaKajiMBaHi'fl 
onwTHHM^ nyrcM'L 6wjio Hafi;ieHO, ^to CHJia cfe'bTa Bt cet^axt 
c X Ha nj)o;^oJiHCHTe.ibHOCTb ropenifl / bt> qacax-b bt> cpe^i- 
HeMi> paBHa 

rA* V — pasHOCTb noTeHuiajioB-b B'b BOJibTax^. KojinqecTBO yai- 
rowh Ha cBiiMy OKaaajiocb paBHbiM'L 

IltHa jiaMHU 1 (fynxa cTepjiHHroBT>, jiaMnw ropai'L 560 
qacoBi> ro;i,y h CTOHMOCTb oahoS ajreKxpHqecKofi Jioiua;iH- 
Hofi CHJIM (hjih 746 yarroB-b) 3a btot-b npoMeacyxoK'b Bpoie- 
hh paBHa 2 (})yHTa; HaflxH jiJifl dthx-l JiaMnx HaHBbiroAHMiiiee 
V TaK^, qTo6bi o6maH cTOHMOcib jraMii'L h anepria 6biJia Ha- 
HMeHbmaa. 

u . 560 

Bt» ^0J^'L uoxpeoyeTCfl — ^— jiaMin,, npn^ieM^ KaacAaa cxohtt> 

0.1 $yHxa. HojiHoe KOJinqecxBO hx'l B'b ro;i^ oGofl^exca wh 
56 

-y ^ynxoBx; axa cxohmocxb cooxBtxcxByex'B CHJii CBixa bt* c 

56 

CBtqefi, xaK-L qxo na o^Hy cBiqy cxoHMOcxb 6y;i,ex'b l (})yHrb 

X 746 
BT> roA'b cooxB'BTCXByex'b KoiH'iecxBy-^" yaTXOBTj, xaK^ hto bt> 

yaxxaxt cxoHMonxb ojiHoft cBtiH btj ro^t 6yjiex^ 

56 746 

7^ X ^- yaxxoBT,. 

EcjiH CK);^a npnfiaBHXb yaxxoBi, xo nojiyqHMT> o6nzyH) cio- 
HMOcxb B^ yaxxax^. Ic n w cyxb ^YHkuih v. Oxcio^ia Ha^o 
HCKaxb minimam 

56 X 746 j^Q— i|.697_[_0.07545t?_j_ ^ 7 J^q8.007— 0.07667t> 

OxBtxx: 101.15 BOJibx^. 



221. HHorAa (})yHKuia npn ^aHHOM'L MacTHOM-L sHaqeHin 
X npHHHMaeT^ HeonpeAtJieHHyw (j3opMy. Tain,, nanp., b-l u. 
43 njiomajib KpHBofi y = m>x~'' Meac^^y op^nnaTaMH npH x = a 

mx'"" . (fx, HJTH — a^""). 

IlpH n= 1 iiJiomaAb ^Ta ofipamaexca bt> ^ ^ ^ (l — i)=r 
TO ecTL npHHHMaex^ HeonpeA'tJieHHufi bh;i,Tj. Ecjih mbi HMte.M'L 
noAofiflbifi cjiyqafl, nanp., j^poSb-^^, bx KOTopofi = h 

F (a) = 0, TO nocTyiiaeMTj cji'tjiyiomHM'L o6pa30M^. BepoM^ 
3HaqeHie jwa x BecbMa 6jiH3Koe kt> a h naxoAHMT, npejiijib- 
Hoe 3HaqeHie namero Bbipaacenia no M'hpt npHfi-iHateniH x ki> a. 
HTaKT) nycTb x = a-\-^x. Ho Mip't yMeHbinema oqeBH^HO, 

^TO f{x-{- ox) Bce 6ojite npHfi.iHHcaeTca kt> /" (:r) -]- ^x , -^^^ 

ECJIH BT> aTOMT> BLipaSKeHiH Mbl npHMeMl> ir: = fl, TO f (x) HJIH 

Hcye3aen>, cjitAOBaTOJibHO, Haiua j^mGb^^'—r^^ Bce 
Oojiie npnfijiHHcaeTca k7> 3HaqeHiio 



IlTaKTj, npHMiHfleTca cjitjiiyiomee npaBiijio: AH$(t)epeHmi- 
pyioTT, OTA'feJibHo qHCJiHTejiL n 3HaMeHaTejib h bii iiojiyqenHyio' 
Apodb noji.CTaBJjflBOT'b jiannoe 3HaqeHie x, TaKHMt ofipasoMX 
no-iynaioTi, iicTHHHoe 3HaqeHie AaHHaro BbipajKeniH. Hpoi^eocb 

9T0TX HHOr;i,a UpHXOHHTCa H IIOBTOpflTb. 

loff X 

IIpHMtp^: 1. HaflTH 3HaqeHie BbipaHceHia — ~ - npn :r= 1. 

X — 1 

Jt'liJiaeMTj nepByK) noACTaHOBKy h noJiyqaeMi, O/o- ^aite, 

1 

X 

c.i'tjiya BbimenpHBCAeHHOMy npaBHJiy, nojiyqHM^ - ii, nojiiCTa- 
BJiaa Bi> 310 Bbipaa^enie .t = 1, nojiyqaeMi, 1. 
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^2 



TT — 2acx-\-ac^ 

2. HafiTH npH x=.c. 



_ , - 2ax — 2ac 

J^ajite ;^'BJ[aeMT> noACTanoBKy bt> -^j-^^ — h CHOBa no- 



Cnaqaja noAciaBJiaeM^ x = c ii nojiyqaeM^ 0/0 
JI,aji'te ni^ 
jiyqaeM-L 0/0. 
• J^ajiie, noBTopflH Hain'L nponecct, nojyiaeM'B 

1 1 

3. HaflTH -n npH X=\. OTBtT-L; - . 

X — 1 n 

4. HaflTH — - — iipH a?=0. OTBiTT>: log-^. 

5. PasfiepeMt npHM^fep^, yKaaaHHbifi Bbime. HjiomaAb KpH- 

Bofl paBHa ^ (6^"''* — a^"**) = J.. Ecjih m, 6, a nocToaHHwa, 

TO KaKOBO A npH M = 1? HanncaB'b sto Bbipaaceme m> 



1 —n 



;i,H$({)epeHi;HpyeM'L qncjiHTejib h sHaMenaTejib oTHocHTCJibHo w, 
H, TaK^ KaK-b 

l(6-'*) = 6-Mog6X(-l), 

TO nojiyqHMT> m — — , 

H, ecjiH MH Bii aTO BbipajKenie nofl;cTaBHMT> n = 1, to nojiyqiiMi) 

m (log b — log a) hjth m log — . 

OTB'hT'b 3T0TT> MH nojiy^HJiH 6bi ropas^o cKopte, ecjin 6bi 
BsaM^Hx Toro, qToobi npHMtnaTb kt> naineMy HHierpa-iy 

J x~^ .dx npaBiiJio 



\x ''.c(x = — 

^ — n-t-1 



BcnoMHHJiH 6u, ^TO BTa OTOM'B qacTHOM'L cjiy^ai 

Jx~^ .dx = log X, 

222. t 067jjiCHeHiH mepMuuoeh u ynpaotcHemn. 
AccMMriTOTa. IIpaMaa jiHHin, KOTopaa no Mipt yBeinqema x 

H y Bce 6oJite npH6jin3KaeTca KpHBofi. TaK^ y = ^^'^ — 

ecTL rnnepOoja. JI,ajiie, xaKt KaK-L npH nocTeneHHOMi) ynejiHiH- 

BaHiH X BejTMqHHa- CTanoBHTca Bce Menbine, to ypaBHeme 3to 

npnCjiHaMieTCfl Bce fiojiie h Oojite y = ^x, KOTopoe h 

ecTb ypaBHenie accHMnTo™. 

OxjiHqHTejrbHWM'L npHSHaKOMi) accHMniOTbi cjiyacHT'L to, ^to 

^ HMieT'L H'hKOTopoe npeA'feJbHoe ana^eHie ajia To^eK-L 6e3- 

KoneqHo y;i,ajieHflMx^, TaKoe me npe;^ijrbHoe KoneqHoe ana- 
qenie HMiBorb BejiHqHHbi OTptsKOB'b Meat^y naqajiOM'b Koop- 
;i,HHaTT> H To^KaMH nepecfeqenia KacaTeibHofi cb ocbio x-oBTy^ 

dx dy 

X f/ -r- , H Cb OCbH) tz-OBX, y — X — , 

' dy' ^ dx 

ToHKa neperMda. 9to — ToqKa, bt> KOTopofi ^ MiaaeTX 
snaK-b. 

ToMKa conpMKacaHifl. To^Ka, bx KOTopofi cymecTByerb ;i;Ba 
HJiH 6oJi'fee paBHbix'b sHaqenifl 

ToHKa BOSBpaia (aaocTpeHia). Tjiih jib^ BtTBH KpHBoft BCTpi- 
qawTca, nwha. o^ny o6myio KacaxejibHyK). 

VeAMHeHHaa TOSKa. OrAiiibHo pacnojioHceHnaa ToqKa, KOop^lH- 
HaTbi KOTopofl yji,OBJieTBopaEOT'b ypaBHeHiio Kpneofi. 

ToMKa nepepwBa. ToqKa, b^ KOTopofi OTA^JibHaa B^TBb 
KpHBOfi ofipbiBaexca. 

CnyTHMKb uMKiiOMAbi x = a(l — COS 1/ = acp. 
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EnMTpoxoMAa. x={a-\-b) cos 9 

y=(a-\-b) sincp 

TA* b ecTb paji.iyc'L KaTamiaroca Kpyra, a pa^iycL saKpinjieH- 
naro Kpyra h mb — paacTOflHie nojioacenia to^kh no Hanpa- 
BJieniK) paj^iyca ot^ n,eHTpa KaTflniaroca Kpyra. Ecjih 7n = 1, 
TO nojiyqaexca ^^H^HKJIOH;^a. 

TMnoTpoxoMAa. x = (a — b) cos cp + ^ cos ( — 1 ) 9, 

y = {a — b) sin cp — mb sin — 1 j 9. 

npHMOM'L m=\ H MBi nojiyiaeMT, rHnon,HKJioH;iy. 
Ecjih a = Ab, to noJiyqaeTca rnnoi^HKJioHAa, HMiromaa 
ypaBHenie 

2/ , 2/ 2/ 

npHMOMT, a = 2;& H MH nojiy^HM^ vRmufiiiJKmjiY BT> bh;^* 
npaMofi JiHHiH. 

nOJ102CHMT>, nTO HpH HOJiyqemH n,HKJIOHAbI (cm. II. 11) TO^Ka, 

BMqepqHBaion^aa KpHByio, Haxo;i;HTca vjifk jih6o na paAiyci 
KaTamaroca Kpyra, nnaqe roBopa, na npoHSBOAameMT, pajiiyci, 
Tor^^a MH no^iy'iHM'L x = a (1 — m cos cp), y = a (9 -[- m sin cp). 
Ecjih m > 1 hjih <1, to mh 6yAeMT> iiMiiTb hjih paciflBy- 
Tyio, HJIH cacaTyio n,HKJioH;i,y. 

JleNHMCKBTa. {x^ -\- y^y = {x^ — y^) Bt nojiaptfHX^ ko- 
opAHHaTaxt npHHHMaeTi> bh^T) = cos 20; npHHHMaa no- 
cjit^OBaTcibHO 6 =3 0, 6 = 0.1, h t. ]i. mh noJiy^HMi, r h JierKO 

BBIHepTHMT> KpHByK). 

ApxMMeAOBa cnMpajib. r = ab. 

JIorapHGMHqecKaa hjih paBHoyroiibHan cnMpajib. r = ae^^. 
. JIorapHGMHqecKaa KpHBaa. y = a \o%bx-\- c. 
KoHXOMAa. x'^y'^ = (a -f- xy — x'^)^ HMteT-L TaKace BflAT> 

r = a ^ sec 6. 
LlMCCOMAa. = xh {2a — x) HM4eTT> TaK'iKO bha^ 

r = 2a tg 6. sin 0. 
KapAioMAa. r = a {I — cos 6). 
rMnep6oiiM4ecKan cnnpajib. rb = a. 



■ mb cos ^-^ -[" 1 ) ?^ 
■mbsm(^j+iy^, 
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Lituus. r^Q=a\ 

Trisectrix. r = a (2 cos 6 zt 1). 

1. JI^OKaaaTB, wro b-l kphboA y = 



HMilOTCa TOHKH 



neperfloa npn x = ^ ira^/S, ocb ir-oB'L ABJiaeTca accHMnio- 

TOfl 06'feHX'L CTOpOH'L KpHBOft; MaKCHMyMH COOTB'feTCTByiOT'L 

TO^KaM-b x = a}SiX=z — a\ KpHBaa nepectKaerL ocb x-obt> noj^T> 
yrjiOMi, 450. 

2. IIoKaaaTb, ™ bt> KpnBOfi a?y=^3hx^ — ic^ToqKa ne- 



perH5a npn x = 'b h 1/ = — . 

3. EcjiH y^x = ^^o? (^la — x), to noKaaaxb, qxo ecTb jiiB* 



4. EcjiH v^(x^ — a}^ = x^^ TO noKasaTb, hto ypaBHenia 
accHMnT0TT> cyTb y = -\-x h 2/ = — ^. 

5. KpHBaa x^ — y^ = a} nepecfeKaerb ocb rc-OB^ noA'b 
npflMUM^ yrjioM^ bx ToqKi x = a, KOTopaa aBjaeTca TOiKofi 
nepernSa. 

d-^X 

6. IIoKaaaTb, ^to KpuBaa y = - _ ^ HMteTT, Tpn Toq- 
KH neperflSa. 

7. jloKaaaTb BHOBb BbiBOAw, cj^tjiaHHbie bo 2-M'b ynpaac- 
HeHiH n. 99, h cA^JiaTb noMtmennHe TaMx npHMipbi. 

8. HaflTH noAKacaTeJibHyio h no^HopMajib K'b KpHBofi y = e^, 
OxBtTT): noj^KacaTejiLHaH jio^HopMajib ae^"^. 

9. Hafixn iio^HopMajib n noAKacaxejibHyK) K'b uinnofl jkhIh 



2P 





OiBtTi.: noAHopnaJib = -^le'' -\-e M • 



noAKacaiejibHafl = c -y-^ — - • 

10. HafiTH noAKacaiejibHyK) e/b kphboS 

— ?iayx 1/^ = 0, 

3.^-3a,-3a.| + 3,^| = 0. 

^ dy ay — a;^ 

OTCH)Aa /=-f • 

— ax 

^ . (fa; — -ax 

IIoAKacaTejibHafl ToqE* x, y ecTb y — = y ^ — — . 

— r— ax^ 

11. Ho ypaBHeniio KpHBofti/^ = — — — Hafira ypaBHenie 

X d 

aCCHMHTOTH Heft. 3fltcb HMtCMl 



2/^ = a;^ 



1-^ 



HSBecTH ;i;ijieHie. 

TaK^ KaKt, no wtpt yBejiBqenia a:, — h t. a;. CTanoBaTca 

X 

Bce MeHbme h Meflbrae, to b^ npeAtji HM'teMi, (cm. n. 3) 



TaKHMT* o6pa30MT> Mbi HM'teM-b napy accHMnTOTTi y = x-\-a, 
y = — X — a. 

JI,aji'lie npflMafl JiHHia x = a, napajuiejibHaa och y'om>, ecxb 
TaKHce acHMHTOTa, laK-b KaKt, qtMT) fiojibme CTaHOBHTca i/, rtarb 
6jiiace X npHCjrHJKaexca Kt SHaqeHiio a. 

12. HaflTH KacaxejibHyH) t/'/a -j- x^^^ = a'/a. 



Oxcioiia ypaBHCHie KacaTcibHofi bt* TO^Ki t/j ecTb 

X Xx ~ Xi 

13. KaKHXT> TOqKax-b KpHBofl y — 2 = (a: — l)|/rr — 2, 

^ paBHO (X) ? 

noj^t KaKHMt yrjoMt KpiiBaa nepecbKaeT^ ocb X'Om>l 
|=,/«---2 + («_:,.M.-2rV.=-^. 

3to BMpaacenie ofipamaeicff, b-b 6e3KOHeTOOCTb, npHaj = 2, 
H cjiifl;oBaTo.ibHO 2/ = 2. T. e. KacaTeJIbfla^a b-b TO^Ki (2, 2) 
nepeciKaerb ocb rc-oB'b no^'B npaMMMi, yrjioM^. IIpH i/ = 0, 

it: = 3 H^ = 2. 

14. HaflTH 0Tp't30K^ OTchKaexMuM KacaxejibHofi naocH j/'ob-b, 
T. e. HafiTH y — x^ j^ifl KpHBoft y^ = ax^-\-x^\ 

3y^^^ = 2ax-{-Zx\ 

y 2ax 4- 3a:^ 
cjitAOBaxejibHO, naMi, nyamo nojiyiHTb y — x ^ — hjih 

3t/3 — 2ax^ — 3a:3 

— , a aio MoaceTT> 6biTb BMpaateno b-b bhji;* 



a / x yi 

^\x-{-a) 



15. JI,JiHHa noj^HopMajH B-b TO'iK'fe x^ y paBHa 2a^x^, KaKaa 
aTO KpHBaa? 

dtf 

S^icb y-^ = 2a^x^, Oicioita 1/2?/^ = ^2^^^* HJiHt/ = arr^, — 

BTO ypaBHenie napa6oJiH. XIoAKacaTCibHafl paBHa t/^, hjih 
y a^^* 
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16. noKaaaTfc, qio ;i;jiHHa HopMajiH ki» ninHofi JiHHiH 
paBHa — t/^ 

17. IIoKasaTb wro — x^-\- 2dx^y = HMierB iBi accHM- 

d d 
HTOTU y = x — — H y = — X — -. 

18. IIoKasaTb, qxo noji,KacaTejibHaa h nofljHopMajib K'b OKpy- 

Xj^ 

acHOCTH y^ = 2ax — ^r^, cyxb — ^ — ~x~^ ^ — ^, a kii ajimncy 
y^ = -- (2ax — xn, ohb paBHbi h (a — x), 

19. HaflTH KacaTeJibHyio kt* n.HCConji,t y^= ^ 



2a — X 



OxBirb: y = (^-z^j [(^^ — x)x, — ax], 

20. KaKaji KpHBaa HMiexi* nocxoaHHyio noAKacaxeJibHyio? 

dx civ — 

y — = a, HjIH dx = a ~, hjih .t = a log + c, hjih y=Ce^, 

— jiorapHeMHqecKaa KpHBaa. 

21. IIoKasaxb, qxo .x* — y^-\-ax^ = HM'feex'b accHMnxoxy 

22. IIoKasaxb, qxo KpHBaa oSpamena BwnyMOCTbio mjim bo- 
rHVTOCTbK) no oxHomeniEo kt, och x Bt aasHCHMocxH oxt> xoro, 

HM'BIOX'b my R OAHHaKOBbie HJIH np0XHB0n0JI03KHbTe 3HaKH. 

Cm. n. 60. 

223. Kpyr^, Koxopbifi npoxojiHX'b qepea^ xo^Ky Ha KpHBoft 
H HMiexTi xoxT> 3Ke yooHTj, qxo H KpHBaa n AaHHofi xoqKi 
H TV ace cxeneHb HSMiHeHia yoona, HasbiBaexca KpyroMi> Kpu- 

BM3Hbl BT> J^aHHOfl XO'IK't. EcJIH UeHXp^ Kpyra HMteX^ K00p,HH- 

Haxbi a H 6 H paAiycb r, to JierKO BBjiiixb, ^ito ypaBHeaie 
ero Sy^exi, 

(^^_ay+(y-by = r' (1). 
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il,H(|)(j)epeHi;Hpya (1) h ;^tjia ero na 2 h ;iH$(|)epeHii,Hpya 

BHOBb, HMteMl> 

x-a + (y-5)g=0 (2), 

i+(.-*)g+(|)=o W, 

HanncaB^ p BMtcTO ^ ^ g BM'bcTO HM'teMi) h3x (3) 

,_. = -l±L' (4); 

noACTaBjaa aro SHaqenie i/ — bo (2), HMieM^ 

■ Hr.?.', ,5). 



TaKT) KaKT> Wh JIK)6oM XOqKt KpHBOfi X-R y H3BtCTHM 

H Mbi BHaewT*, HTO OHH 6yAyT'b rtace h a-^h to^kh Kpyra Kpa- 
Bn3HW, TO a, 5 H r MoryxTi CwTb Hafi^eHbi. Ecjih6h Bonpoc-b 
o6t> 3Bo;iH)Tax'b Shjitj HHTepeceHTi ji,jia HHaceHepoB-b, to 3A'fecb 
OMJio 6bi yMicTHO noroBopHTb oOt. HaxoHAeniH ypaBnenia, 
CBa3biBaK)maro a h TaK-b KaKT* bto ypaBHeaie h ecTb ypa- 
BFieHie aBOJiiOTbi KpHBofl. CaMa KpHBaa Tor^a ^oJi^CHa Ha3biBaTb- 
ca HHBOJiroTofi no OTHomemio BBOJiioT'b. Kto sKejEaeTij, mo- 
HceT'b cawocToaTejibHO pbiuHTb btottj Boiipoc^. Bojibuiaro HHTe- 
peca 3acjiyiKHBaeT'b Bonpocb o HaxoacACHiH r — pa^iyca Kpn- 
BHBHbl. Bfloca (4) H (5) B-b (1) aaxoAHM^ KpHBHBSy. 

- = ^—^ ....(6). 

^pyrofl 0000061* p'tmenia BTofi sa^aqn oootohtx b^ ojii- 
AyiomeMTj: KpHBaa na A-iHsi 6s noBopaqHBaeTca na yroji^ 
80 H KpMBM3Ha onpe^tjiaeToa, KaK-b npeA^-ibHoe snaqeme ot- 
HomeHia 

m 1 66 

— , HJH - = — (7). 

OS r OS 
^aji'fee, tg 6 = ^ = noJi03KHM^ jo, TaKii qTO 6 = arotg p. 

dh 1 dp 
OTOBOAa — = —7 — 5 . -J-. 

ds 1 -\-2^ 



YnpaKHeme 1. YpaBHenie KpHBofi ecTb 

— 1500:r2 + 30000a; — 3000000t/ = 0. 

IIoKasaTb, ^TO BHaMenaTejb ^ b-l (8) bi> npe^'iJiax'L ott> 

X = Jlfl X= 100 paBCHT* CL AOCTaTOIHOfl TOHHOCTfaH) 1. 
HafiTH KpHBH3Hy B^L TOHlvh X = 0. 

2. HafiTH KpHBM3Hy B-L Haqajit KOOpj^Mai^B B^ KpHBOfi 
y = x^ — ix^ — I8x^, OxBtrL: 36. 

3. IIoKasaTB, qxo paji.iyc'L kphbhshli b^ TOHKt x = a, y = 

x^ , , ^2 
9JijiHnca — 4- = 1 paBeHT> — . 

4. HafiTH pa;i,iyc^ kphbhshw bt^ napaeojit y^ = Aax, bt> 
TOHK'fe a; = 0. OTBtT^: r = 2n, 

5. HafiTH paniycL kphbhshbi Ma y = de'^, 

OTBirL: q = a^be'^,p = aLe"^, r = ax — — , TaKt 

qxo B-L ToqK'B = 0, r = ^ — »^ — . 

6. HafiTH paji.iyc'L kphbhshh j[jisi y = a sindx. 

^ . {l-\'aWcos'dxf/^ o * ^ 

Otb'BT'l: r = -^^ — ' . ^ — —. Bt> tour's x = 0, r = oc, 

— aL^ sm dx ' 

t. e. KpHBH3Ha 0; iipn dx='^,r ^ 



2' ~ — ad^' 
7. HafiTH pa/^iyct kphbhshh AtnHofi Jinmn 



OTB'feTT>: r = — Bepmnnt, npn x = 0, y = c, r = c. 
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8. IIoKasaTi), qio pa^iycL kphbhbhu KpHBofi 

(x — 4m) = mx(x — 3m), 

B'L OAHOfi RS^h ToqeKT), r^t 3/ = 0, paBeni) a bti Apyroft 

o 

paBeHT* — . 

9. HafiTH ypaBHCHie Kpyra kphbhshh KpHBofi2/*=4?w^a;^— 
B'L TO^K* x=0, y = 0, 

10. Paj^iycb kphbhbhh KpHBofi ^a^y = x^ paBen-L 

r = ' — . 

2a^x 

11. IIoKaaaTb, nTO bt> ajjanct pa^iycL kphbhshh paBen-L 

8/ P 

(a^ — eV) ad, rj^i = 1 — — , npH^eM-B e ecTb aKci^eH- 

TpBCHTerL. 

12. HafiTH paji.iyc'B kphbh3Hi>i kphboS xy = a, 

OTBtTT,: (^2+t/2)'/^ 2a. 
x^ 

13. HafiTH paAiycT> KpHBHanbi rHnep6ojiH^ — 1. 

OTBirL: (eV — a^)'/^ : ad, vjiih e^ = l-\-^. 

14. B'L ii,tnHofi jiHHiH pa^iycT) kphbhshh paBenx h npoTH- 
BonojioaceH'L jj^Jiviwk nopMajiH. 

15. HafiTH paAiycTi KpHBoft, ypaBHenie KOTopofi 
dx 



224. HycTb • /"C^, y, «) = ( 1 ) 

CyAeTT) ypaBHenie ceMeficTBa kphbhxt>, npn^eM^ a ocTacTca 

nOCTOHHHOfi AJtH KajRAOfi KpHBOfi, HO HBJIHeTCH nepeMtHKbiMb 

napaweTpoMb Bcero ceMeflcTBa, TaKX KaK^ AaBaa to hjih 
Apyroe BHaneHie ^jih a, mohcho noay^HTb pasjinqHwa kphblih 
OAHoro ceMeficTBa. 

f(x,y,a-{-ba) = (2) 

ecTb fijiHacafiiHifi ^JlGWb ceMeflcTBa, ecjiH npe^nojioacHTb, ^to 
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6a 6e3K0HeqH0 yeBiBaerb. /^ajite, (2) m:sieTb 6uTb HanBcano 
wh BHA'fe (cm. (1) n. 21) 

ax,y,a)-^ba.^J{x,y,a) = (3), 

H TO^Ka nepecfeqenia (2)t cx (1) MoaceT-L 6HTb no-iy^ena cob- 

ntCTHBI^J'B pimemeMI) OTHOCHTeJIbHO X 2 y BTHTh ypaBHCHifl. 

Hnaqe roBopa, ecjiH mw HCKJiBoiHMt a mi> (1) npn noMomn 
ypaBHenia 

lfi-,y,a) = (4), 

TO Mbi noJiy^HMi, cooTHomeHie, KOTopoe j^oJiacHO owxb cnpaBe;i;- 
jiHBo Am 3Ha»ieHifi x e y To^eK-L nepecinenia nocjiiAOBaTeJib- 
HbixT) KpHBHX'b, BOJiyqaeMbix'L OTX HenpepHBHaro HSM-hHeHia 
Be-jiHqHHbi a. 9to ypaBHeme nasbiBaeTca ypaBHenieMi, o6epTKM 
pajiia KpHBHX'b (1) H jierKO j^oKasaxb, qio ona HMieix oCmia 
TO^KH cb Kaac;i;ofi KpuBofi hb^ Bcero ceMeftcTBa KpHBbixT). 
npMMtpii. IIpHHHMaa pa3JiHqHbifl 3HaqeHia ji,jra aBxypaBHeniH 

m 

y=- + ax, 

MH noayqaeMT) ceMeflciBO npaMbixx jmnifi; HafixH ypaBHeflin 
ero o6epTKH. S^icb / (x, y^ a) = npej^ciaBJiaeTca bx Bii;^* 

y — '^-ax = (1)*, 

JI,H(j)$epeHn,Hpya oTHOCHieJibHO a, lawkewb 

+ ^.-^ = (4)% 

1 , m 

— = — , HJIH = — 
X m X 

IloACTaBJiaa aio BHpaacenie bx (1)*, HMieMX 

2/ _ y^mx — ^j/^ = 0, 

HJIH y — 2\/mx = 0, hjih y^ = 4ww;, 

— napa6ojia. 

npMMtpb. noJioacHMT), qTO Bx ynpaHCHemH 3 n. 24 BciJiexaTeJib- 
HHe csapanbi BbinycKaioTca cb o^Hofi h xofi ace cKopocibro F, ho 



y — r '^^^ 
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noAi> paBJiHTOMMH yrjiaMH ki> ropH30HTy, Torj^a KpHBBie nyxH, 
orjHCHBaeMHe hmh, oSpasyioTX ceMeficTBo kphbhxt> 
Fsina 

HJiH y — xa-\-nix^ {a^ -\- 1) = 0, 

r;i,'b a — nepeMtHHBifi napaweTp'b aocxaBJieH'B BM'tcTO tgot, a 

^B(j)(j)epeHiiHpyH OTHocHTejbHo a, HMieMx 

— x-{- 2mx^a = hjih a = + ~— ; cji'tji.OBaTeJibHO, 

(jm^ "T 1 j = ^ — ^^Tb ypaBHCHie 
ooepTbiBaiomefi KpHBofl, hjih 

oil 
y = — mx^ H . 

3to — ypaBHCHie napa6ojibi, BepiuHHa KOTopoft HaxoAHxca 
1 

Ha pascTOflHiH -— HJIH — Ha^t ToqKofi BbinycKa CHapa;iiOB'L. 

225.t noiifipHbifi KOopAHHaTbi. Ecjm, BMtcTO Toro, qiofiw 
onpeAtJHTb nojioacenie xoqKH ea KOopAHHaxaMH x n y, onpe- 
jif^jiuwh ero paacToaHieM'L OP, 
BasHBaeMMMT) r — pa;i;iycoM'b 
BeKTopoMTj H yvjiowh QOP (qepT. 
101), HasbiBaeMbiM'b 6, TaK-b HTO, 
BMtcTO npeanaro x, mm Oy^eM-b 

HM'feTb r COS 6 H BMtCTO y — 

r sin 6, to ypaBHemn HtKoropbixT> 
KpHBUXt, HanpHMtp'b cnHpajiefl, 
upHMyx'b Gojiie npociofl bh;^t>. 
EcJiH KOopAHHaibi F cyxb r-\- ^epx. lOl. 

3r H 6 -f- S^, xor^a bt* npoA^Ji't P>SP' MoacHO paacMaxpH- 
Baxjb, KaKT> npflMoyrojibHbi^ xpeyrojibHHK^, bti KoxopoMT> 

PS=r. 86, SP' = 8r, PP' hjih os =^\/r^ (3f^)2 _u (8/^^ xaK-b qxo 

23 




Jl,aji4e, BJieMeHTapHaa njoma^^B FOF npe^iji paBHa, 
a Momaflb, saKJiioqeHHaa Meac^y paAiycoMi) BeKTopoMT> 

CL yrjiOM'L 61 H pa;^iycoM'L ct> yrJioMi 62, pasHa J g • 

TaKHM^ oGpasoMi), ecjiH r Moacerb Skitb Bupaxeno nepcai 6^ 
TO JierKO HafiTH njomaAb ceKTopa. JI,aji4e, yroJi'L <p Meag^y Ka- 

PS 

caiejibHofl BTi TOiKt P H r oqeBHAHO xaKofl, qio tg <p.= -^^^ 

MH r^ = tg <p. TaKofi MCTO^^ Hsyqesia KpHBLix'b HHTepecen-K 

AJff TtxTi, KTO aaHHMaexca acipoHOMiefi. 
UycTb r = a^^ (paBHoyrojibHaa cnnpajEb). 

— = fea^" log a, a uoTOMy r — , hjh r : t^T: =^-, , 

TSkWb ^T0 tg cp — nocToaHGH'b, T. e. KpHBaa 863^4 cocTasjiaeT'K 

OAHHT* H TOTT) ^6 yrOJITi Cb paAiyCOMT) BeKT0p0MT>. 

nycTb X = r COS 6, xaK'b qxo a: ecTb Bcer;^a iipoeKi^ifl paji;iyca 
BeKTopa Ha HtKoxopyio JiHHiio, cjiiAOBaxeJibHO, x — a^^ cos6>. 
^ajiie, BOofipasHMii, qxo pa^iycb BCKTop-b Bpamaeica 
paBHOMipnoH) yrjioBofi cKopocTbro — q paj^ianoBi B-b ceKyH^y, 
HaqHHaa cb yrjia 6 = 0, icorAa ^ = 0, TaKi qxo 6 = — g'^, a 

noTOMy X = oT^* cos qt. 

HTaKi) MH BHAHM'b, qxo flpocToe rapMOHHqecKoe ABH^enie 
ecTb npoeKD,ia paBHOMtpnaro yooBoro ABHacenia m> Kpyrfe, a 
ociia6;ieHHoe npocToe rapMOHMHecKoe ABMmeHie ecTb upoeni^ia 
paBaoMipnaro yooBoro ABHacenia no paBHoyrojibHo^ cnapaJiH 
(cm. npHMtqanie K'b n. 112). 

ynpaac. 1. Haflxa njiOLuaAb KpHBofi r = a (l-j-cosO). Ha- 
qepxEMTi RpHByio h sa&f'bTHM'b, qxo nojiaaa njion^aAb paBHa 

r'r^db, HJIH a/gair'. 

ynpaac. 2. HafixH nJiomaAb r=a (cos26-[-sin 26).OTBix'b:7ca2. 
Ynpaac. 3. HafixH njioniaAb, saKJUoqeHHyio MeacAy kohxo- 
HAofi H AByMa paAiycaMH BeKxopaMH. Oxb^tt^: 

5» (tg 62- tg 60 +2aMog [tg - V262) : tg (I - % ^i)] . 
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226. ynpaacHema. 1. HafliH njiomaAb noBepxHOcra spa- 
menia uinnofl JiHHiH BOKpyrt och y'owb (n. 38). 

2. JI,0Ka3aTL, qTO ypaeneHie iihoohj^h, cl BepraHHOio bt> 
Haqajii KOop;i;HHan), HMtei'L BHAt 

a? = a (6 -f sin 6), y = a {1 — cos 6), 
ecjiH (qepT. 102) PB = x, PA = y, OCQ = ^. 
noKasaTL, qxo, Korji;a i^HKJOHAa BpamaeTca okojio och y'oBi, 

OHa ofipaayerL o6'bewb na^ ^ Kor^a ona ppamaexca 

OKOJIO OCH x'oBii, TO oepasyeTT) ofiieM-B TT^a'. Ecjih OHa Bpa- 
maeTca okojio JEF, to ofipaayerb ofiteM-L Sir^a^. 



E ^ 






V 






O A X 



^epT. 102. 
3. HaftTH A^MHy KpHBoN 9ay^ = 4x^, 



OTB*n>:s = /]/ i4-|.da: = V3a{(l+|)^'-l[ 

4. HaflTH j^JIHHy KpHBOfl 

0TB4TT>;5=a arc vers sin ■ 



4. HaflTH j^JiHHy KpHBofl y^ = 2ax — x^. 

X 

a' 

5. HaflTH ;^Hy u^kjiohah (cm. n. 47) 

OTBiT-L: s = 8a (1 — cos cp) = 8a — 4|/4a^ — 2ay. 

6. HaflTH AJiHHy napaCoJiH y = \/4.ax cqHTaa on» BepmHHU. 

OTBtit: s = V^aa; -{-x^ -J- a log — ' 

Fa 

7. HoKaaaTL, ^to noJiHan njion^a^b cnyTHHKa ^HKJlOH;^LI 
ecTb ;^Ba«AH BsaTaa njion^a^b ofipaayion^aro Kpyra. 

24* 
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8. HafiTH njiomaAb KpHBofi r= bee mmjiy paAiycaMH 

ri H rj, noJibByflCb (j)opMyjiofi ^ = j . V2 • 

^1 

. g 

OTBira: - (^32 — n^). 

4 

9. UoKaaaTL, qxo jiorapHGMHqecKofl KpHBofi = 

10. noKaaaib, qio Bt npHBofi r = a (1 + cos6), nojibayacb 
ypaBHeHieMTi 

noJiyqHM'b s = 4a sm - . 

i 

11. HoKaaaTb qxo bt> KpHBofi r=lec. 



s = r|/l + c3 + C. 

12. HoKaaaTb, nio btj uHRJiOHAt 

H, cjit^tOBaxeJiLHO, s = AVa^ — ^j2ay—2a, 

13. HoKaaaTb, qio bti KpHBofi x^l^-\'y'^l^ = a^l^, 



14. 9j[JiHncT> -^4-T^ = l BpamaeTCfl okojio och x. ^oKa- 
aaxb, qxo njiamaAb oSpaaoBaBmefica noBepxHOCTH pasHa 
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a /3 



2/ 

X 1^ 

15. IIoKasaTb, nxo nojinaa njioiii.a^jb KpHBofi —TfT 



y' 



- = 1 paBHa ^IsT^ab, 



/6l —I— 2; 
_L_L . 
a — X 

17. HaflTH nojiHyio njioniiaAb KpHBoft i/ = a; -f- j/a^ /p^- 

OTBirt: Tza^. 

18. HaflTH njioma;i,b neuH KpHBoft = a^ cos2b, 

OiBirL: V2»^- 

19. HaflTH njioiuEAb ajunnca - + ^ = 1. T. e. HaflTH qe- 
THpe pasa BsaTyio BCJiM^HHy HHTerpajia 

C-Va^ — xK dx. 

20. HaflTH njioiuaAb n,HKJroH;iiH bt> (j[)yHKii,iH on> yrja <p 
(n. 11). 



fy.dx = fy,^.d^^. 



OTBiTt: (3^2 ^_ 2 sin cp-f i/^ sin 2cp); h gcjih npe- 

A*Jibr cp cyTb h 27r, to mh nojyqHiri) nojiHyio njioni;afl;b paB- 

♦ Hofl 3 paaa BsaTofl njion;a;i;H KaTamarocH Kpyra. 

227. Ttjio Bica W noAt BJtianieM'L chjibt TaacecTH abm- 

raeicfi bi> cpeAt, b'l KOTopofl conpoTHBJieHie paBHo = at;**, rat 

V CKopocTb, a a H n — nocToaHHbia. 

^ Wdv _ 
ToTAa = W— at;". 
g dt 

KaKOBa 6y;^erb cKopocTb, Korj^a ycKopenie CTanoBHTca paB- 
HbiM'b HyjH)? HycTb ecTb oTa npcAtiibHafi CKopocTb. at;.** = W 
HJH a = Wv{-^. 

^dt 1 1 



dv av" 

W ^ 
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1 dv 




228. Hauji> crapuit npMMtpi> n. 24. 

ToqKa ABHaexca xaK'L, nTO ne HMierb ropHSOHxajibHaro 
ycKopenia, a ea ycKopenie g csepxy bhhs'b nocxoaHHO. IlycTB 
y 6jjifiTb HSMtaaxLca CHHsy BsepxTb, a a; no ropnaoHxajiBHOMy 
HanpaBJiefliH), T0^;^a 



ypaBHenie napa6ojifii. CpaBHHXb n. 24. 

ECJIH MH npHMCMT. 1/ = 0, XO H 6 = 0. JIfijtke, MH BHAHiTb, 

TTO a ecxb xasrenc^ yrjia, KoxopHfl xpaeKxopia cocxaBJiaex^ 
CTb ropH30HxajiLio npa x = a c ecxb nocxoaraaa ropH30H- 
xajibHaa CKopocxb. Ecjih uexaxejibHufi cHapa^'b HMierb Ha> 



dt'~^' — — 



Oxcioj^a 



dy dx dy 

dt dx' dt dx^ 
d^_ d^ 

(K» dx^' dt ~ dx^' 

d^y _ -g 
dx'~ ' 




(IX 
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^ajibHyjD cKopocTb V noAt yrjioM^ k'l ropHsoHiy a, Torji,a 
€= Fcosa, H tga==a, TaKi» wio (1) npiiHHMaeT'B bha'b 

229. ynpamHeHifl, KacaiOLuiflGfl pfiAa 4>ypbe. 

1. HepioAHqecKaa (j)yHKi;ia x Ewberh BHa^esie f {x) = mx, 
MeTRjiY npe^iJiaMH x = h x = c, rjii c oanaqaeT'L nepioAi); 
sarhMTb cpasy oSpamaeTca wb n ;i,aji4e, b-b xe^eHiH cji^AyK)- 
maro nepio^a, TS^KHWh ace o6pa30MT> BoapacTaerL ;i;o bcjih- 

OicBojia (cm. n. 133), g = — . 

c 

mx = aQ -|- «! sin go: -|- 6i cos g^r + h t. 

4- sin sqx -j- 6^ cos sqx -|- h t. ;^. 

a=—f mx.sin sqx,dx, b, = —f inx,C0H.sqx,cfx, 
' cJ ' cj 

Otb4tb: 

wa; = ^'2 (sin ga; sin 2qx-\- Vs sin 3 ga; -4- 

+ V4Sin4g;z;4"^ a. 

2. PasjioacHTb x m paAt cHHycoB^ h ffh paji,T) KOCHHycoB'L. 
OxBirt: a; = 2 (sin x — V2 sin 2x-\-^l^ sin 3a: — ht. j^.) 
npeAiJiaxT* Mea^y — h -|-^; 

4 

TaKHM^ ae ofipasoMTb x = - (sin a; — V9 sin ^x 4- V25 sin fyx 

IT 

H T. ;^.) BT) npeflijiaxi Meajiy h ^; AaJi*e 

•K 4 

a: ==: — (cos a: + V9 cos ^x -f- V25 cos bx-^-R 1 ji.). 

^ ■ IT 

3. JI,0Ka3aTb, ^To — = sina:-[-V3Sin3a:-]-^^5sin5a;-[-HT.A. 

4. IIoKaaaTb, qio 



2» + a» 
! sin 3a; 
3' + a> ■ 



3 sin 3a; 1 
H T. a.| 
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5. UpoHHTerpHpoBaTb Kaacj^oe nai. BKunenpHBeAesHHX'L bm- 



230. HojroafHM^, ^to paAiycT* HHepuia niapa oTHOCHTejibHa 
AiaMeTpa Gy^erL A, a pawc'b = a; AOKaaaxb, ^T0 

TaKT) KaKi 3;^tcb -\~y^ = a^, to MOMeHit HHepuiH raa- 
poBoro cjiofl pa;i;iyca y h TOJimnnH ox oTHOCHTejibHO uen- 
Tpa paBBHt 

- y^.ox. 

MoMeHTL HHepuiH luapa paBem* 

j^^T:my'^,dxy^y'^ = j^'Kmy^,dx = m %5 ira^, 

a Macca ero paBHa m^/g ita^ 

2. Bt> ^apa6oIOHJ^'b, HMiromeMi, Bbicoxy h h pa^iycb ocho- 

BaHi£ a, oTHOCHieJibHO ocH ¥ = V3 a^ 

OxHOCHTeJibHO AiaMexpa ocHOBania A;3 = V6(«^ + ^'0• 
3. BT) TpeyrojibHHKt bwcotw A oTHOCHxejibHO jiHHiH, npo- 

xoflamefi ^epe3^ BepniHHy h napajiJiejibHofi ocHOBamio, k^ = 

= '/2 h\ 

OxHocHTeJibHo jineiH, npoxoAani,efi qepe3^ uenxp'b ipeyrojib- 
HHKa H napajJieJibHofi ocHOBaniK), k^z=\\Qh^. 

231. Teopewa Tettiiopa. Ecjih (J)yHKH,iH otti x-]-h jtH$$e- 
penuHpoBaTb oTHocHieJibHO x, npcAnojiarafl h nocToaHHbiM'b, 
TO MU nojiyqHM'L tot^ ace otb^ti, KaK'b h b^ tomt> cjiyqaife, 
ecjiH SyflieMT* AH(})(})epeHUHpoBaTb OTHOCHTCJibHo h, npe^nojiaraa x 

nOCTOflHHblM'b. 

9to 0'^eBH;^H0. HaaoBeMT* ee (j)yHKniefi f (w), rji,4 u = x-]-h, 
ToT-b ace otb^ti nojiy^HMT>, B3flBT> f i^)^ TaK^ KaKT> 

HojioacHMT), ^To /* (a; -j- h) MoaceT-b 6biTb npeAcxaBJieHa bi» 
BH^^i paj^a BocxoAani.HX'b cTenenefi h, 

f{x+h)=Xo + X,h + X,h'-^X,h'-^ii T. A. (1), 
TA'fe Xq, Xi, X2 H T. A. He coj^epacarb h. 
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"^^^rf^ ~ = + X, + 2X2A + 3X3^' + H T. A. (2), 



TaKt KaK^ (2) h (3) TOJKjiiecTBeHHO pasHti, to 
dXo Y _ 1 dXi _ 1 d'Xo . 



X3 = 



dx ' ^ 2 dx \ .2 dx^ 
ldX2 1 d'Xo 



3 da; 1.2.d dx^ ' 
J[BJL'he, ecjiH ^ = Obi> (1), mh HaxoAHMTb, qxo Xo = f(x). 
d^ 

EcjiH MBi o6o3HaqHM'L -^fip^) nocpeACTBOM^ (a;), TO^;^a xeo- 
pewa Tetopa npe;i,cTaBJif[eTCH bt* bha* 

f (X + h) = f (X) + hf (X) + Jll f / (X) + 

+ f^f^"(x)+H T. (4). 

EcJiH MH ;^Ba3KjiH npojiiH^^epeHitHpyeM'b f{x) h bi> peayjib- 
TaTTj BCTaBHMT) BM^CTO X BHa^eHie 0, TO nojiyqeHHjrH) lipOH3- 

BOJi;HyK) MH MOHCeMTi 0603HaqHTb /*" (0). EcJIH MH nOACTaBHMT) 

bm4cto X BHa^eHie bi» BHpajKeHiH (4), to nojiy^HMx 

f(h)=f(o)+kno)+^rio) 

+ ^3-r(0) + H t.a. . . . (5). 

3aMiTHM^, qTO naMii ^aJibme ne npaxo^HTca HMiTL ct» 
BGJiHqHHofi, KOTopyio MH HasHBaeMt X, Mh MoaceMTi, ecjH no- 
mejiaeM'L, bsstI) bm^cto h KaKyio HH6yAb APyryio 6yKBy, nanp. 
X H Torj^a (5j npHMeTT> bh;i,t> 

' r(0) + HT.« (6); 



' 1.2.3 

dTHMi E fiBipaacaeTCH TeopeMa MaKiiopeHa. 

JtaHHoe 3A'hcb AOKaaaxejibCTBO TeopeMH Tefljiopa Henoa- 
Hoe, TaR'L KaRi mu nojibsoBajiHCb 6e3K0He<iHbTHH paAaHH, .He 
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AOKasHBaa hxt> cxcj^hmocth. Bojiie toihhh ^^OKaaaieJibCTBa 

MOSHO Ha&TH Wb CHCTeMaTHqeCKHX1> CO^HHeHifiX'b. 

3aMiTHMi, qTO, ecM x ecTb BpeMa h s = f(t) o6o3Ha- 
qaerx paacxoaHie rkia otl HtaoTopofl nenoABHacHofl mocko- 

CTH BT. npOCTpaHCTBt, TOr^a, eCJIH BL HaCTOflmifl MOMCUTL, 
KOTOpwfl MH HaSOBCM^ ^q, MH 3HaeMT> S, CKOpOCTb, jcKopeHie, 

^ H T. T. e., ecjiH mh o6cojih)tho totoo aHaeM-B Bct 

o6cToaTeju»cTBa jiBHaceHia bt* HacToanufl MOMenn*, to mu mo- 
TRQWb npeACKaaaxh, rj^t rbjio dy^enb bt> ntKOTopHfi 6yji;ymifi 
MOMeHTb, a xaKKe MoaceMTb cKaaaib, vjifb oho fimo BTb ntKO- 
TopHfl yace npomeAiiiifi momchti. 3to — oqenb pacnpocTaneHHaa 
xeopeMa h eio mokho uoJibsoBaxbCH BTb o^enb MHornxTb cjiy- 
qaax^. 

232. ynpawHeHifl he leopewy TeMiiopa. 1. npeAcxaBHXb(rr-f-A)* 
BX) BHflt pa^a CO cxeneHflMH h. 

3A'tcb / (^) = a:"; /' (a;) = , (a:) = n (w— 1) a;""' , h 
X. a noxoMy 

(X + = ir"+ wAa:*^! + ^^^^^^ A + H x. 

3x0 ecxb xeopeMa 6HH0Ma, aBJiaromaaca qacxHbiMib cjiy- 
qaeMX) xeopeMH Tefijopa. 

2. IIpej^cxaBHXb los(x + h) bi> BH^'h pa;i;a cxenenefl h. 
3;^*cb /•(^) = log(^);/'(^) = ^, 

/" (a;) = — x-^; f" (x) = + 2ar-», 
H noTOMy log {x-\-h) = logx + h- — ---\-j- h t. 

Ec;iH HH noaoacHiTb :r = 1, to h£i nojiy^HHii nojiesEyio 
$opMyjiy 

log(l+A) = + A-^ + ^H T. n. 

3. HoKaaaTb, qxo 

sin (r + A) = sin x + cos a; — — — sin a; — cos a; + 

L , Z I. » A , O 

H X. A. 
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4. HoKasaTb, qxo 

cos {x + h) = Qosx — h siA ^ — z — ^ cos a? + - — jr— ^ sin x + 

II T. A. 

5. KaKofl BHA^ npHiryT'B Bbipaacema bt> 3 h 4 npHM4paxT>. 

233. YnpamHeHifl Ha reopeMy MaKiiopeHa. 1. IIpeACTaBHTb 
sinx BHfli pa^a creneHefi x. 

f{x) = wix, f{0) = 0, 

f(x) = cosx, /'(0) = 1. 

fff {x) = — ^inx, /''(0) = 0, 

/^'^ (x) = _ cos ^, (0) = — 1 , 

/" (a;) = sin a;, f'' (0) = 0, 

H T. A. (0)=l. 
^ . x^ . x^ x\ 

OxciOAa s\nx = x — 3[ + 5| — 7!"'"^ ^' 

2. IIoji,o6hhmt> ace oSpaaoai-B 

/y»2 /yi4 

cosa:=l-- + ^--H T. A. . 

BwqHCJiHTb HBT) BHfflenpHBeAeHHHX'L pa^OBTb SHaqenia ch- 
nyca h KocHHyca yrjia, nojioacHM'L, 0.2 pa^iaHOB's h cpasHHTJb 
CT> rhMH BejiH^HHaMH, KOTopwa AaHH BT* TaCjinn.ax'B. 

3. Pa3Ji03KHTb BTb pfl^'B argtgx. 3n4cb Moano npHMiHHTb 
Apyrofi cnoco6T>. ' 

npoH3BOAHaa arctgx paBHaj— a axa BeJiH^HHa, no 

BbinojiHeHin ^'h^enia, paBHa 1 — x^ + x^ — x^ + x^ — h t. a. 
HHTerpHpya axo BMpaacenie noqjieHHo, mh naxoAHMTb 
arctgx = a; — ijzx^-^-^lbX^ — ^jix'^-^-^hx^ — n t. a. 
Mh He npneaBJiaeMTb nocToanHaro, xaK^ Kajcb, KorAa 

a; = 0, arctgx = 0. 

4. PaBJioaHTb B-L paA'b tg (1 — x) nenocpeACTBeHHO na 
ocHOBaaiH leopeMH MaKJiopena. 

5. UoKaaaTB, qio 

0^ = 1 +x loga+ ^ (loga)2 + §- (loga)3 + H t. a. 
21 o! 
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6. noKaaaTh, hto tgx = x+ — + —— + h t. ;^. 

o 15 

234-. PasjioacHTb bii pflji;T> , cpasHHTb pasJomemaMH 
sin 6 H cos6 H noKasaxb, qxo 

= CO s6 -[- i sin 6 , 
= cos 6 — i sin 6 , 

cos6 = V2(«*® + 6"'^), 

siue=|.(6^^— e-^'^ 

O^eBHj^HO, ^To (cos 6 rt i sln 6)** = cos nb z*= i sin nb, — 3to 
Bbipaacaerjb Teopemy AeMoaspa. 

npH pimeniH KydH^iecKHX'L ypaBHenifi, Korji;a HBitroTca 3 
AtficTBHTejbHHX'L KopHff, ^pHxo;^IITca nojb30BaTbCfl TeopeMoft 
Jl^eMoaBpa ji^Jisi H3BJieqeHia KopHefi ns'b MnHMbrxii KOJinqecTBT). 
IIsBJieqeM'b KopeHb ^^'xofi cxeneHH nai a + 6i, r;i;i a h 5 cyib 
qncjieHHbiH BejiHqHHbi. CHaqaaa nanieM'b 

a + di = r (cos 8 + i sinG). 

Tor^a r cos 6 = a, r sin 6 = ^5, r=\/a^+b^^ tg G = |- 
TaivHM'b oepasoMX nojiyqnM'b BHaqenie r h 6. 
Jl^ajiie, KopHH r^'Tofi cTenera fiyAyxx 

r* ^ (cos — 6 + i sin — ' 
r2 {cos ^ (271 + 6) + i sini(2ir + e) j, 

/•^{cos^ (471 + 6) + i sin^(47r + 6)}. 

JlerKO BH;^'tTb, qTO sj^tcb 6y^eT'b TOJibKo Kopnefl g'ofi 
cieneHH. 

ynpaacHenie. HafixH rpn KyfinqecKHX'b Kopna h3i 8. 
BMtcTO 8 HanHuieMT): 8 (cosO + i sin 0), 8 (cos 27r+ i sin 2"), 
8 (cos 471 + i sin 47r) h ;^aJI'te nocTynHAfb, KaKi* CKaBaflo BHflie. 
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235. e paMaraerca bt, caiflyiomifl paA't 

^aji'ie, noAOHCHM'L, ^to 6 osHaqaerL A'tficTBie ^,TorAajierKO 

d 

BHAiTL, qxo f(x + h) = e t(x); HHa^e roBopa, e d't f (a;) 
cHMBOJHqecKH H3o6paacaeT'L xeopeMj Teftjopa. 

236. ypaBHeHie, KOTopoe cBaswBaerb y e upoHSBOAHtia 
Ha3LiBaeTCH AM4)4)epeHuiajibHbiM'b ypaBHenieM'L. Mm yace p*]^- 
niajiH HtKOTopHH H3i» 3THXi» jpaBHeflifi. nopaAOK'L ypaBHCHia 
onpeAtjaeTca 3HaK0Mi» HaaCojibmefi cxeneHH npoH3BOii,Hofi. 
^H({)4)epeHiiiajiBHoe ypaBHefiie HasBiBaercH JiHHettHbiM'b, Kor^a 
OHO nepBofi cTeneHH OTHOCHiejibHo ij (3aBHCHMofi nepeMtHHofi) 

H BCtx-L np0H3B0AHHX1», pa3CMaTpHBaeMHX1», KaK1» HeHSBtCT- 

Hbia KOJiHiiecTBa. JlerKO y6iAHTbca, qio ecjH iiojiyqeHbi nteo- 
Topwa qacTHiia ptoiema jiHaefiHaro ypaBnenia, to etl cyMMa 
6yAeTL raiUKe yAOBJieTBopaxb ypaBHeniio. 

nojoacHMij, qTO Aano ypaBnenie, cBa3biBaH)mee x n y, co- 
jiepaiamee nocToaHHbia. JtH(J)$epeHiqipya ero oahh-l pas'b hjh 
Oojiie, MH MoseM'L noJiyMHTb j^ocxaTO^Hoe KOJiH^ecxBO ypaB- 
HOHifi, qxofibi M03KH0 6ujo H3'b iLETh HCKJBoqHXb nocxoaHHbia. 
TaKHMT, nyxeMT> mh nojiyiiaeM'b AH^^epenuiajibHoe ypaBHenie. 
nepBOHa^iajibHoe ypaBnenie, oxx* Koxoparo oho npoH3omjio, co- 
ji;ep«HX'b n npoH3BOJibHiiix'b nocxoaHHbixX), ecjH ypaBHenie 
3X0 w-ro nopaAKa. 

ynpaacHenie. HcKJimHXb a h ft H3'b 

y = ax'^bx (1), 

Oxcioja (1) npHHHMaexT> BHATb 



THAU 
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EcjiH MH pifflHMi» (2), MH Hafiji.eM'L, ^TO y=Ax^'\-Bx, 
r^^t A E B cyTb npoHSBOJibHHa nocToaHHiia. 

237. Pimenie ;i;fl$$epeHn,iajibHbix'b ypaBHenift mh Haraeirb 
cb ypaBHenifi nepBaro nopaAsa h nepBofi CTenean. 

BToft Kaieropm oTHOCHTca bc* ypaBHenia lana 

M'-\-N^=0, Tji^k Mm N cyrb ^yHKi^m xhl y. Mh o6hk- 

HOBenno nnmeM'b oto ypaBHenie Wh bha4 
M.dx-\-N.dy = 0. 

IIpUMtbptA. 

1. (x + a) (b -hy) dx + dy=0 hjih (a+x) dx+ dy=0. 

HHTerpapya, mh nojiy^aeM'b bi oGmeM^ BH^t pimeme 
ax + 'l2x' + log(d + y) = C, 
TjA C npoH3BOjibHoe nocToaaHoe. 

CjAj^yQTb SaMtTHTb, ^TO Bl* HOAOfiHHX'b 3T0My cjiyqaflxi, 

KurAa MH MoaceM-b OTA*JiaTb nepeMtaaHa, saAa^a ptmaerca 
jierKO. 

TaKT», ecjiH f{x)F(y),dx + (f{x).^{y).dy=0, to HMteirb 

cp(^) F(y) 
H 3T0 ypaBBeaie Moacerb 6biTb HHTerpapoBaao cpaay. 

2. ll + x)y.dx + (l '-y)x.dy = 0, 

HJIH O^^"*" (^""0^^"^' 

OTCiOAa log a; + + log i/ — y=C, 
HJIH loga7t/=C+i/ — X, 

dx dy 

Vi—x' Vi—f 

HHTerpnpya, HMteMii arcsin x + arc sin y = c. 

9to MOKCTb dHTb npcACTaBjieHo B-b ApyroMi BH^i. Bepa 
caaycH ofitaxii ^acxeft ypaBaeaia, HM^eMTb 

X Vl — y' +y Vl — x^=z a 
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4 . ^ = — . Y~ npHHHMaeTTb bhji.^ {y+y'^) dy={x-{-x^) dx, 

OiBtTi,: ^Uy^ + ^ky^ = ^2^^ + Va^c' + nocToaHHoe. 

5. ?^l±p_ = ^. OTBiTi,: {l-\-x')(l + f) = cx\ 

I ~ry cty 

6. sin x.cosy.dx — cos a?. sin y,dy = 0. 

OTB'hrb: cos 1/ = c cos x. 

7. {y^ + xy'^)dx+{x^ — yx^)dy = Q. 

JL 1 ^ y + x 

OlBtTTi: log - = c + . 

y ^ xy 



S,l^+[/ =0. 0TB*rL.]/rr^2 + + = C. 

X ax ' L I X 

238. HHO^;^a noMombio npofit mh naxoAHMi ^o;^xoAfl^^yK) 
noAcraHOBKy. TaK^, piniHM'L ypaBHenie 

(^ic 2xy ' 

MH npo6yeMi t/ =|/ict;, xorj^a Haxo^^HMTj — c?y = 0, 
KOTopoe npHBOAHTCa 

lga: + ^ = c. 

PifflHTb {y — x) |/T+ic^ ^ = w (1 4- i/2)V2. 

239. EcjiE M m N cyTb OAHopoAHbin 4>yHKUiH h i/ oah- 
HaKOBoft cxeneHH, to npHHHMaeM'L y vx n ypaBHenie npHBe- 
;i,eTca Kb ^opni n. 237. 

HpuMfhjTb i. ydx-\-{2 Y^y — x) dy = 0. npHMeMX y = vx, 

dy = v.dX'-\-x.dv, 

vx.dx-\- (2x Vv — x)(v.dx-{-x, dv) = 0, 

(2 dx + {2x^ Vv — x^) dv = 0, 

2dx . 2l/v — 1 

— -^i — ^^ = 0, 

a; /a 
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2 L. . Ujrt; = 0, 

2 lgx4-2 lgt; + 2t;-'/2 = c^, 
Ig OT-|-t;~^/2 = C, 

OTB'brL: y = ce~^y, 
r^t c — npoH3BOJibHoe nocToaHHoe. 

nycTb 2/ = va?, H MH nojyqHMTb OTBirt 

;a;^/2 . 1/ 1/ 1/ 

i- Jg [(a; - _ y (x-y) = C. 

a; /2 — y 11 

TT o y + 1/^' + 

IIpuMyhpz 3. -J- — - — 

(toe 00 

OTB'hT'L: x^ = 2Ay + A^, 

HaAO noMHHTb, qxo HHorAa j^Ba OTBtxa btj ji;McTBHTe.ib- 
HOCTH ToacecTBeHHwe, Ha BHji.'b KaacyTca pasJiHqHHMH. 

4. PtniHTb ypaBHenie (ic^+^^y') (foo + (2/^ + 3ic2|/) dy = 0' 

OTB'bTT,: -h 6a:^t/' -\-y^:^C. 

5. PtniHTb t/^ + (a:j/ + a:2)^=0. 

Otb^t'l: dxy + x + 2y^= Cx^'^ (2y + xf'^- 

6. PiuiHTL^a? — 3^^^^^) ^^ + ^cos ^.e/t/ = o. 

OiBirB: x = ce 

7. (y — x) dy — y,dx = 0. OTBirL: 2y = ce^y. 



8. xdy — y.dx—\/ -]-y'^.dx=0, OTB't'n»:;r«=c«4-2cy. 



— 369 — 



9. x-^y'^ = 2y. OTBira: {x — y)e^-y = C. 
ax 

240. Bhji,i> ypaBHeeifl xaKoft: {ax-{-hy-{-c)dx-]-{a!x-\- 

npHMCM'L x = w-}-a, y = v-f-p, H BH6epeMi a H i3 la- 
KiiMH, qioGbi HcqesjiH nocTOflHHLie qjieHbi. 

TaKt, ecjiH (3x — 2y -\- A) dx '\- {2x — ?/ -|- 1) r^i/ = 0; to, 
TaKi> KaK^ dx = dw E dy = dv, to mh nojiyqHMT> 
(3m? + 3a — 2f;— 2? + 4) div-}'{2w-\-2a — v — ^~]-l)dv=0. 
Tenepb BH6epeMT» a h p TaKHMH, qTo6Li 

3a — 2? -f 4 = H 2a — i3 + 1 = 0, 
HJIH —a + 2 = 0, OTCBOAa a = 2, p = 5. 

TaKHMT» o6pa30MT> HyacHo c^iJiaTb nojicTanoBKy x=w-{-2, 
y = v-{-b, IS. ypaBHeHie ofipaTHTca bi> OAHopoAHoe. 

ynpaacHCHie. (3i/ — lx-{-7)dx-^ {ly—3x -{-3)dy = 0. 

OTBiTT*: {y — ^-\-iyiy-{-oc — iy = c. 

ynpa^KHeHie. | + g^|±| = o. 

OTBiTT»: x^— xy = y^~\^x — y = c. 

241. ToMHbiMH flji/iil^^epeHuidJibHiAwvi ypaBHeHiflMM Ha3i>iBa- 
^oTca TaKifl, KOTopua nojiyqaroTca qepea-L AH$4)epeHi;HpoBaHie 
<|)yHKaifi X H y, iipHqeMT* nocxh aToro oni He 6hjih hh yjJHo- 
^ReHbi, HH pasA^JieHH Ha KaKyio jih6o 4)yHK[;iK) x ny. Cm. n. 83. 

Mdx-{-N(Ty = ecTb Toqnoe ;i;H(j)$epeHaiajibHoe ypa- 

fdM\ /dN\ • df(x, y) 

BHeme, ^^^^^ \^j — yjj^J'> ^OTOMy qTo M= - 

d 

N= f [x, y), npH qeMTj nepBOHaqajibHaa f (x, y) = c. JerKO 

y6'hj^HTi>ca, qTO 

ix^ — Zx'^y) dx + (i/^ — x^) dy = 0, 
ecTb ToqHoe ;^H$$epeHaiajibHoe ypaBHenie. 

df{x, ?/) 



Bt aTOMT> cjiyqat x^ — Zx'^y = 



dx ' 

24 
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HHierpupyeM'L, npHHHMaa y 3a nocTOflHHoe, n npnSaB- 
jaa Y, HeBSB'tcTHyio ^yHKuiio y, BMtcTO nocTOHHHofi. 

/' y) = ' / — ^'2/ + Y. 
Ji;H$(J)epeHiiHpyfl npn x nocToaHHOMT> h npHpaBHHBafl iV, 

lIOJiyilHM^ 

clY 

= 2/3, a OTCBDjia F = + 

at/ 

OTCIOJ^a ^ /4a:* — it-^i/ -L 1 /4I/* -f- c = 0, 
r;;'h c npoHSBOJibHaa iiocToaHHaa. 

242. JioCoe ypaBHenie BH^a il!f.c/;r-]-iV.^fi/ = Momert 
6HTb o6paru;eHo b-l ToqHoe yMHoaceHieMt na HiKOTopyio $yH- 
KnjH) a:, Ha3MBaeMyK) MHTerpHpyioiUHM'b MHomMTeJieM'b. Cm. n. 83. 
OTHOCHTejbHO HaxoacAenifl tokhxi MHoacHiejiefi cxyjieHTLi mo- 
ryTTb oSpaTHTLCfl KJiacciniecKHM'L co'iHHeHiaM'L, TpaKTyiomnMT> 
;tH(J)(j)epeHii,iajibHHa ypaBHenia. 

24-3. JiHHeflHHa ypaBHenifl nepBaro nopfl;i;Ka. 

OhH HM'hiOT'L TaKOft BHA^ 

5^+Py=Q (1), 

TA'h P ^ Q cyTb 4>yHKii;iH ot-l x, 

06mee ptmenie Hx-b xaKoe. ^dizo^m-h j P . dx ^lepeai, 
TO^;^a 

y = e-^jj e^.Q.dx + cj (2X 

r;^i C iipoHBBOJbHaa nocxoHHHaa. 

He aaqiMTj AaBaxb s^icb Apyroro AOKaaaxejibCTBa, KaK'b 

TO, 'ITO eCJIH Mbl BOBbMCM'b 9X0 I/, XO OHO yAOBJeXBOpHXT, Haffle- 

Aiy ypaBHeniK). Boxt> axo ji,0Ka3axejibcxB0 

(2) ecxb XO »ce, ixo ye^=J e^Qdx-\- C (3). 

dX 

JI,H(j)(j)epeHUHpyfl h noMHa, qxo -j-- = P, mh AawM^ (3) 
xaKofi BHAX>: -j- ye^P — e^Q (4), 



dtl 

MH -j- = (2 — j^aHHoe ypaBHenie. 

(XX 

Hto6u noay^iHTb (2) HSt (1), yMHoacacMi (1) Ha s^' h no- 
jiyifflAfL (4); HHTerpHpyeMT> (4) h nojiy^HM-L (3); paaji'tjHM'b 
ero Ha H noJiy^BM^ (2). 

Mh yjKe paHbiue nucajiH (1) bi> BHJ^i 

{H^P)y=Q mil y = {b-]-P)-^ 
H lenepb mw MoaveMi> nonaTb sHaqenie o6paTHo.a onepauin 
0i-\-P)-K /li'tficTBHTejibHO, ecinj* P,dx naaoBeM'b X, to 

(6 p)-i Q osHaMaen, 6"^ {/ . Q . dx + C j . . . (5). 

TaKT,, ecjH Q = 0, (0 + P)-' = C«-^ . Ecjih P paBHO 
nocTOHHHOBiy a, H Q = 0, TO^;^a (6 + «)~^ ^ = rj^i 
(7 ecTb npoH3BOJibHaa nocTonHHaa. Mu ysKe EwkjiE 3to bt* n. 168. 

EciH Q TaKace nocxoHHHoe, noJioiKHMi* w, to 

(6 + a)-^ « = J . cTa; + cj 

= ^^^-^+^ (6), 

r;;'fe C npoH3BO.ii.Haa nocToaHHaa. Cm. n. 169. 
Ecjih Q = e^,TO 

(e_j_a)->e»' = e-<«[/e(«+»)'.rfa;+ Cj 



= Ce-4._l_e- (7). 



JlerKO noKa3aTb, ^to, ecjin a = — h. y = (C-\- x)e 
Ecjih Q = 6 sin (cx -\- e), to 



—ax 



(0 + a)-' h sin (cx + = e""^!*/ sin (ca; + e, . rf^r + c| 
=Ce~'^ + v==^~sinf^j7 + e— arctg-") (8). 

244. UpuM^hpz, HojioacHMT), B^ aaeKTpHiiecKoft utnH bi* 
H'iKOTopbifl MOMCHTTb t ajueRTpoABHScymafl CHJia F, CHJia TOKa 

24* 
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C, conpoTHBJieHie R h caMOMHAyKUia L. Mw HMteMt HSB'tcT- 
Hoe ypaBHenie 

Ho fz'*- = h 

_lt f 1 /• -t ] 

OTCH);i;a C = ^ ^ ji^J F.ffi^-f-nocTOflHHaa J.| . . . (1) 
3^*05 MoaceTi) 6HTb nicKOJibKo cjiyiaeBi. 

1) IIOJIOHCHM'L, ^TO Bt MOMGHTB t = 0, V BHesanHO MtHfleTCfl, 

nepexoAa on> nocToaHnaro BHaqenia Fi ki» nocToanHOMy Vo. 
TaKHM'b oepaaoM-L bi» npeAw^ymeM-L OTBixt nojicTaBHM'L, V= Vo 
Tor^a nojyuHMT> 

Hto6h onpeA'hJiHTb J., mh BcnoMHHM'L, qxo npn ^ = 0, 

C=^\TaKHMT» 06pa30MTr^=^-f-^,TaK'LHT0^= j^^ ^ 

H OTCK);i,a 

TaK-L, ecjiH F,=0, to ^— ) • • • • (*^)' 

ypaBHenie, noKasHBaiomee, KaKi BoapacTaeT'L CHJia TOKa, Koraa 
i^tnb saMKuyma. 

V --t 

ECJH F2=:0, TO (^=^^ ^ ........ (4), 
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ypaBHCHie, noKasbTBaiomee, K'a,Kh naj^aexi* CHJa TOKa, Korji;a 
Hcqesjia ajieKxpoA-BHacymaa CHJia. 

GTVAeHTH AOJaHH BbiqepTHTb 9TH BHaqenia C Bt aasH- 

CHMOCTH OTh BpCMeHH. 

MoacHO Bsaxb . npHMipa bi> (3) F2 = 100 BOJibTTb, 
B = l OMy, i = 0,01 reHpn. 

Bij (4) BOSMHxe Fi = 100 BOJbX'b. CpaBH. n. 169. 

2). HojiOHCHM'b BT) MOMGHxi) 0, V BHesanHO cxanoBHxca 
paBHofl FoSing^, 



C-- 



[j^smqt — q cos qt 1 



A 



3x0 npHHHBiaex'b bhji;!* C=Ae ^ 



(5), 



IIocToaHHaa X BTb Hc^eaaiomeMi mewb Ae ^ 3aBHCHTT> 
OTb HanajibHHXi o6cToaTe;ibCTB^; teki, ecJiH C = npn 

t=0, TO 

** . sin e, 



= ^ 
= J 



B.1H 



^= FoLg:(i2» + iV)- 



CTy;ieHTW ;^OJIavHI>I BH'iepTHTS KpHBHfl flja HtCKOJbKHXT. 

npHHtpoBi, npHHHMaa pasjinqHua HaiajibHua o6cTOHTejii>CTBa. 
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24-5. TIpuMYbin, Ha Tijio MaccH i^BEacyI^eeca co cko- 
pocTbH) V »ch;i,kocth, OKaawBaroniiefi conpoTHBjreme ero j^bh- 
3KeHiio fv, ;ttflcTByeT'L CHjra F wh MOMeHTt t, YpaBneHie Oy^ierB 

SaM'bxHM'L, qTO axo bt» ToqHOCiH cooTBtxcTByerL aiyqaio 
Bt 3-ieKTpHqecTBt, ecjiH M saM'hHHTb qepeai) X, lepes'b JR, 
J" repeat F h qepe3T> C; h noxoMy mh nojiyqaMi aaajio- 
rnqnua p'haieHia, wh saBHCHMOcxa oxi) xoro, fiynex^ jih F 

nOCXOflHHO, HJIH OHO HSM'tflfleXCH OXt HiKOXOpoft HOCXOaHHOfi 

BeJizqHHH Fi J^o Apyroft F2, hjth cxh^yex'L saKony Fq sin qt. 

9xa anajioria Moaexi) 6HXb oqeHb nojieana H3yqaH)iii;Hxi> 
ajieKxpHqecxBO. JlerKO ycxpoHXb MexaHHqecKyio MOfl;ejib, hjijiio- 
cxpHpyroniiyH) Boapacxanie hjh naji;eHie CHJibi xoKa. 

Piraenia JiHHefiHLix'b AH^^epenii.iajibHbix'b ypaBHenifi ci> 

nOCXOaHHHMH K03(J)(j)HEieHXaMH UM'tlOXTj CXOJIb O^IKHpHOe flpH- 

MineHie B-b HHacenepHHX'b paacqexax-L, qxo mh yace paHbme 
o6paxHJiH BEHManie na axoxx npe^MexX) h AaJiH H-fecKOJibKo 
npHMtpoB-b B'b rjiaBi II. HojieaHO 6biJio 6bi cxy;^eHxy BHOBb 
BepHyxbCfl Kx n. 151 h npoqecxb ero eme paaii xenepb. 

246. npiiMfhph, = ay-{-x-\-\, 

dy a , , 1 
ax X X 



— .dx = X = — a log a;. 

X 



SaMiTHiTB, 1T0 e-"^"*" = x-", /"">'^ = x". 
OTCiOAa y = j J x-'^^ 1 + r/a; + C j , 

C npoH3BO.ibHaa nocxoaHHaa. 
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247. nojoatHM'b, HTO Me}KJ^y noBepxHOCTaMH AB h EF Haxo;^HTca 
nocTOflHHo CMasuBaiouiafl xnARocTb, KaKii, HanpHMipi, He»Ay meBKOfi 
BaJia H noaraHnHHKOMi. OC — Jiq caMoe 
<5.iH3i;oe paacTOHHie MesAT hhxh. Ha 
paacTOflHiH a;, B3MtpaeM0Mi no ;^y^'fe 0^, 
nojioiRHMi>, TOimHHa paBHa h. nojioacBHi, 
HTO r;(t HHdyAb na HopMaiB, npe^CTaBiiH- 

iOmed TOJIIIlHHy CJOA, HaXO^BTCfl H'&KOTO- 

pafl TOHRa Ha paacTOflHiH otl BaJia h 

nyCTb CKOpOCTb aH^KOCTH Bt 3T0fi TOHK* 

9^ EcjiH p osBaHaerb A^BJieHie, to mox- 
m AOKaaaTB, — = (i), 

6CJH [A eCTb KO^<t)HIUeHTb BH3R0CTH 

CMa3KH, 7^o— JHHefiHaa CKopocTt Baaa, a 

U CKOpOCTb B-b H-feKOTOpoft TOHKt HH^- 

kocth;mu ho HMtewi, 3^^ bosmohihocth npHBecra aoKaaaTejibCTBO, ho 

lipaMO CKaKOMI,, HTO (l)MO«eTl 6bITB npHBeACHO BU^y 

».2 I J. ■ 




^epT. 103. 



h dxdx^ dx 



= 



.(2). 



IIvCTb 



dp _ 



TO^;^a 



h 



dh 



6 1X7*0 /^ 



3to ypaBHeHie HMterb (|)opMy (I) n. 243, ecjiii h ^ano bt. 3aBH- 

OHMOCTH OTb O;. 

nycTb X =/p. cia; — . ^. — 3 log e" = hK OTCK);^a 



X^jp.dx 



c 

"A3- 



PtnieHie saBHCHTi otb saKona HSM-feHeHia h. Ha npaKieK-fe Momno 
npHHHTb H-feKOTopuM'b npHOJinateHieMi, hto: h = hQ-\- ax^: B-b stomi 
cjiyqat mu nojiynHM-b 



2i=C'- 



2h„ 
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ECJIH CTyi^eHTU HMtlOTl B03M0KH0CTfc nOTpaTHTfc O'feKOTOpOe BpeMfl 

Ha HsyieHie dioro npHMtpa, to ohh Moryn> oCpaTHTbca Kt CTaitt 
npo({). 0. PeflHOJII>;^ca Bt JPhil. Trans, tomi 177, r^i oh^ BnepBue o6i- 

flCHHJll> HHHCeHepaMTi TeOpiK) CHaSKB f 

VtWMUHoe ynpao/CHCHie. llycTb OB = 2.b9, 0-4= 11.09 caHTH- 
MeipoBi., |xz=2.16, HJiH 0(7=0,001135, a = 0,0000082, Wo = ^ 
caHT. BT> ceKyaj^y. 

BUHHCJIHTb C H C, npHHHMafl J!> = BpH JB H A. SaitMl BUHH- 

cjHTe ^B^BJienie pa3Jiimeiiixi> SHaMeeifi x h naHecHTe ero aeaMeBifl 
Ha KJiiTiaTKy. TaKi> KaKi> CHJia ipcHia Ha KBaApaxHMfi caHTHMeipiv 

du ^ . n ^ 

paBHa \j' 2^ npH y — to nojiHoe xpeHie F 6y;^eTL 

Bi npeA^ax-B Mea^y A h -B. lloJiHaa HarpysKa Ha najii 6y;^en> J* i?.fijr 

Me«Ay TiMH ae ^pe;^tJIaMH, ecjiH noKpHBaeTt HedoJibmyio ^acTb 
meflKH Bajia, h Moacerb 6uTb bT) jik)6omt> cjiynat JierKo BWMHCieea. 

Onopa npeAnojioffieHaCesKOBeMHO AJIHHH08 no HanpaBJieHiio nepneH- 
^HKyjiapHOMy ki hjockocth 6yMarH Ha »iepT. 103, ho chjiu pac^BiHsa- 
iDTca Ha 1 caHT. j^hhu. 

248. HpuMthpi. PifflHTb ypaBHenie 

HanflcaBt ero Wh BHJit (6^ — 4e + 3)i/ = 2e^^ 
nojyqHM'b y = (62 — 46 + 3)-^ 2^3*. 

Ho C6»_46+3r-V.(,43-64i, 

HaMi» Hesa'iiM'L 3a6oTHTbca oTHocHTejibHO MHoacHTeja 
TaKT> KaKi) oqeBHAHO, ^to o6mee pimeme 6y;i,en» paBHo cyMMi 
AByxi) qjeHOBT) (6 — 3)~^ h (6 — 1)~^ hs'l KOTopwx^ Kaac^o^ 
yMHoaeHO na npoHSBOJiLHoe nocToaHHoe. 



EaKTj 6h to hhShjio, y = ■ 



6_3 6— r , 
a 3T0 no (7) n. 243 paBHO 

7/ = (Ci + ^)e^^+C2e^ 
249. ypaBHOHie BH;i,a -^Py= (^f, r^t P ii KaK-b 
H paHbine, cyxb $ynKn,iH TcibKO x. 



Pa3^tjiHMT> o64 qacTH ypaBHeflia he h no;^CTaBHMi> 
z = y ^"'^ nojiyHHM'L jHHefinoe ypaBHeme. 

^puM1hp^, (1 — x^) ^ — xy = axy"^. 

HojlCTaBjfla z = y'~^ HafiJ^eM^ 



dx ' 1— 1— 

^ = (1 — V2 I J (i_x2)-3/2(-. + cj . 

OxBti'L: 

//-^ = (1 — V2 [ — a J^C]= — a-\- C\/ 1 — xK 

dn 

ynpaoKmeme, - x -\-y = y^ log x. 
cix 

» 

OTBtrs: --—i-i-Cx — log j^. 

y 

250. 1. .;taHO (^)'- «V = 0. 

8to ypaBHeme nepsaro nopflAKa h BTopott creneHM. 

PimnMT> ero oxHOCHieJibHO h nojiy'iHM'L ;^Ba pimeHia 

itx 

Tx — ^^^^ — — ^1 = 0? 

^ -j- aj/ = 0, TaKi qxo Ig t/ aa; — ^2 = 0. 

OTCK);^a no.iyqHM'b pimeHie 

(log y — ax — A{) (log y-[-ax — ^2) = 0. 

JerKo y6t;^HTbca, qio KasK^oe BHa^enie y saKJio'iaeTT, b'l 
ce6t TOJibKO oj^HO npoH3BOJibHoe nocTOflHHoe, xoth b^ ypaB- 
HeniH HXT> ABa. 
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2.1a.o .+(!)•=. 
9to ecTb ypaBHenie nepsaro nopnAKa Tperbeil creneHM. 



Otch) ja ^ = (a; — 1 3, 

dec 



cly 

H 3/ = »/4 (a;— !)*/» + C. 

(l)'-'l+'^=»- 

3x0 ypaBHenie nepBaro nopiiAKa BTopott cTeneHn. 

(y-^x + c,) {y — 3x-^ c^) = 0. 
251. YpaBHeHie K-iepo ecxb ypaBHenie nepBaro iiopaAKi^ 

JIIoGofi CTeUCHH. 

2/ = ^i>+A/>) ' . (a 

r;^t ecTb ^ f (P) ^CTb HtKOTopaa (j)yHKuiH ot-l 

(fx CtX 

J^H^^epenuHpyeMT, ero no x, nojiyJiHM'L 

TaKHMTj 06pa30M'b, HJIH ^ = (3), 

c[ 

HJH X-^~f{p) = (4) 

;i.0jiacH0 y;i,oBJieTBopHTb nameMy ypaBnemio. 

EcjH = 0, i> = c. 

dx 

no;iiCTaBJiaa 3to wh (1), nojiy^HMt 

y = cx-^t{9) ......... (5). 

qxo H 6yAexT» nojiHbiM'L ptmenieMij. 

IIcKJiioiaa p mh ypaBHenia (1) n (4), mh nojiyqHMb apy- 
roe pimeHie, ne coji;ep»an],ee nponsBoibHoft nocToannofi. Mho- 
ro MOHCHO fibiJio 6h cKaaaxb oxnocnxeJibHO 3xoro oco6eHHaro pt- 
uieHin, KaKt ero nasHBaroxi*. Ono anjiaexca peayjibxaxoMi 
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iicKJiH)qenifl c mi> ceMeficTsa kphbhx'l (5) h iioioMy H3o6pa - 
^KaeTi> HXT* o6epTKy. Cm. n. 224. 

BpuMnph ua ypatfueme KAepo. 

Mh iiM'teMT* oomee piinenie (5) y—cx-\-^—, ce- 

c 

MeficTBO upaMHxt JHHifl, ueHu KOToparo oTJinqaioTca no ana- 
ueniK) Hx-L napaMexpa c. 

. d fm\ , m 

(4) npeACiaBHTca wb bh^;* x = — "^[l^J "™ ^ ~ i ^ 

./m 

iijiii i)=\/ — . 

^ X 

Oxcioj^a y =2 Vmx h.ih y^ = Amx, — napaSoJia, KOTopaa, 
KaKt Mbi nainjiH b^ n. 224, cjiyacHT'L oSepTHBaiomefi js,m 
3Toro ceMeficTBa. 

3Ta KpHBaa jAOBJieTBopaeTb j^annoMy ypaBHeHiio, TaK^ 
KaK^ Ha H'feKOTopoM'L 6e3K0He4H0 MajioM'L npoTaaceniH ea ana- 

qenia ^, 2/ h y xtace, ^to h bt, oaihom'l hs-b qjieHOB-b ceMefi- 

C'X 

cTBa npaMMX'L. . 

252. EciH ;^H$$epeHn.iajibHoe ypaBnenie HMtei'L bha'b 

§=«^>. 

OHO MoaceTt 6htb piiueno noMombio noc/itAOBaie/ibHaro MHie- 
rpMpoeaHifl. Mh y»ce nsitjiH ntcKOJibRo ao^oSHbix'L npHMtpoBi>. 

253. y paBHenie BH^a ^ = f (y); yMHOMcaeM'b na 2 ^ 
n HHTerpHpycM^, nojyqHM'L 

MsBJieKaeM^ KBajtpaTHbift Kopenb h, oij^fejiMB'b iiepeMta- 
Hbia, pfemaeMx ypaBHenie. 
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TaKT, nycTb -~ = ahj. 



nocxynaeMt no npeAwj^ymeMy: 



= 2/ a'i, .iy + C= a'f + C, 



dy 

■Jx. 



HHierpHpya, Haxo^HMi 

x= Ilg[aj/ + |/^VTCI+C' 

EciH ypaBHeme (1) npeACTaBBMi bi BHfli 

ce'" = aj/ + /ay + C, 
TO OHO noJiyiaeTTi BH^t c*e^"^ — 2ayee'" — C, 

M.1H y = A&"-\-Be-^ (3), 

ptmeHie, Koxopoe Kaaexca Henoxo«HMi> na (1), xoth, 

JltfiCTBIlieJIbHOCTH OHO TO JKO CaMOC. (2) MH MOMCeMt EOJiy^HTb 

cpasy, ecjiH SyAOM'b J^epHcaTBca npaBHJia, Aannaro Am ptnie- 
Hia JiHHefiHHX^ ypaBHOHifi wb a. 159. 

254. PiiuHTb =a ~, ypaBHCHie xpeibflro nopflAKa 
nepBofl creneHH. 

q =b€f^^ xaKT, ^xo — = - + C, 
dx a ^ 

Of 

HJH t/=^6'"'''-pGr-p C^'j rjit A, C E O cyxb npoH3BO.ibHHfl 
iiocTOflHHbia. 3x0 ypaBHCHie xaKace Moacexi, 6biTb pimeHO no 
npaBn.iy Am jnHefiHbixT» ypaBHenifi n. 159. 
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iijii 



— 1 — — (fw 

Bo3BOfl;ff Bt KBaApai^, noJiy^HMx 2?=V2 C^^'' — ^~'£c' 

IlHxerpHpya, nojiyqaeMx 

^ ^ ^ 

C H c cyTb npoHSBOJBHHfl nocTOflHHbia. 

356. 06ii^ifl ynpasHeHifl no AH<I><I>epeHi^iawibHU]iii> 
ypaBHeHlflM'B. 



(1) {a^-\-y^) dx \-V a'—xKdy = 0, 



Otb^t^: arcsin - + ^ arctg - = e. 



, rfi/ , 1 

/ov I sin 2a; 

(3) ^ + j,COS:r = -— . 

OiBtTL: 2/ = sin J- — 1 4- C^"''" 



OiBirL: (2y — — c) [Ig {x-\-y — i) + x — c] = 0. 



(5) p^-\-2xy=.2axY. 
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(J) x^^-]-y = y^ \^x. OTBiTb: y = {cx-\-\^ x-\'i)~^, 

(8) y = 2x^-^ry^{^£)\ OxBhrL: y2 = 2ca; + c^ 

(9) PiiiiHTb ^1 -\-'^dx — 2 ^dy = 0. 

Bo 1) cnocofioMt, npHMiHeHHHMTj Bt ynpajKHeniii n. 241, 
BO 2), KaKT» OAHopoAHoe ypaBHeHie. 

OxB'hT'L: x^ — = cj\ 

Ox dx { 1 3a;'\ 
(10) PimiiTb ^^-^5 [- — — j (7t/=0 no cnoco6y n. 24U 

OTBtrb: x^ — y' = cy^^ 

OTBiTx: y = (x-}-iy['l2(x-{- ly-^C], 

(12) (a; + 1/)^ ^ =a'. Otb*tt.: y — a arctg = c. 

(13) xy (1 + ^. = I • OTB'brb: - =2— y'+ce-Va^. 

(i)'-:-^=»- 



OTBix-B: (y — a\gx — c) (y-\-a \g x — c) = 
-px = e^ 



(/-ir 

Otb*tt,: 2/ = (a; + 1)" (e' 4- c). 
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(18) ^ = sm(cp — 6). OiBiTL: coti? [-— ^^^| — cs + c. 

(19) (\'^x^)^ — xy = axy\ OTEhvh: ^^ = c l/T^i^— a. 

(21) HepeMtHHTB HeaaBHCHMyio nepcMtHHyio x na t bt> 

ypaBHCHiH (1 — ^ ) ^ — ^ ^ ~ ' ^P™^®"^ ^ = P'^' 
lUHTb ypaBHenie. 

(22) Cj^ijaTb TO ace bt> («^ + ^^)^ + 2:r^=0,npHHaB'i> 
x = a\gt n ptiuHTb ypaBHenie. 

257. 1. ^loKaaaTL, ,to^, = ; (-j , 

^ dt^~ Us' ds^ \dsy\'\ds)' • 

« d y dy dx 

3. /toKaaaxb, qxo ecjiH ^ = ^ • ' '^^ 6y;^eT'b laKJKe 

d^y _ /dx d^y _ d^x dy\ . /c^y 

n HaflTH aKBHBajieHTHoe BbipaaeHie ji^jin ^ 

4. EcjiH X = e'. noKaaaxb, qxo, TaKi> KaK^ x-^ =X'^, . — » 

' dx dt dt 

dy 

TO axo paBHO ^ . 



dx"^ \dt J\dt Jdt' 
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5. IlepeMiHHTB fiesaBHCHMyio nepeMtHHyio x na ^, npHHaBt 
X = e , B-L ypaBHCHiH ^ -y-x ^ -\- n^y = 0, h ptiUHTb ero. 

258. EciH Mu craaeMi) npo5oBaTb HaftTS no MeTo;^y n. 47 a^hhy 
;^y^H ajjienca, to mh BCTptTHMca ct BToporo po^a ajUHnraHecKHM'b HHxe- 
rpajioMi, KOToputt o6o3HaHaeTca E (k, x). Owh MoaeTi 6uti> pasjioxeHi. 
m> 6e3KOHe?Huft pfl^^i). Ero sHaMenie BUHHCJieHO BejiHHHHi> k h x 
H npETBeAOHo m> MaTeMaTnqecKHXi laCjiHuaxi. 

Kor^^a yrojii Kaqaaia MaaTHHKa ho ^^ocTaio^HO Majii, h mu xothmi 
onpeAiuiBTb npo;^omHTejibHOCTB nepio^^a Ra^iaHia, to mu BCTp'i^MaeHCH 
CB aMHnTHqecKHBfb HHTerpajioMi> nepBaro po^a, KOTopuft o6o3HaqaeTCfl 
F (k x). MoatHo AOKaaaTb, hto HHTerpaii. KaKoro HH6y;^b ajire6paHqe- 
CKaro, Bupasceeifl, 3aKJiH)HaH)maro wh ce6i KBaApaTHutt Kopenb hsi mho- 
ro^jieHa Tpeibei hih ^eiBepToft CTenoHH, MOseTi 6uTb npeACTaBJieHi* 
Bi saBHCHMOCTH oTb o;^Horo HJiH 6ojibraaro ^acjia m'h Tpexi ca-feAyro- 

IKHXl HHTerpaJLOBli 

Fih, d?).=: I — -- ■ --- — , HJIH 0) = I --^.r==; 
E(k,x)—) f./bd^.dx, HJIH i;(A;, 0)= fVj— ^'sin^O.rfQ; 

J 1^ 1 — ^a?^ •'0 

JO 

k, Bcer^ia nojioscHTOJibHoe h ueHbinee e;iHHHiibi, Ha3UBaeTCfl MO^y- 
jieMi n, HtKOTopoe ;(iittcTBHTejibHoe ^hcjiu uasuBaeTca napaMeipoMi. 
HepeMi^Ha BH^a x sa m.^ A^aeTca nomombK) noACTaHOBKu 

x—'^\\i^. EcJiH ^pe;^•fcJIU F ii E cyTb 1 h 0,bi cjiy^ai a;, hjih ^h 0, 
Bi cjiy^ai^ 0, TO HHTerpajibi ua3biBaH)TCfl hojihumh h o 6o3HaHaK)TC fl npo- 
CTO 6yKBaMH K u E, Ha3UBaeTca aMIIJIHTy;^ott, a \/\—k^ sin^O o6o3- 
Ha^aeTca ^epesi A^- 

EcjiH ii = F(k, x) — F(ky 0), to npn odpamoHiH ci (|)yHKuiflMH, 
HMtou^HMH o^Ho H TO SKO Tc, Mbi Oy^eMi HOJibsoBaTbCfl o6o3HaqeHiHMu: 
=i: am 

x=.^nu (na cjiOBaxi., x ecTb CHnycB aM^iHTy;^u m), 



yi — iC^r=:Cntt(HJIH|/l— OCTb KOCHHyCT* aMMHTy^^U u\ 

\^l—k^x^ = dn u (HJIH ecTb ;^eJIbTa aM^JIHTy;^u «); 

Jioacflo AOKasaTb, hto 
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n^u~\-cn^u=:l, (in^M+A;*.sn^w = l, ^(am w) = (intt, h t. ;^. 

Tame am (— u) — —am. u. h t. j[. 

sn^^.cn «;.dn v^cn u.snvAn.u 



TaK»e sn(n±v)=:- 



1— A^^sn^ w . sn^ v 

^o;^o6Hua ae OTHomeHia nojuyHaTca h ;^JIa cn {u±v) h dn(w±r). 

OTciOAa aaxoAflTca BupaiKeHia ;^JIfl so + sn (it— v), h t. a. 

TaK»e H flja 

sn2z*, cn2i*, dn2t«. 
TaKHMt o6pa30MT., HM-feeTCfl CTOJiB ate nojuoe co^paaie (topMyjit, 
CBaayromaxi* aiH aoHnTH'iecKia ({)yHKaiH, KUKh a ;^Ja TpHroHOMGTpnqe- 
CKHxi) (j)yHKuifl; ofli MoryrL 6uTb pasjioaeHU Bt pajiu, no KOTopuMi 

MOryTT) 6HTb BMHHCJieHH ijifl HHXT) TaGjIH UU. JIeH;aHJ^p^ HSjiaJIl Ta6jIHUH 

HHierpajioBi. aepBaro h BToporo KJiacca, h xaKt KaK-L ohh Baxo;^aTca 
BT> HaBicTHMxt OTHomeHiaxt . Kt HHierpajiaMx Tpeitaro Kjiacca, to 
sHaMGHia aTHXt ^ocJi;^HHx^, a laKace paajiHqHwxi) ajunnTHHecKHXx (})yHK- 

Uift MOryTL 6uTI» HS-L HHXT, BMHHCJieHM. EcJIHSbI 6HiIH COCTaBJieHU 

nojJHua Ta6jiHUH uxi, to bosmokho, qTo 3th (<)yHKaiH nojiyHHJiii 6u 
npaKTHMecKoe aaa^eeie. 

259. BepHeMca ki* AM4)4)epeHi^MpoBaHiK) 4)yHKi^i(l ot1> AByxi> 
MJiM 66/ibLuaro MMCJia nepeMtHHbix'b. 

1 . EcjiK M = ;2f2 _|_ y^J^^y^ a ^ = siii H y = e", 

H OTCK);i,a ^ = {3y^ -\- 0) e"" -\- (2^ -|- y) cos x. Ecjih 9to Bupa- 

3HM^ B^ 3aBHCHM0CTH TOJIbKO 0Tb X, TO Mbl HO.iy^HM'b TaKOfi 

ace otiAtI), KaKofl nojiyiHJiH 6bi, ecjinCbi b^ naqaai bt> 
noACTaBHJiH bm^cto y vl z hx^ Bupaacenia Hepe3i> x h eeno- 
cpeACTBeHHo AH(|)(|)epeHn;HpoBajiH. 



/ ^2 ^.2 

2. HoJioacHM'L, n=y ^2_|_ ^^2 > ^•^'^ h cyTb (J)yHKi].iH 

a;, HafiTH — . 
dx 

3. sin (xy) = mx, naflTH 

' (iX 

4. u = arc sin r^i ^ ii 2/ cyib ^yHKuin x, HafiTH 

25 



KH B-bl^-jH T. A. 
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2 - y.dz — 2,dy 

5. w=arctg-, noKaaaTb, ^to du= - — ^ , ^ . 
y y^'\-z^ 

260. ynpaofCHenie, IIoB'fepHM'B, ;^'bficTBHTeJIbHO jih ypaBHenie 

d^v Idv 

dx^''y,di 

HMiei'L Taivoe piineflie: v = e^"" sin + T^)j ^> gcjih axo tbk'l 
TO HafiAeMt a H Y, npHMtHaacb ki> tomj cjryqaio, Kor;i,a v = 
npa = H = a sill npa x = ^. Mh 0T6paci>iBaeMij cko6- 

\ 
dv 

- ae"^ Sill {(it -\- ^ix) -f- e'^ Y COS (g^ + Yd:), 
d^v 

— = a2g«^ sin [qt 4- Y^) + ^Y^*^ cos {qt + y^O 
+ aY^""^ COS (g^ -4- Y^) — sin (g^ + y^)- 

TaK«e ^ = ge*^ cos {qt -\- -(x). 

TaKHMij oepasoMij, ^toSh 6hjio yjiOBJieTBopeno ypaBHenie 
(1 ) jiJisi Bcixt SHaqenifi t ii x, AOJiacno Sbitb 

o{2_y2 = HJiH a = dt Y, 
TaK^ KaKT) -| He paBHO 0, to a MoaceTij 6HTb paBHO thjib- 

KO + Y 

2a^ = ^, a = .^/f = Y. 

OTCK);i,a Mb! nojiyqEMx 

t; = Ae""^ sin (f^J^ + a^) + ^t"^ sin (g/^ — ax), 



Tji,^ A K B cyTb HiKOTopbia nocToaHHHfl, a a=^^^ 
BiiAHO ^. = 0. EcjiJi v = a ^hiqtnpn x=0^ to oqeBH^HO B=.a. 



— , ecjiH q = 2'ti. Ho ecjiHt; = npn x = '>^, to o'le- 



Oxciojiia pimeHie 6y;i,en»: 



v= ae 



X 



(2). 



261. IIOJIOJKHMT>, qiO TOMKa P ABWrneTCfl no KpHBO/IHHett- 

HOMy nyiM SPQ; nycxL AF = x, BF = y^ 
dx py 

■— H ^ cKopocTH no HaiipaBje- 

HiaM'B OX E OY, 
d'^x d^u 

— H ^ ycKopenia no nanpaB- 

jieHiflM'L OX R OY. 

HycTB OP = r, BOP=b, 
x = r cos y = r sin 6. YcKope- 

Hie H CKOpOCTb P BT> Kmowb 




MepT. 104. 



.ih6o HanpaBwienin mo?kho nojiy^HT-K TiMT> ace cnoco6oM'i>, koto- 
pbiMt MH nojibsyeMCfl npa pasJiosKeHm chji'l. TaKx, cKopof^.Tb 
Bi> HanpaBjeniH r fiy^eTt 



— cos 6 + -^sm6 
dt dt 



(1), 



a BTi HanpaBJiemH Pl\ Koxopoe cociaBJiaeTij npaMofi yroi'L 
CL r, cKopocTb Sy^eTTj 



dx . dy , 
— — sin 6 4- cos 6 
dt ' (fif 



(2). 



^H(|)$epeHniHpyfl x ny, KaKij ^ynKuin nepeMiEHbixx r h 6, 



TaK'h KaKT, j = cos 6 H = — r sin 6, 

dx dr . , , rfO 
Mbi nojiyqHMT> = cos 6 — r sm 6 . . . . 

dt dt 



dy dr . ^ . ^db 
-^ = -2^1X1 6+r cos 6 — 
dt dt ' 



(3) , 

(4) . 



P'bmaa (3) h (4) oTHocHiejibHo ^ ^ ^ ^» naxoAHMi, 

25* 
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| = |c«e + |s,../. (5), 

'l=-f'^"»+l-»- <«■ 

Ha ocHOBanm (1) h (2) mh saKJimaeM'L, ™ ecxb cko- 

pocTB BT, HanpaBJieHiH OP, a r — ecTt cKopocxb Bt Hanpan- 
jieniH FT, HiEOTopme raTaxejiH Kone^HO noji.yMaioT'L Haj^T> 

aTHMX) BOnpOCOMlj. 

Tenepb, ecjiH mh cjiohchmtj ycKopenia no HaupaBJieHiaM-L 
OF H PT TaKx ace, KaKx. mh bxo cjii-iajiH co cKopocxaMH, 
H ecjEH MLi CHOBa npofl;H(|)$epeHii;HpyeM^ (3) h (4) no to 
Haft/i;eMi>: 

ycKopenie no HanpaBJiemio 0P = — cos 6 -f- 

(^)' 

ycKopenie no HanpaBJieniio F T= — ^ 

+3'=<^«'^ 

Oxciojia ycKopenie b^ HanpaBJieniH r (a axo 6e3x» namero 
j^0Ka3axe;ibcxBa ne Kaacexca o^eBHAnHMT>), 6yAexx> 

a ycKopenie no HanpaBjieniio FT, 



'dtdt + 'df^^''''' -rdtrJi)'"^'^^^ 

— oQbiKHOBeHHO o6o3HaHaeTCfl h. Oho o^eBHAHO osnaqaex^ 
at 
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ji,BoflHyio njiomaj^b, onHcaHHyio Bt ceKyHAy paAiycoMT> bgrto- 

pOMX; (12) npHMCTT) BHTI,'B ""J^- 

262. nojioacHMTi, hto cHJia, oSycjiOBJiHBaiornafl ;i,BHaceHie, 
ecTb iieHTpa/ibHafl cwjia, npHTajKenie bt^ HanpaBjenm PO, 
npe;i;cTaBJiflH)iii,ee H'hKOTopyio (j)yHKn,iK) otx r, noJioatHMTj /"(r), 
Ha eAHHHii;y Maccti b'b P hjih mf (r) na Maccy m bx to^k* 

P; Tor^a (12) 6yAeTT> paBHO 0, hjih = nocToaHHofi, 

nnaqe roBopa, h — nocTOHHHO. OiciOAa cji'i;i;yerL, ^ito noAt 
BJiianieM'b i^enTpajLHofl chjih pa^iycB BeKTopii onncHBaeT'L b-b 
paBHbia BpeMena paBHbia MomaAH. 

IIpHpaBHHBaa mf (r) Macct, yMHOJKeHHofl na ycKopeHie bt* 
HanpaBJieniH PO, mh nojry^HM'b 

Ho — = ^ — nocToaHHO. Tarn KaKt r ecxb (|)yHKi],ia 

0, TO 

c?r dr db drh 

H~'db 'lu~db?' 

fdry\h_ 

H Mu MoaceMt BocnojibsoBaxbca 9thmh BejnqHHaMH, ^Tofibi 

HCKJUOqHTb t HSX (13). 

EcjiH Mbi o6o3HaqHMT> r qepes'b -^^ to (13) npHMerb fiojite 

npOCTOfi BHAX 

f(r):=h^u^(^J + u) (14). 

EcjiH f {r) = ar~^ hjih a«***, t. e. npHTaatenie H3Mi- 
HaeTca oSpaTHo npoiiopnioHajtbHo w=fi CTeneHH pascTOHHia, to 

d^u , a _ 
^2 + ^ = ^2 ^ ^ = 5 nojioacHMT), hu"" ^ 
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YMHoacaa na 2 



du 



H HHTerpHpya, nojiy^HMT> 



[mJ =.V-:^l- 



+c . . . (15). 



TaKi, HanpHMipi), nojioacHMT), A'^ficTBie ofipaiHO nponop- 
LiiOHajibHO KBaApaiaMt paacxoaHifi, Tor^a f (r) = ar~^ =au^; 
(14) uojijmsn Bn^'b 



9to ecTb ypaBHenie KonnqecKaro ciqenia bti nojiapHHX'L 
KOopAHflaiaxi), KorAa ^OKycL cjiyacHri) nojHOCOMt. Bh;i,i> kohh- 
qecKaro ci^eHia saBHciiT'L ott> nana.ibHbix'B ycjiOBifi. 

(15) Aaexx HaMT> BoaMOJKHOcxb npH AaHHOMT> bma* ipaeK- 
TopiM HafiTH saKOHx ueHTpajibHofi CHjibT, o6ycjioBJiHBaH)iii,efi ee. 
TaKi), ecjiH HacTHi].a onHCbiBaeT'b ajjiancb no^'b BJiiaHieM'b npn- 
Taa^eflia, Bcer^a nanpaBJieHHaro uenxpy, to jierKO y6t- 
^HTbca, HTO CHJia npHTamenia nponopuionajibHa pascToaHiio. 
HiTL HHqero Jierqe, KaK'b HafixH xpaeKTopiio, eciH Aan^ no- 
Ao6Hbifi 3aK0HT>. TaKx, eciH ciiJia npoiiopuioaajibHa PO, xo 
ea npoeKuia na ocb ^r-oB'b nponopuiioHajibHa m npoeKnia na 
ocb iz-obtj nponopuionajibHa y. Ecjin nanncaxb BbipaHcenia A^a 
ycKopenifi no axHM'b HanpaBJieniaMx*, xo .lexKo nattxH, ^xo no 
mwh 6yAyxT) coBepmaxbca ji,Ba npocxbia rapMonnqecKia abh- 




nycxb w = u — 6, xor;i,a 



Pimenie axoro ypaBnenia 6y;i;exi> 

w = A cos (6 + ^), 
qxo MoacexTi 6bixb nanncano xaK7>: 




e.=:^ = ^[l+ecos(e-oc)] . . (16). 
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aceHia paenaro nepio;iia, a cjiO/Kenie dthxt. ABHacenifi j^acTi), 
Kaiv-b HSBicfHO, ABHaceme no ajiJipmcy. Ecjih npHiaaceHie noA- 
TOHaeTca saKony o6paTHUXT> Ry6oB"b mii f (r) = ar'~^=zau^, 

TO (14) npHMOT'L bh;i;'l ^ + m = ^ 

Ecjih ^ — 1 =a\ u Ae""^ + Bc'^^K 

EcJH 1 — p = P^ TO r= J. sin p6 = J5 cos p0, — ypaBne- 

Hia, Aaioni,ia coBepmenHO pasjiH'iHHfl p'tmenia bt> saBHCHMocTH 
OTT) HaqajibHHX'L ycjiOBifi HBnacenia. 

263. Ecjih = r cos 0, y z=z r sin Q, h ecjiH y ecTb (|)yHKiiiia x, 
TO r 6jj[eTb $yHKn,iefi 6; ecjiH ecTb (|)yHKu,ia x r y, to oho 
6y;i;eT'L TaKace (J)yHKi^iefi r h 0. 

BbipasHTb ^-^j H (|)yHKiiiH nojiapHbixi) Koop- 

iiHHaT^ r H 6. 

dw\ "/rfwN (fa: , /<U4\ dy 
IrJ'^Kd^J dr~^\dy)l^' - - - W 

nojiaraa nocToarifiHM'B, h 

/ (Iu\ fdu\ dx fdu\ dy 

V"^/"^ W ^j"^ V#y^^ 

npHHHMaa 3a nocToaHHoe r. 
dx 

Ho , ecjiH r iioctohhho, — r sin fJ, 
ecjiH r nocToaHHO = r cos 6, 

dx 

ecjiH 6 nocToaHHo, = cos 0, 

dr 
dii 

-f-, ecjiH 6 nocTOHHHo, = sii 0. 
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IIpHHHMaeMX BTj (1) H (2) 3a HeH3B4CTHHff H 

H, piiiiaa axH ypaBHenia, naxoji.HM'L 

(l)=-"{l)-r""»-© 

3aMiTHMi>, HTO BT* cko6kh ozRdmdiJOTb, qxo t/ npe^t- 

nojioaceHO npn ;i,H(|)(})epeHUHpoBaHiH iiocToaHHHM'L. 
Bt> npeAnojioaceHo nocroaHHiiiMT* 0. 

HocTynHTe ct> h bx (3) h (4), xaK-L ace, KaK-L 

BW nocTynnjiH ct> h onpen'MHTe — h ^ase 

npH caMOMT> xmaxejibHOMi, oxHomeHiH k^ ^tjiy Bce^;^a Moryxt 
npocKOJib3Hyxb oiuhSkh, h noxoMy caMaa nojieaHaa upaKXHKa 
6yAexT> xa, Kor^a KaacAwfi marij 6y;^ex^> xmaxeJibHO o6;i,yMaHi>. 
Ji;oKa3axb, mo 

264. HHor;i,a ]i,m onpeA'bJieHia nojroHcema xoqKH m> npo- 
cxpancxBt mh, BMtcxo x,y yl nojibsyeMca Koop;i,HHaxaMH r, 
6 H cp. BooSpasHMT), yxo i;eHxpT> 3eMJiH HaxofljHxcfl bt> xoq- 
k4 (qepr. 105). OZ — 3eMHaa ocb, OX — jinaia, nepnen- 
j^HKyjiapHaa K'b OZ, npHqeMi* njiocKocxb ZOX npoxo;i.Hxi» 
qepe3T> FpHHBHq'L, OY — jiHHifl, iiepneAHKyjapHaa Kb ootHirL 
npeAbiAymHMX) mmsiwh, HojioHceHie xo^kh P onp6;i,tjrflexca 
X — ea pa3cxoaHieM'b oxt> hjiockocxh ZOY, y — pascxoa- 
HieM-b ovh njiocKocxH ZOX h z — paacxoanieMx ea oxt. 3k- 
BaxopiajibHofi iijiockocxh YOX. Ilycxb r SyAexi* OP pa3« 
cxoaaie xo^kh oxx> 0. IlycTb cp SyjiiexT* sanaAsaa AOJiroxa hjh 
yroji'b MejKj^y njiocKocxaMn FOZ h XOZ, hjih, ecjin Q ocho- 
Banie nepneHji,HKyjiapa, onymeHHaro h3t> P na XOF, xo 9 
ccxb yroji-b QOX. Dycxb ey^exX) ;i,onoJiHeHie iimpoxH mh 



— 393 — 



yrojn> POZ. Tenepb ji^asl BcaKaro, SHaromaro npaKTHqecKyio 
reoMCTpiio, .lerKO Bujiikih, h.to, npoBCAa na qepxearfe jlehIh 
TaK'b, ^to6li yroji'L QRO 6bijn, npsMofl, a, c.iiAOBaTejiiflo, 
QR=y H OR=x, H npHHHMaa bo BHHMame, qxo yroji'L PQO 
npflMofi, MH nojiyqHMT,, ^to x = r sin 6 . cos y = r sin 6 . sin cp, 
£f = rcos6. EcjiH u ecTb j^aHHa^i ^yHKuia x,y^0, ona mo- 
acerb 6HTb Bbipaacena h btj aaBHCHMOCTH oT'b r, 6 h cp no- 
MombH) cooTBticTByiomHx^ noACTaHOBOKTi. npeKpacHbiBfb yn- 
paHCHesieM'b MOHcext nocjiyjKHTb j^oKasaxejibCTBO Toro, ^to 

du . , du ^ cos 6 . cos cp sincp du 

— = sm 6 cos cp — H ^ — .-^-r^ 

dx ^ dr r d^ rsmOcTcp' 

du . . . du , cos 6 . sin cp c?w , coscp du 

=,sm 6 sm cp H ^ — -\ ^.-^7- . — , 

dy ' \dr r f?6 ' r sin 6 rfcp 

du - du sin 6 du 

— = cos 6 — -77 . 

dz dr r db 



z 




^epi. 105. 



SaMixbTe, KaK^ jierKo npnBbiKHyxb nponycKaxb cko6kh, 
03Ha^aK)ni,ia ^acxHoe AH$$epeHn,HpoBaHie. 

CxyAenxT* cpeAHHX'b cnoco6Hocxefi ne Syji.ex'b HMtxb xep- 
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ninifl, a MomeT^ 6HTb h He c^yMtex^ cji^kmTb ^a.ocTaxo'iHO 
aKKypaTHo bbiboai> cjit^yiomaro cooTHomeHia 

d^H d^u^d^u^d^u ld2u . 



2 



dx^ ' df ' dz2 dr^ ' r^dO 

d^ 2du cotOdu 

• r^sin^e •dcp2+ r dr"'" db' ' ' ' 

9to cooTHomcHie HM'texx BectMa Sojibiiioe npaKXH^ecKoe 
SHaqenie. 

265. OcHOBaHieM^ ]i,Jia. MHorHXT> upaKTHqecKHx^ pa6oTT> 
cjiyacHT'L xopomee anaKOMCTBo cl ypaBHenieMb 

d^u a^u (Pu _ldu 

TAife t ecTb BpeM^. HanpHMtpX), naM^b npHXOji^Tca ptmaxb 
ypaBHenie (1) b^ 3a;i,aqax^, Kacaromaxca npoBo;i;HMocTfl xen- 

» du 

jioxH, ecjH u ecxb xennepaxypa, hjih m> c-iyqat — = 0, Kor- 

Aa u ecxb ajieKxpHqecKiS hjih MarHiixHHfi noxeHu.iaji'b, hjih 
noxenuiaji^ CKopocxH wh rHji,po;tHHaMHK't. 

(1) oobiKHOBeHHO EHmyx^ xaK^: 



YpaBHenie (A) ;^aexT> naMX* xy (j[)opMy, Koxopyio npHHH- 
MaexT> V^ii, Kor;^a oho Bbipameno B-b aaBHCHMOCXH oxt> Koop- 
AHHax^ r, H 9. 

vHCHO, MTO eCJIH II CHMMeXpHIHO OXHOCHXe.lbHO OCH X. e. 

ec;iH li He 3aBHcim> oxi) 9, to BbiraenpHBeneHHoe Bbipaace- 
Hie npHMext bhatj 

d^u . 1 d^u 2 du , cot 6 du 

266. Cxyji.oHxaM'b npeii,.iaraexcH paapaSoxaxb caMHMX) xnia- 
xejibHbiMTj o6pa30Mx> Bcb AexajiH ci'Myron^aro J^JIHHHa^o npa- 
Mtpa. H'tMi, 6oJibme BpeweHH Cy^eT^ yaoTpe6.ieHO Ha axo, 
vkwb jyquie. BtotX) npuMtpT* saKJUoqaex'b B-b ceSfc bck) cyxb 
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Teopin 30HajibH0-C(t)epH4ecKHxi> rapM0HM4ecKHxi> ({)yHKi;it), ctojib 
nojesHHXT) B'h npaKTHqecKHXt aa^a^iax^ no xenjioii, Marae- 
TH3My, ajieKTpHqecTBy, rnjipoAHHaMHKt h Taroi'iHiH). Egjih a 
He saBHCHTL OTi) cp, TO MH HHor^a nnmeMTj (2) ^opMi 

npHqeMi* u (j)yHKuia BpeMena ^, r h 6. CxyjieHTTi ;^OJIaceH^> 
npoBipHTb, corjacna jih aia ({)opMy-ia cl (3). 

IIoKaaaTb, qTO ecjia -- = 0, to ypaBHeaie nojiyqaeTi. bhat> 

„ rf^w ^ du ^ , du , d^u 

+ - + 0016^ + ^ = (2). 

HonpoSyeMx, H'bTt jih pimema aToro ypaBneaia Bn;^a 
u = jRP, r;^ii It ecTb ^ynraia tojibko r, a P ecTb (j[)yHKU.ia 

T0.1bK0 0; BT> OTOMt CJiy^ai Mb! HMieMTj 

d'li 2rdR _ . . 1 1 ^'P 

Bl^'^MW-~~''''^^P'dJ~Pd¥ • • • 

S^'tcb Ji'^Baa qacTb ypaBHeaia co;i,ep}KHTT> tojibko r 6e3T> 
6, a npaBaa TOJibKO Oea-L r. CjiiiAOBaTeJibHO, Kaacj^aa ii3t> 
Hnx^ AOJiacHa oHTb paBna nocToaHHoM BGJimEwb, HaaoBeai'L 
3Ty uocToaHHyio C. Tor;i,a Syfl.eMt HM^Tb 

»+"'»f <5>- 

3;i^tcb ecTb TOJibKo oaho orpanH^HBaiomee ycjioBie, Kacaio- 
meeca BeJiH^KHbi C, KOTopaa AOJiacaa Shtb o^aa a Ta ace jim 
(4) a (5); Tor^a npoH3Be;i,eHie AByxi, p-bmeaifi AacTi, Bejiaqa- 
ay, yAOBJieTBopaioniiyK) ypaBaeaiio (2). ^Jia mhofhx'l qacTHbiX'L 
ji,ii$$epeaixiajibHbix'L ypaBaeaifi ptnieaia nojiyqaioTca noAo6- 
HbiMi* o6pa30MT> B^ BHA'fe npoH3Be;ieHifi. EcTb 6e3qHCJieBBoe 
MHOHcecTBO H ApyrHXTj p'hmeaifl, ho ji^jir nacL dm HMtioT'L 
6ojibmoe apaKTaqecKoe 3Haqeaie. 
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TaKHMT) oGpasoMT, pBrnenie qacxHaro ;[^H(})$epeHU,iaii»Haro 
ypaBHenia (1) mm iipHBejm kl ptineniio ji.eyx'L ofibiKHOBeH- 
HHXt AH(j)(J)epeHuiajibHLix'i> ypaeneHifi (4) h (5). noMOin.bio 
npo6T> Mbi HaxoAHMt oaho pimenie (4), HMeHHO, z**^, h ;^Jia 
aioro cjiyqaa HMieTca mctoji^ (cm. n. 268), na ocHOBaniH ko- 
Toparo MoacHo noiyqaxb oomee pfememe. 

B = Ar'^ + Br-^"-^'^ (6), 

rji;l C = m(7n-{-l)\ He ipy^iHO y6'feAHTbca, ^to (6) y;^OBJieT- 
BopaeT'L ji,aHHOMy ypaBneHiio. EpHHiiMaa to ace C Bt (5) h 
nojiaraa cos 6 = mh nojiyiaeMx ypaBHenie, HasHsaeMoe 
ypaBHeHieM'b JleacaH^pa, npocToe jiHHefiHoe ypaBHenie 2-ro no- 
pH;^Ka 

!-^{0-^')%} + ^(^-^^)P = . . . . ox 

Tenepb mh HaxoAHM'b yAo6HbiMT> orpaHHqHTb Be-iHTOHy m. 
nycTb m — noJiosKHiejibHoe, u'Lioe ihcjio; upoSyeMi), He 6y- 
^erb JiH pimenie (7) Bbipaacaxbca Bt (J)opMt 

P=l + AlA + ^2M-^ + ^3p^ + H T. A- 

06o3Haqaa ero P^ii^-) hjih -P^(6), Hafi^eMTb cjii;i;yK)ni;ia 
pt.meHia: 

Po(p) = h eciH m = 0, Pj(6) = ji, ecjiH m=l, 

P2(6) = V2fi2 — V2, ecjiH m = 2, P^(b)==^l2\L'—V2\i, ecjiHm=3 

P^{b) = "/sfi* — '^/sjt^ + 3, ecjH tn = 4. 

J[m cTy;^eHTa ey^eT-b npeivpacHHM'b ynpaacHemeMT* bki- 
iHCJieHie aTHxi, BejiH^HH'b jio Pq. Moh yqenHKH cocTaBHJiH 
Ta6.iHAbi BCJHqHH^ Po, Pi, P2 H T. ji;. ;^o P7, j^m KaHcji;aro 
rpaAyca ott, 6 = ao 6 = ISO"". Cm. Proceedings of the 
Physical Society, JIoHAOH'b, noadpfl 14, 1890 roAa, r;^^ ;i.aHbi 
HCRua. yKaaaHia ji^jia. iipHM'tHenia 30HajibHbiXT> rapMOHHiecKHx^ 
(|)yHKU,ifi npH ptnieniH npaKraqecKHX'b aaji.aq'b. 

TaiCHMi* o6pa30M^ mh BHji.iiM'b, qio 

(*«•'" + i;lFx)P«('') (8), 



npeniCTaBJiaeTT> piraeme (1). HpaKTH^ecKaa 3a;i,aqa o6hkho- 
BeHHO 3aomaeTCK bx cjriji^yiomeM'L: nafiTH w, yAOBJieTBopaio- 
mee (1) h em^ HiKOTopuM'L orpaHHqnBaK)iniHMT> ycjiOBiflMt. 
Bt, 6ojibniHHCTB't cjiynaeBt npHxo;i;HTca roJibKo cio^KHib bm*- 
crk qjieHbi noAoOHBie (8), ^xofiH noiy^HTb noJiHoe HCKOMoe pt- 
nienie. 

JI c^Hxaro H3JiHUiHHMT> pacnpocTpaHflTbCfl wh HacToamefi 
KHHrh o6i> axoMt npeAMeTi j^ajiie axoro ynpaacHenia, Koxopoe 
M03Kex'L cjiyjKHXb npeKpacHbiM'L npHM'tpoMT> JierKaro ;i,H(|)$epeH- 
n;HpoBaHia. 

(8) o6HKHOBeHHO HasHBaexcfl o6i>eMHOtt soHajibHott rapwo- 
HMHecKot) (t)yHKi;iet) m-tl creneHM, a (6) HaauBaeTCH noeep- 
XHOCTHott 30HajibH0t) rapMOHMsecKotI ({)yHKuiet) m-i) creneHM. 

267. Bo MHornxi* 8aji,aqaxx oceBoe jajiETReme u fibiBaexX) 
$yHKii,iefi xoJibKO BpeMeHH, a r 03HaqaexT> pascxoanie ntKoxo- 
pofi xo^KH oxx> och; bt* axoM'b cjiyqai npnxoAHxca HCKaxb pt- 
menia ypaBnefiia (1), Koxopoe npHHHMaex-L bh;i,x> 

KaK-L H paHbine, npeAnoiosKHMt, ^ixo pimenie HMiext bhji,^ 

u = liT (2). 

v]K^ B ecxb (j)yHKii,ia xojibKO r, a T $yHKii;ia xoJibKO t, (1) 
npHHHMaexb bhai> 

dr' r dr x f# ' 



Ji^ms.'h Ha jBT, 



rji,t jj.^ — nocxoflHHoe. 
dT 

Tor;i;a = — y,)x?dt hjih Ig T = — ^a]xH -]- 

njiHT=Ce-^'"'^ (3), 

rjii C — iipoH3BOJibHoe nocxoaHHoe. Tenepb mh ;i,ojia:Hbi pt- 
uiHXb ypaBHenie 
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(PR , \dB 



+ t^^-B = (4). 



00 

nycTb r=— , Tor^a (4) npHMCTi* bhai> 

<^)- 

Epej^noJioacHM'L, ^ito ptmenie (5) Sy^erL HM'tiL bhat* 

B = l^Ax-\-Bx'^Cx'-\-Dx'-}-Ex'-\-Fx'+Gx'-i-n t. 
MH Hafiji.eM^, ^TO A = C = E= 6r.= 0, H qxo 

x^ x^ 

^ ^ 2^ ~^ 2^42 224252 ~t" 2H^6^8^ H T. ji, . .. (6) 

Btopb BaacHbifi paAT> BDepBLie fihirt npHMtneHT) *ypbe, 
xoTfl H HOCHT'L HMs Beccejifl. Oht> Ha3BaHT> $yHKii,ieft Zeroth 
Bessel h o6o3HaqeHia ynoTpeOiaeTca cHMBOjn> e/o (^). 
H3ji,aHH Ta6jiHn.bT, KOTopbm jiaioT'L BOSMOHCHOCxb ji,JiH JiioGoro 
sHa^enia x HafliH Jq (x), TaKHM'b o6pa30M'b B = Jq {^r) 
oyjiei^ ptaeHieMi* (4), a oxcioAa 

u=Ce-''\''"*Jo{^r) (7) 

eyAeT-L piineHieMi, (1). P'tiireme (1), Tpe6yeMoe m> npaKXH- 
qecKHx-b 3aAaHax^ o6biKHOBeHHO cocxaBJiaexca Hst cyMMH 
qjienoBT), noAooHBix'b (7), B-b Koxopbix'b pa3JiHqHHa snaqenia 
[A fl C Bbi6HpaK)xca cooxB'hxcxBeHHO 3a;i,aHHbiM'b ycjioBiaM'b. 

268. BX) JTHHefiHOM-b AH(|)(|)epeHii.iajibHOMX, ypaBHeein 

S+P|+«. = o (0, 

P vi Q cyxb (J)yHKn,iH x^ ecjiM mm 3HaeMi> oaho nacTHoe 
ptmeHie, nojioacnMXi, y = v, xo mm MomeMi> Hat^TM m o6iMee 
ptmeHie. 

no^cxaBHMx. y = vu, xor^a nojiyiHM'b 
d^u , / ^dv . ^ \ du 
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06o3HaqaH — = noJiy^HMT> (2) b-b bha* 

(XOb 

du' , ^ /iy , , 
HJIH -T+2 \-P.dx = 0, 

MH Ig U -\-lg -\- jP.dx = nOCTOflHHOMy. 

nycTb fp.dx = X, Torfl;a njin A^e~^^. 

ax 

u = B-\-Aj^^e-^,dx (3). 

TaKHMi, ofipaaoMTb, mh naxoAHMi o6mee ptmeme 

y = Bv-\- Av j^^e~^.dx (4), 

r^t A R B npoH3BOJibHbia nocToaHHHa. JI,a3Ke, ecjm npasaa 
qacTb ypaBHeniH (1) ne nyjib, BHiueyKaaaHHaa noACTanoBKa 
j^aeTTb B03»i0HCH0CTb HafixH p'bnieflie, ccjih v ey^erb p'tmenie 
ji^jia. Toro ciyqafl, Kor^a upasaa qacTb ecTb nyjib. 
JetKiu npuM}hph. Oaho ptmenie ypaBHenia 

+ a^o; = ecTb i/ = cos ax. 
ax^ ' ^ 

HaMxH o6mee ptmenie. 

S^tcb P= 0, TaKi* HTo f P.dx=X = 0, . 

OTCio;ia y = B cos ax-[- A cos aa: f — ~ — , ho, 
^ ' ^ cos^ ax 

r dx 1 ^ 
TaK-b KaKT, I — r — = — tg ax, 

*J cos^ rt:r a 

TO o6]nee p'tmoHie dy^eT^ 

2/ = jB cos ax -[~ ^ 
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ynpaofcueuie. IIoMOiii,bFj npooti mh naxoAHMX, ito y = x'^ 
6yji;eT^ oji,ho h3t> ptmenifi ypaBHenia. 

x^^^j^2x^ — m(m-^l)y = (cm. n. 266), 
d/X (ix 

lIoKasaxb, iTO o6mee ptmenie dyj^erb y = Ax"^ -\- 



n_|_l • 

YnpaotcHeuie, IIoMombio npo6i> mh Haxo^HM'L, hto 2/ = e*^ 
6yAe'rb oj^hhmt* h3t> pimenifi ypaBHenia ^ = a'^y\ iioKasaTb, 

qTo o6iiiiee pimenie 6yAeT'b y = Ae!^"^ Be~^ . 

ynpaofCHeuie. Mbi bha^JH, ™ u = P^ (ji) ecTb oaho HSt 
ptmenifi ypaBHenia Jle.'^caH^pa n. 266, j^OKaaaxb, ^to w = 
AP^{\i^) + BQ^(}i) Syjiei^ oCiiiiHM^ pimeeieM'b, iipa ^ewh 



Qm(\^) Qm(^) HasbiBaeica nosepxHOCTHoM 30HanbH0ii 
rapmoHMsecKotl (^yHKuletl BToporo poAa. 

ynpaofcnenie. Mbi BHji.'tjiH, mto Jq (x) 6hjio OAHHBTb hst* 
ptmeHifi ypaBHeflifl B'eccejia (5); noKaaaTb, »ito o6mee pt- 
meHie ecTb AJq {x) + BKq{xX tji;^ 

Ko (x) Ha3BaH0 ({)yHKi;iet) Zeroth Bessel BToporo poAa. 

269. ripoBOAMMOCTb Ttjia. IlojioacMM'L, ^TO TiJio, npcAHOja- 
raeMoe oahopoahmm'l, HMiei-b njiocKyio noBepxHocTb AB. Ecjih 
BT) TO^Kt P, HaxoAHmeflca na paacToaHiH x oti> AB, xeMne- 
paxypa h mh npeAno.ioacHM'b, ixo xeMnepaxypa oAHHaKOBa 
BO BcixTj xo^Kax-b BX) njiocKooxH, npoxoAHmefi nepea-b P h 
napajiJiejibHofl (x. e. mh pascMaxpHBaeMX xoJibKO noxoKx* 
xenjia, npoxo;i.Hmia iroji,T) npAMbiMi) yrjioMx, kx> hjiockocxh AB), 

dv 

H eciH' — ecxb BejiH^HHa noBbimeHia xeMnepaxypti na can- 
xflMCxpT) jiJiHHbi Bx> xowh P, xox^a — Jc H3o6paHcaexx ko- 
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jiHiecTBO TenjioTu, npoxeKaiomee b'l ceKyH;i.y qepe3i» KBa^- 
paTHHfi caHTHMexpi njiomaAH PQ, bt> HanpaBJieHiH yBejHie- 
Hia X. TaKOBo onpeAiJieHie h — TenjionpoBoji;- 
HOCTH. Mm MoaceMt npejicTaBHTb cefii h no- 

CTOflHHMMlj. h eCTb KOJIHHeCTBO TeilJIOTbl, EpO- 

TeKaiomefi bt* ceKyH^y qepea-L KBa;^paTHHfi can- 
THMGTp'L, KorAa TeMnepaTypHHfi rpaAiesrB pa- 
Bem 1. HojioaHMi, qTO PQ m> toihocth 
HM'tei'L ujiomaAb paBHyio KBa^paTHOMy caHTH- 
MeTpy. KaKOBTb Sy^ei'L noTOKt, npoxoAflmiS 
lepes'B TS, Hnaqe roBopa, KaKOBO SyAeT-L ana- 

qeHie — A: — bt* Apyrofi hjiockocth, KOTopaa 

OTCTOHTTb OTi> HJiocKOCTH AB Ha pascToaHm 

x-^hxt 3aMiTHM^, qxo — h~ ecTb ({)yHKii,ia x\ lepi. 106. 

(XX 

HasoBeMij ee ;^Jifl HiKOToparo MOMeHxa f (x), Torji;a ofi^eMi* 
PQTS nojiyqaeT'b b^ ceKyeAy KOJinqeciBO Tenjiora f (x) h 
OTjiaeT'b f {x-\- 8a;). 

Ho f(x-\-hx) — f(x) = bx^^. 

Bto Bbipaacenie Kone^HO Cyjiierb a6cojiK)THo Btpno TOJibKO 
B'b TOM^ cjiyqai, ecjiH hx npeAno-iaraeTCH SearpanaqHO ySbi- 
BaiomBMi). 

TaKHMX o6pa30M'b mh npHxcfliBM-h K'b saKJimeHiH), no 
d 

— tf^ ^ nojiyqaeica oS^eMowcb PQTS bt* ceKynj^y, 
a 3T0 paBHO 



Ho, od'beM'b paBeHi* 1 X 8rc, h, ecjiH w osnaqaerb Bicb 
KySnqecKaro caHTHMeipa, a s ecTb y;i,tjibHaH lenjiOTa hjh 
KOJHqecTBo TenjioTbi, xpeCyeMoe ji^m Toro, itoSh noAHHTb 
xeMnepaiypy eAHHHii.bi B'feca na oahh^ rpa^ycb, to, ecJiH t 
ecTb BpeMa B'b ceKyH;/i,ax'b, 

dv 

w.ox.s — 
dt 

26 
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TaKace SyAeTi* oana^iaTL KOJiH^ecTBO Tenjiora, nojiy«iaeMoe b'b 
GeKyH;i,y AaHHHMT> o&hemwb, OxcioAa 

dx^ dt 

d^v ws dv . . 

«™ ^» = ¥ -dt • • • 

Bto ecTb ocHOBHoe ypaBHCHie saAaiaxi*, Kacaiomnxea 
TenjionpoBOji,HMocTH. Ha Hayienie ero ctoht'b noTpaTHTb MHoro 
BpeMesH H Tpyia. IIoaoChhm'l ace oSpaaoarL mh npHxoAHifR 
K^ ocHOBHHM'L ypaBHeniaMTi h b^ ajieKTpH^ecTBt h thapo^^h- 

HaMHE*]^. 

EcjiH noTOKT) He orpaHHiHBaeTCH oahem-l HanpaBJiemeMi^ 

k 

TO MH AOJiacHH nojiyiHTL ypaBHeflie (1) u. 265. — qacTO 

HasHBaeTca pa3ctaHieMi> Teujia b^ BemecTB'b, h oOosHa^iaeTcii 
rpeqecKofi 6yKBofi h\ ws ecTb leujioeMKOCTb eAHHHi^H o6teMa 
BemecTBa. 

HanHiiieM'L (1) TaKi) 

dh^^l_dv 
dx^ k dt 

270. JlerKO ydtAHTSca, qio pimeHifi aioro ypaBHemn 6e3- 
qncjEeHHoe MHonecTBo, ho Me:K^y hhmh ecTb tojibko oji;ho, kg- 
Topoe y;^oBJieTBopaeT% qacTHofi saAaii. npe^cTaBHM'b ceOi^ 
qTO cpeAHHH xeMnepaxypa b^ jhoSom'l MicTi = (ne BaacHO 
KaKaa TCMnepaiypa npHHaxa 3a nyjb, laK^ KaKi> bx HaniH 
BH^HCJieHia fixo^aT-b xoJibKo pasHOCTH TeMnepaiyp^) h wto 

V= a sin 2Tznt, hjh a sin (3), 

Bbipaataerb saKOHx HaMineHia TeMnepaTypH B-b TOHKOM'b cjiot 
a 

nm X = 0; n hjih -f- osHa^aeTi, ihcjo nojiHbix^ nepio;i^- 

qecKHX'b H3M'6HeHifi B^ ceKyH;i,y. nacToan^ee Bpena mh 
y»e TffliaTejibHO HBCJiiAOBajiH umka^l HBMtaeHia xeMnepaTypbi 
napa B-b npocxpaHCTB'b UHJiHHjipa napoBofi Mamnnbi, h snaeM^, 
qxo cb j.ocxaxo'iHofl xoqHocxbro 3a ocHOBanie pacqexa MoacHO 
npHHaxb saKOHX npocxoro rapMOHH^ecKaro ABHa:eHia. KaKot 
6bi nepioj^HqecKifl saKOH'b mh ne npHHajH, oH'b Bcer^a upn- 
hejajdTb HacT) E'h BHpaaceniio, cocxoani,eMy miy noAo6HHX'i> 
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3T0My qjieHOBTb, H, cji^AOBaTejiLHO, BCflKifi cjoacHbifi cjiyqafi 
jierKO Moacei'L fiwTb Hsyqent. PaBCMaxpHBaa it BecbMa cjios- 
HHe npoi^eccH, KOTopwe npoHcxoj^aT'L Bt n,HjiHHji,p'b napoBoft 
MafflHHH, MH npHXo;i,HMX Kb saoioqeHiH), qTO saKOHi* npocToro 
rapMOHHqecKaro HaMineHia TeMnepaiypH na noBepxnocTH Me- 
TajJia BHOJiHt MO«eTi> ohtb npHHaTt aa ocHOBanie Hamax'L 
BLiBojlOB^. J^ajiie MH npe;i;iiojiaraeM'L, qio, xoTa K0Jie6aHia 
TeMnepaiypbi na noBepxHocxH MexajiJia sHa^HTeJibHo Meabme 
KOJieSaHifi leMnepaxypH napa, OAHaKO ohh npnSjiHSHTejibHo 
nponopii.ioHajibHbr h noTOMy mh npHHHiiaeM'L a nponopnio- 
HajibHbiMT> K0iie6aHiflMi> TeMneparypbi napa. Momao 6bij[o 6h 
ae npnanMaxb bi> pacqerb soAy, KOHAeHCMpyioiuyiocfl SHyrpH 
UHJiHHApa, aa crj^aEax'b ero a aa Kj[anaaaxT>, npe^nojaraa, 
qxo Bxa BOji,a cana co6ofi aesaBacaMo Barptaaexca a oxjiaac- 
;i;aexca; axo aarpiBaaie a oxjiaacAeaie npoacxojiiaxx cb orpoM- 
Bofi Cucxpoxofi, a, qiMT* Meabnie Bo;^br, xiafb Jiyqme, — x^mt* 
dbicxpte npoacxoAHX'L o6pani,eBie ea b^ napX). Ho pa;^OM'L cb 
axBMx> npon.eccoM'b npoacxoABX'b en^e xo, qxo aoBepxaocxaHfl 
cjiofi oxofi bo;i;h aa cxiaKaxx n^jiaaApa ^Mcxayex'b aa Me- 
xaJiJi'b BT) xoMT) CMbicjii, qxo, yaeJiaqaBaa a, npa6jia»aexT» 
Bejiaqaay KO-ieSaaifi ero xeMaepaxypH Bejiaqaat KOJieoaaitt 
xeMaepaxypH napa. Ilpaaaxoe aaiia n oaaaqaexi* ^acjio 060- 
poxoB-b Mamaabi a-b ceKVBAy. 

npejtcxaBJiaa ceS'fe noAoCabiM'b o6pa30M'b axy aa^a^y, mbi 
aa ocaoBaaia (2) n. 260 npaxoABMi* kx* BUBO^y, qxo am. 
.110608 xo^KB a B-b Jiio6ofi MOMeax^ 



TaKOBO 6yAexx» ptnieaie ji,m xoro cjiyqaa, KOXAa antexca 
BeonpeAiJieBBaro 06'beMa Macca, orpaaaqeaaaa cb oji,Bofi cxo- 
poBH BJiocKocxbK). Obo Sy^exTb, npH6jiB3axejibB0 aipao ji;jia 
n.BJiaBApa cl xojtcxhmb cx-baKaMB, ecjia Bapya:Baa xeMnepa- 
xypa 0. Ecjia ace Bapyacsaa xennepaxypa paaaa a xoje- 
mnaa cxiaKB paaaa b, xo aaM'b ayacao xoJibKO npn^axb kX) 

V 

Bbipaaceaiio (4) aejaqaay x, 3;i;'hcb oCaapysKBBaexca BJia- 

aie napoBoM pydaiuKH, Koxopoe aa-iaexca xi^M-b 6ojibmBM'b, ^fkwb 
BHBie xenjionpoBOABOcxb MexaJiJia. Haposaa pySamKa xaote 




26* 
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BJriaeT'b h fla yMenbineHie BejiHqHHM a. CjiiAyei'L imaieJibHo 
H3yqHTb peayjibTaTH, BHteKaiomie msT) AaHHarc a^.tcb ypan- 
Heflia (4). Bt* Jiio6oft xoqKt, Haxojtamettca na rjiyfiHHi x b-b 
TeqeniH KaacAaro oSopoia MauiHHbi ^poHcxoJl;HT^ no saKony 
npocToro rapMonnqecKaro ABH»eHifl noBbnnenie h na^enie 
TeMnepaxypw; ho npeAiJiw K0Jie6aHifi ea rhai'L HH3Ke, i^m-l 
Mbi rjiy6«e Boabjiewb axy TOiKy. SaMtTHMi) Taoce, tto qtiTB 
rjiyfiace, itMx 6ojibme aanasAbiBaHie (j[)a3H. Bee 3to mohcho 
6biJio Ha6jiioji;aTb Ha TepMOMexpaxi), sapbixbixii bl scmjiu) bt» 
Craigleith Quarry Bt 9AHH6yprfe. HafijiioffajiHCb HSMineHia 
TeMirepaxypH bo l-xxi, btj nepioAXi BpeMCHH, cocxoamift aa-B 
24-x'L qacoBTi H BO 2-x'b, BX ro;?OBofi nepioAt; mh npHBe^eMt 
3Atcb roflOBHfl nepioAHqecKia HsuiHeHia — KaKXi cpe;^Hifl pe- 
ayjibxaxTi aa-b BoceMaaAi^axHJi'txHHX'b Ha6jiH)AeHifi. 



rjiy6HHa oTb 

nOBepXHOCTH 

BT» ^yraxt 


^0;^OBMa KO- 

jie6aHia tgm- 
nepaiypH no 
(J)apeHreflTy 


BpeMH HaiiBUC- 
meft leMnepa- 
lypu 


3 


16138 


AsrycTa 14 


6 


12-296 


« 26 


12 


8-4'^2 


CeHTfl6pfl 17 


24 


3-672 


HoH6pa 7 



Ha6jiioAeHia aa rjiySaa't 24 (|)yxTb, npoHSBeAeaabia b-b 
Calton Hill b^ BAaafiypri, ^ajia aaaBHcaiyto xeMnepaxypy 6 
flHBapa. 

OnpeA'feJiBM'L xenepb aai* (4) KoiaqecxBo xeajioxH, npoxe- 
KaH)ni,efi qepe3T> oabb^ KBa^p. caaxaMexp^; x. e. BHqa- 

cjiBBiT) AJia aiKOxoparo MOMeaxa Bejiaqaay — A ^ ; ofioaaaqaMB 



Tzn 

^qepe3^ a, xor^a 

dv 

dx 



= — aae sin {2'Knt — ax) — aae ^ cos {2'Knt — ax)^ 
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yMHOHcaa 9to na — mh nojiy^HMt, ito npn x = 0, t. e. na 

nOBepXHOCTH C'rtHKH 



SA^cb SyAeTTi dEB,Kb js^Jia. Toft uojiobhhh nepioji;a, Kor;^a 
TenjioTa Te4eT'L Bnyrpb MeTaoa, h sHaKi* — jpa BTopofi nojio- 
BHHu nepioja;a, Kor^a TenjOTa neneTi* hst* MexaJiJia. Hafi/iieMT), 
KBHoe KOiiHHecTBO cfl npoTeKaeTi> BHyrpb MeTajuia; oho aojiskho 
6biTb paBHo Ko3iHqecTBy TenjOTH, BHTOKaiomefi HSt MCTajiia. 
OqeBHAHO OHO paBHo 



1 

upa qeMtT = — . 

n 

TaKHM^ oOpaaoM^, oho oSpaxHO nponopii,ioHajibHO KBa^;- 
paTHOMy KopHH) mi> cKopocTH Bpa^^eHia ManiHHbi h npHMO 
nponopi^ioHajibHO K0Jie6aHiaM'L leMHepaTypH. 

SA^cb Mbi HMioMx npocTofi, ToqHHfi MaTeMaTH^ecKift pe- 
syjibTax^; HO TpyAHo noHaib, KaKTi hmti mokho Bocnojibso- 
Baxbca A'^a p-hmeHia KaKofi jih6o saAain, b^ Koxopofi aBJieHifl 
SyAyxTi SoJifee cjioacHH. 9x0X1) bhboai> Aaex'b naM-L iiph6jih3H- 
xejibHoe noHflxie o npoHCxoAflffl.HX'b Dpoii,eccaxT>. TaKHMTb o6- 
pasoMT), MLi MoacenT) cA'iJiaxb BHBOA'b, ^xo cKptixaa xenjioxa, 
xepaeMan napoM^, fiuBaex^b Menbnie, Kor^a HMtexca napoBaa 
py6amKa, h KOXAa uponsBOAHXca ocymenie napa; noxepa ea 
nponopi^ioHajibHa BOJiHqHH'fe K0Jie6aHifi xeMnepaxypw napa, cxe- 
neHH BnycKa napa, h o6paxHo nponopuionajibHa pa^paxHOMy 

KOpHK) mi> CKOpOCXH. IIo BCefl BipOaXHOCXH, CaMblM^ Jiy^HMT) 

cnoco6oM^ fl^jiH. yMOHbuieHifl ea 6biJio 6u CMtmenie napa cb 
HtKOxopofi qacxbK) B03Ayxa, ropmaro rasa hjih KaKoro jih6o 
napa, Menie cnoco6Haro KOHAOHCHpoBaxbca, ^tM^ BOAaeofi 
napii. 

EcjiH 6u BMicxo OAHoro qjrena mT> paAa $ypbe mm npn- 
HajiH HicKOJibKO 'MOHOB'b, xo npHHiJiH 6h K'b pesyjibxaxy, ixo< 




na ocHOBaHiH n. 116. 
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KOJiHqecTBo noTepaHHofi napoMT> Teraora 3a oj^hh'l oGopoTB 
nopniHfl paBHO 



r^'h 61 — HaqajbHaa TennepaTypa, 63 xeMnepaxypa napa npn 
BHnycK'i ero, r — oTHomeHie, Bwpaacaiomee ^cieneHb BnycKa 
napa, «— ^hcjio o6opoTOBT> Bt MHHyTy, A — n.iioii];aAb nopmna, 

6 H C nOCTOflHHHfl, BeJIHqHHa KOTOpHXX SaBHCHTL OTL THHa 

ManiHHw H OTL ycipoftcTBa npHcnoco6jieHifi ocymeHia h 
napoBofi pyfiamKHf. 

271. ^Jia CTy^^eHTOB'L BecbMa nojiesHO HMtob npn ce6i 
cnHcoKL MHTerpaJioBL. CaMoe jiyqmee fibuio 6bT, ecjH 6h ohh 
cocTaBHJiH caMH xaKofi cnacoK'L j^jia eaKe^HeBtiaro ynoTpe6jie- 
Hifl, HO Mbi no co6cTBeHHOMy onbiTy yfi^AHJiHCb, qxo, ecJiH 
TOJiBKO OHx He nnjieieHTb Bt KaKyio jih6o cnpaBO^nyio KHnacKy, 
OHT) Bcer^a saiepaeTca. IIoaioMy mh BA^cb neqaxaeivrb xaKOfi 
cnncoK'L. Ho neofixoAHMOcxH 3;i,'tcb npnxo^HXca noBxopaxb 
cxapoe. 

OcHOBHHe ciyqan: 








cos mx dx = — sin mx. 
m 




sin mx .dx = cos mx. 

m 



7. 




8. 
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10. 



I tgar.sec x,dx = scQ X, 
\ sec^ x.(fx = tg X. 



j Q>o^QQ,'^ x,dx = — ctga:. 

12. I — - — = — \gax, 
) cos^ ax , a ^ 

.ri<^^ 1 . 

16. I -. -^ — = cotao;. 

) sm^ ax a 



14. 



i dx 



: arc sin- 



X 



X'' a 



( dx 1 ^ X 
) a^-[-x^ a a 

16. — 7==L. = - arc sec - . 
j xyx^ — a^ a a 

17*. f cosh ax.dx = i-!siDh ax. 



*) Orb 17 AO 23 hu noabsyeMca CHMBOJiaMH, eaauBaeMUMH rnnep- 

^UJIHqeCKHMH CHHyCaMH, KOCHByCdMH H T. A- 

sinh a; =V2 (e^— e""^), h cosech = — 

cosh X =V2 (e^+c"''), sech a;:^ — 

sinh a: e"^-! 1 
tgh a? =: — = -15,-^, coth rxr-- 
^ cosh a; e^'^-i-l tgh a; 

TaKxe, ecjiH y = sinh a;, to a? = arcsinh 
JlerKO AOKaaaTb, hto 

sinh + = sinh a . cosh & + cosh a . sinh h, 
cosh (a + ft) = cosh a cosh h + sinh a . sinh 6, 
sinh — sinh a cosh & — cosh a sinh 6, 
cosh (a — 6) = cosh a cosh & — sinh a sinh 
sinh 2a — 2 sinh a . cosh a, 
cosh 2a =1 cosh^a -f- sinh^a = 2 cosh'^a — ^, 
= 2 sinh^a + 1. 
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18. f sinli ax.dx = - cosh ax, 

19. J* sech* ax.dx = ^ tgh ax, 

20. j cosech^ ax.dx=^ — ^ cotgli ax. 

—7= = arcsinh - = \g\xA- l/SM- a^l. 



EcM Mu npHMemi, ^lo^^—l hjh KaKi ero HaauBaBTb, noj5qH- 
HaeTca ajire6paHHecKHMT> npaBHJiaMi h — — 1, = — i, = 1, = t 
H T. Am to mu MoaeMt HanHcaib, ito a + &i pasHo r (cos 0-f-i sin 0), r^* 

= -f. &2 g Q-_ ^ JlerKO HSBJieHb KopeHb w-fi CTeneuH h3i a + 5i: 

(0 0\ 
cos-+isin-j H, npH6aBjiaa ki ^0CIt;^0BaTeJ^»- 

HO no 2ir, uu nojyHHMi n jn-Hxi Kopneft. JlerKo y(5tAHTBca, tto 

e*«=:cos a + i sina, 

e— »« = cos a — i sin a. 
EcjH je' = a4-5i = r(cosO +f sinO) = r.e*^ 

Ig r= Ig r + iO = Va Ig + + arctg X 

3Ta BejiH^HHa Heo^pe;^'feJIeHHa, TaK-b KaKi arctg - Moaerb aaiuuDiaTb 
B-b cefit jiK)6oe »ihcjio 27r, h A'feScTBaTejbHO, Heo^pe;^tJIeHHocTb xo»ho 

oaa^aTb BaocHOBaniH Toro, hto e =1. 
0HeBH;^B0, 1T0 cosh x — cos ex, 

sinh X — — i sin ia;. 
JtoKaaaib, ^to, ecjia u = arcsinh x, vulu x = Va (e**— e"**), to npa 
nojioaHiejibHoitt'b e"— a;+^/l+ ^^ h noTOMy w = arcsinh x = 
= lg (x + \/T+~x'). 

^o;^o6HbIlr^ «e oCpasoMi, arccosh x = \g(x-{- 
1 +a; 



arctgh a;— :'/2 Ig 
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dx 



22. r — r-- = arccosh - = Ig [a; 4-i/ — a^. 

r dx 1 ^ ,x I , a-{-x 
^ — x^ a ^ a 2a ^ a — x 
r dx I , X — ot 

C X C 

25. / -■ = arcvers- / — , = 

^ y2ax — x^ <^ ^ X y2ax —a^ 



1 x — a 

= - arcsm . 

a X 

26. f \/{a^ — x^.dx = ^l2X\/a^ — iP^+^/ga^ arcsin^ . 

27. . (fa: = ^ /aiPj/oJ^ + a^-{- 



28. / ]/x^ — aKdx=z^l2X\/x^-a^ — 

— ^l^aHg[x + \/x'—a^l 

29. T- 



rfa: 1 . a 1 a 

— = arcsm — hjh = - arccos — . 

•2 ^2 a a: a rr 



arcsech x=\gQ^+ j/^^- 1^, 
arccosech a; = Ig + ^i. + i^. 

[> CpaBHHTL 

r y-f^-- — arcsin x, f — 7^=== =arcsinh x=]g (x-^Vl+x^). 
J yl — J yi-^-x^ 

/'-]== = arccosh x = \g {x+\/x^ — 1). 
1/ X i 
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30. f—^^iig . 



fh^''^' • = /^^^ — a arccos - . 
33. / . = z*il/a^±x\ 



34. / . = i/^^H 



35. fx}/x^±a^ . = 1/3 |/(^2T^^. 

36. I a; j/;i2Zr^ . cfe = — 1 /g |/(a2 _ ^rsyT 

37. j 1/2^^2 efa:=^^ 1/2^^3:^^ 

, a* . X — a 

+ — arcsm . 

2 a 

39. f % = 

/}/^j^^.(fa; = arcsina; — |/l — a;'. 

+ (a — 6) Ig (|/^Tp^ _|_ yi^b). 
42. J" x"-' (a 4- Sa;") f ■ cSr- 
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P 

1) . EcjH^ uijioe nojioacHxejibHoe ^hcjio, to nyaKHO pasjio- 

HCHTb Bt pflAi>, nepeMHoacHTb h HHTerpHpoBaTb no ^ijieHHO. 

2) . D.ojiaraeM'b a-f-6ic" = /, ecjiH ae axoro Majo, to 

3) . nojiaraeMi> ax~^ -{-!) = y"^, 3Ta uojCTanoBKa TaKme 
MO»erL He AaTb jrerKaro pimeHia. 



43. j arcsin a; . dfiT = a;arcsiniP+ |/i 

X lgrr.6fa; = y (IgiP — 1/2). 

45. fxe^'^dx^^e'^i^x-^, 

46. r x^'e'^ . dx = -x^"^ — - r x^-'e'''' . dx. 



06paTHTe BHHMaHie Ha stotl nepBufl npHMipi) (|)opMyjrH 
npHBeAenia, jMeHbraaiomefl nocTenenflo BejiH^Hny noKaaaTCJia n. 



/e la a r e 
--dx = r 7^ 7 / ydx, 
x"^ m — 1 x"^-^ ^ m — H x"^-^ 



/I 1 r 
e'^lg x,dx = '-e'^lgx / — dx, 

49. / =V2lgr-^-^ = lg CO^g T— o) • 

•^cosa: ^1 — sma; °l °V4 2/J 

51. I — 7-1. =— 7==arc1g j_ ,ecjHa>o, 

*'a + 6cosa; -j/a^ — ja + 6 

1 — atg| + )/& + a 

;lg > eMH a< 6. 



a; /r-r— ' 
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f cx ' X ^""'(s- sin cLoc — « 9» ax) 

52. \e sm ax,dx = — ^ — ^ • 

r «r ^ c*"* (c COS ax A- a sin ox) 

53. \erQ>Q%ax.dx= — ^--t-S, \ 

r • n r cosa;.sin«-"^a; , w— 1 r . „ « , 

54. I sm ir.c&; = 1 ^m^-^x.dx. 

J n ^ n 

, dx cos i , n — 2 r ^fic 

55. /— ^= — 7 — \ rl — — ^ 



/dx cos x ^ , n — 2 r dx 

sin** X (« ~ 1^ sin"~^ x~^ n — I-' sin**~"^ 

C 

56. I e'^^sin" x ,dx = -r— ? — -o sin x{a^mx — n C05 a;) 

rPT* r . . J- sin(m — w)£c sin(m+n)rr 

57*. / sm mx . sm nx,dx= —r? 4 ttt — r — ^ . 

2(m — w) 2(m-|-w) 

r ^ sin(in — n)x , sin(m+n)x 

58. I cos mx . cos nx.dx= < h — —; — \ — V- • 

2(m — w) ^ 2(m + n) 

r . , cos(m+«)ir cos(m — n)a; 

59. I smma;.coswa;.rta:= — \ — ~ --t ^ . 

2(m+w) 2(m— n) 

60. r sin^ nx , dx = ^/2X — ^ sin 2nx. 
J ' 4« 

61. J* cos^ nx . dx = ^ sin 2w:z: i /2a?. 

B-B cjjt^tyjoni.HXT, npHMipaxi. (62 — 61) m a n npeAOOJia- 
raioTca nepaBHtiMH njkjihmK qncjiaMH. 

/•Tt HJH 271 . 

62. / sm mic . sm nx,dx— 0. 



*) IIpH HHTerpHpoBamH bthxt* npoHSBe^eHifi (57 — 61) mu;(021bbu 
npnnoMHHTb c2tAyH)iiUH (i)opMyjii>i: 

2 sin ma?, sin nx =. cos (m — n)x — cos (w + n) a;. 
2 cos ma; . cos nx = cos (m— a? + cos (w + w) x, 
2 sin rwo; cos wa;=:sin (rw+n) ic+sin (m— n) a;, 
cos 2 na; =: 2cos2 — 1 = 1 — • 2 sin^ nx. 
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'••0 . 

63. / Q>Q%mx,cosnx,dx =0, 

J 



64. (^^m^nx,dx='^, f^os^wic.da: = ^, ecjiH n ecTb 
Jo 2 J 2 

n.ijioe ^Hcjio. 



/2TZ 
sin mx . cos nx,dx = 0. 




66. 



^mmx ,Q,o^nx .dx = o^ ecjH m — n qeiHoe. 

./ 



67. / ?>\VLmx .z^^nx ,dx = — ecjiH — » ne- 

J — 

^eTHoe. 

68. / sm ir.cosic.cfr= 1-— 

J m-f- 1 

69. / cos X . %\ViX ,dx = j-— . 

J m+1 

Ha ocHOBaniH axoro MoacHO HHxerpHpoBaTb Jiio6yio neqeT- 
Hyio cTeneHb cos^c mh sinrc, TaK-B KaKi> mh Moacemi, ee na- 
HHcaTb Wh BH,Jit (1 — sin^a:)**cos a; hjih (1 ~ cos^5;)'*siiiir, h 
ecjH MH c^ijaeM^ paajioacenie, to nojyiHM'L qjeHH BHine- 
yKaaaHHaro BHjia. noAo6HHMi> ace o6pa30M'L MoacHo HHTerpn- 
poBaTb sin^ x . cos'^r, ecJiH o^hhi, hs-l AByxi. noKaaaTeJiefi p h 
9 6yAen> HeqeTHUMi). 

70. Jx'^sinx .dx = — x'^oosx-^-m J x^*~^cosx .dx, 

71. J x^cosx ,dx = x'"smx — m j x'"~^ smx.dx, 

'Cosa: , 1 cosic 1 /•sinrc 



73. / — z=-dx=z / -dx, 

J X m — 1 x^^-^ m — 1 J x^^ 

14.. J ig''x . dx = - -J^P — f (tg ^T~' . dx 
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/. „ . , arcsin x 1 r ^""^^ ^ 

75. / X 2xmsLX.dx=. r— r— r / , 

„^ /. „ ^ x'^+^arctga; 1 /.a;'»+^Gfa; 

76. / a:"arctga:. rfic = r— ^ r— / — ^ • 

/. dx 2 ^ 2 cxA-b 

77. I — p-T — i 1 = arctg 



i-{-bx~\-cx^. i/4ac — b^ y^ac — h'' 

, ^ ,3 1 , 2cx-\-I>— V h^—4.ac 
ecjH 4ac > 6^, = — _ Ig ' ^ 

2 

ecjH 4ac < S*, = — 2cx + 6' ^^^^ ~ 

EcjH X = a-|-&^ + cic^ H q = 4ac — 6^ to 
/•(^iP 2cx-\- h , 2c i dx 

/•^£ 2cx-\-b( 1 . 3c \ . 5c' /• (fa; 

r X .dx hx-\-1a b /-dx 

J -X-- qX qJx- 

„ J_ , x' d n dx 

J xX~2^^^X~2^JX- 

'Jx^X~2a'°x^ ax^\2a^ aJJx' 



f ,r- -\ , - = = 2 arcsin i / — - . 



f -.==JL== = -^ arcsin l/'^±i^) 
V/(o + *a;)(a— pa;) ap + fep ' 

n 

r 2 /x^\ 

00. / 7==^= — arcsec ( — . 

J ^ y x^' — a? cLn V aj 
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86. r-^^==iig^2E-^. 

87. / - 

= -J^^ ig -^Tc^+^H^)} 

oo r dx 1 . 2cx — h 

88. I — = — = arcsm 



ya-\-bx — cx^ c ^^ac -\- 

f — (^"1"^^) Moaceii) 6uTh HanHcaeo b-l $opiri 
y(^-\-bx-\-cx^ 

g (h-{-2cx) . 2pc — gb 1 



2c ya-{-bx^cx' 2c ya-\-bx-irCx^' 
H saxiMTb npoHHTerpHpoBano. 

H 5 cyxb panioHajibHHfl i];'fejiHH $yHKii,iH x, Momevh fiwrb 
npHBe^eHTb k-l pau,ioHajii>HOMy BH^y noMombio noACTanoBKH 
ax-\-b = v\ 

91. HHTerpajix BH^a I .p J cfa?, r^,i J7 paBHO a + 

+ MoaceTT) 6HTb npHBeAeH-b kt» panionajibHOMy BH;^y, 
1) Korjia 6^— 4ac nojioacHTejibHO h c 0TpHii,aTeJibH0, noACTanoBKoft 

2) Kor^a 6^ — 4ao noioacHTejiLHO h c nojioacHxeJibHO, to 

\ /c]/U _ 2y 

3) Kor^a b^ — 4ac oipHixaTejiLHo h a noJioaHTejibHO, to 

yt^—b'^~^-y'' 
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4c 

EcjH U—a-\-hx-\-cx'^y q = 4:ac — b^^S=-^, to 



92 



dx 2(2ca^:4-6) 



/ux 



Ix {2cx -\- 

l/?/"" (2m— 1)VC^" 



93 r _ _ 2{2cx-^h)-\/U 
' J V ' 



. 2S(n— l) r dx ^ 

+ 2«— 1 J v-'Yir 

,3 r dx 



(2cx-{-b)U''\/U 
96. f Wy U. dx = J , 

. 2n-\-l n 11". dx 
+ 2(«+l)>sj • 

ii7t=~^ — 2^i j/^ 

no r 1 , \\/U+\/a 5 J 

98. / — 7= — -7=- ]g -pJi, ecJiH 

1 • / ^x4-2a \ 

a > 0, = — arcsm ( — ■ 1, ecra a<0, 

y/ — a ^x — A.ac' 



2 
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272. PimeHia MHorHXi) aaAaq^ no (|)H3HKi nojiyqaioTca 
BT> BHj[^t H'hKOTopux'B xopouio mwkcmuTh OnpCJ^'fejieHHHX'L 

HHTerpaJI0B1>, HBT) KOTOpHXI. H'tKOTOpHe npHBe^eHH BT) Ta6- 

jimdLTb. Hayqenie Hxt bhxoaht^ 3a paMKH nacToamefl KHHrz. 
il cRaHcy H'IcKOJibRO cjiowb oTHocHxejiLHo (|)yHKi^iM raMMa, RO- 
Topaa oupeA'bjfleTCfl TaRi* 

/ e"^ . ,dx=T(n) (1). 



no qaoTflM'L dyAeit 

/ e-^ . . r/o: = — e"^ + w ^e"^ . ^'^-^ . dx, 

Bboaa npeAtm, .lerRO AORasaib qxo — paBHO 

npH x = n x = co. 

CjiiAOBaxejibHO, / e""" x"" . dx=n l e~'^ . x""-^ . . (2). 



OTcro^a V{n^l) = nT{70 (3), 

cjihAOBaiejibHO, ecjiz n u^ijioe qncio, 

. r + 1) = 1 . 2 . 3 . 4 . . . . . . . (4). 

3aM'tTHMT,, qTO \n HM'feeT'L ^Kmeme tojibro npH n u.tjiOM'L, 

mTRjij T^M-L K3,K'h T (n) ccTb (j)yHRii,ia ji^si .iioOoro SHaqenifl n. 

TaSjiHUbi BHaqenifl T (n) Bbi«mcjieHbi, xoxa mh ho 6yAeM^ 
onHCbiBaib cnoGo6a hxii BH^HCJieHia. Bo MHorHx^ RHHraxT) 
iipHBo;i,HTca H3Hiu;Hoe ;i,0Ra3aTeJbCTB0 Toro, qio 

rC/2) = l/^ (5), 

OTCioAa Ha ocHOBanin (3) mh MoaceMT) nojyqHTb T {^/ojmn 

r (-V2) H T. A. :^: 

BecbMa ooibmoe qacjio nojesHHXTb onpeji.'fejieHflbix'b hhtc- 
rpajioBTi MOHcexT) 6bixb BwpaaceHo u.0M0in,bK) raMMa (|)yHKi],iH. 

TT TT 

TaR^ 1./^^ sin^e.(^=: /oCos'*6 . dh 

= -/./ir(»ii):r(|-!-i). 

27 
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1 /- 



4. J%«e -"^ dx =^ a-(»+i> r (w + 1). 

/.I /iv, r(w4-i) 
7. (1 - J/)'"-' '^^ = r (|)r(m): 

:2r(^ + „,) 



2 



8. f »sin''ecos«6.df» = —t— r 

. *^ » 2r(^^+l) 



nPHJIOJKEHlE. 



Cjitayiomia npHMiMaHia cjiiAyeTi nponecTb CBaan ct> TeKCTOMi 
Ha CTpaHHut, HOMepi KOTopoft yKasaH'b nepe^^ npHMtqaHieM'L. To^Hoe 
MicTo Ha cipaHHui yKaauBaeTca sHaKOM'b f. 

Cmpauma 3. 06i>iKB0BeHHUH npeAJioxenifl bi reoMexpiH ;(oj[»bi>i 
noacHflTBca HepTe»OMi>. JlyMraHM-L npHanaKOMi a^opoBba nameft pacH 
MOHcerb cjyacHTL toti> (})aKTL, mto xots yace ;^Ba noKOJitHia 6pHTaHCKHxi 
lOHomett ynaTca no EBKJiH^^y, ^o;^TaHHBaa cboh yMCTBeHHMa cnocodHo- 
CTH, HO BceiaKH eme ne yiepajiH hxt>. JI^oKaaaiejibCTBa EBOHAa Ka- 
atyica na bha'b jiofh^humh; ho cnoco6HMe cTyJ^eHTM 3HaK)Ti>, mto 3to 
TOJihKo TSiKb Kaaeica. ^aate, ecjiH 6m ohh 6ujih jorHMHU, BcexaKH Eb- 
KJiH;noBy (j)HJioco(j)iio mosho ^pe^o;^aBaTB tojubko jnojtawb, cnoco6HHM'L 
TOJibKO Kb cyxoft MaTOMaTHKi. 95 npoueHTOBi ynaniHXca, KOTopuMi ona 
OTpaBJiaeT'b acnsHb, HacTOJibKO ate Majio cnocoCnu HHiepecoBaTbca a6- 
cxpaKTHUM-b MWffljeHieM^, Ha CKOJibKO ocTajbHHa naib npouoHTOB'b cno- 

COChU KI OpHrHHaJbHOH MBICJIH. 

Cmpau. 50. EcTb 6oJiie lo^Huft MeTo^i o^pe;^'feJIeHia ^ , — ona- 

caHHufi BTi Moefi KHHrt napoBoft MamHHt. 

Cmpau. 66 (npHM'fep'b 5). 3to npaBHao He Momeii 6uTb npHMi- 
HaeMO ;iJia aHa^enifi x CoJibraHX-b 16. 

Cmpau. 74. Bt> n. 39 a HSJioacHJii HSCJitflOBaHia o jiuMorapHUX-b 
TpyGKax-b, oduKHOBeHHO hphboahmuh bi yHe6HHKax'b, ao cawn. npea- 
noqaiaH) cjit^tyiomitt MeT0J^^; laKi KaK^ a HtKOTopux'b nopi HM-feio 
ocHOBaHie nojiaraib. hto, ecjiH uo Tpy6K4, HMtiomefi cfe^eHie J. h ne- 
pHMeipi P, B^ ceKyH;^y npoieKaerb W (})yHTOBi raay, to noTepa Ten- 
jioTM m> ceKyHAy Ha einnHuy noBepxHOCTH Tpy6KH nponopiiioHajibHa 

y, ecjH t a6cojiH)THaa TCMnepaTypa rasoBt h v CKopocTb hxi. Ho 

Wt . TTQ 

V cc — , laKi MTO HOTepa lenjioTbi bt» ceKyH^y nponopnioaaJibHa-^. 

JIaJite ^w.d9=CW9.^, 

HJIH '-A^=C.dS, 

HJIH ^A\gQ+C=:CS, 

27* 
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rfl-fe r E C cyTL nocTOHHHua. KaKi h paHbine, 3to npHBo;^HTca kt. 

Bee 5=^lgp TaKl hto K03(j[)(J)HaieHT'b nojiesHaro ;^McTBia noiy- 
^aexcfl Bi BHA* 

Tenepii ecjiH Tpy6Ka HMteii nepHJieipi P h ^jiHHy Z, /S/jl pasHo 
^ HM — , r^* m ecTh laKi naauBaeMufi ^H;^paBJ^HHecKiH paJ^iyc^», 

TaKl HTO 

E =l — e m . 

3to yKasMBaeTi aa to, hto K09(J)(j)iiaieHTi nojieaaaro fltftcTBia ne 
saBHCHTL OTi KOJiHqecTBa npoTeKaromaro BemecTBa, h a nojiaraio, mto 
Bi H3BtcTHUxi ^pe;^tJIaxl 3T0 fitpHO, GCJiH npeflflojiosHTb oqeHb xopo- 
myio uapKyiaaiK) oKpyaaiomeft bo;^u. Btotl BMBo;^l a ^oflTBepH;^alDI^ie 
ero onuTH cooGmeau bi 1874 ro^y npo(|). Oc6opHOMi PeftHOJib;i;coMi 
Bi MaHiecTepcKOMi (j)Bjioco4)CKOMi o6mecTBt. 

M-pi CTaaTOHi Be;^aBHO (Phil Trans. 1897) ony6jiHKOBajn> onuiw, 
KOTopHe yKaauBaiOTi aa to, hto 3toti npaauani Moacerb npasecTB 
Kb SHaMBTejibBOMy yMeabmeaiK) Bica kotjobi h noaepxaocTH Harptea, 
ecJH nojib30BaTbca o^enb GucTpoft aapKyjiauiefi a tohkbmb Tpy6KaMH. 

Cmpau. 110. Bpa;^l jih ayacao 3;^•fecb noacaaTb, ^to cacHMaiomee 
aanpaaeaie bi KSKoft jib6o tohk* cfeqeaia 6ajiKa, KaKi aanp. AC AC 

aa lepT. 47, paBBo-j'^', ecjia z ecTb paacToaaie (nojoaaMi IH) toh- 

KB aa caaTofiiacTB oti aeSTpajbaofi oca A A. HettxpajibBaa ocb npo- 
xo;iHTi repeal iieaTpi TaacecTB ci^Meaia. Ecjb ^ OTpauaTejibao, to aa- 
upaaceaie Sy^eTi BUTarasaioaiaMi. Haa^oibaiia aanpa^eaia upoasia- 
lOTca Bi TOHKaxi ci aaaGojibmBMH ^. BajKa paaaaro coBpoTBBjieHia 
cyTb TaKia, bi KOTopuxi bi Ra}K;(0Mi ctqeaia aaaCoJibmia aanpaxeaia 
OABB a Ti me, 

Cmpau, 129. M-pi ^op»i Bajibcoai (Proc. Boyal Soc, 1897) 
oaacuBaeTb moto^i pBmeaia caMuxi o5aiBxi sa^aqi, Kacaiomaxca ae- 
pasptaauxi daJOKi, 6ojiie upocTofi, ^tMi ocTajibaue. IlycTb 6yayrB 
onopw A, B, C, D, E. ^pe;^CTaBBMl ce6t, qio ocTaiOTca TOibKo ono- 
pu Avi E^is onpeA'feJiBJiH nporaoi bi 5, C b i>. Jtajiie, nojioaBMi, ^to 
Bi TO^Kt B A^ficTByeTi KaKaa lado cajia, aanpaBjieaaafl caaay 
BBepxi, a onpeAtuBMi aporaGu bi TO^Kaxi B, C e D. ^po;^tJiaeMl 
»e camoe ci C a D. Btb Aana ua ^tocTaTo^au fljia Toro, mto6u bu- 
HBCJiaTb HCKOMue rpyau bi JB, C a i>, KOTopue sacTaBarb 3th ToqRB 
aporayTbca ;^o hxi aacToaaiBxi ypoaaeii. 

Cmpan. 162. ^Jia aaqaaajoaiaxi 3to 6y;^eTi KoaaoMi I rjiafiy. 



Cmpau. Ill Bo Bcfex-L ciynaaxt, laKHMi oCpaaoMi, 

dH=k.dt+t ^^"jdv (23*). 

ynpaoKuenie 1. HoMombK) (23) BupasHTB I, L, P e V 
saBHCHMocTH OTi A; H HanHcaTi» caMwfi o6mifi BH;^^. ypaBHenia (3) bi 
aaBHCHMOCTH on. k. JIoKaaaTb, ^T0 cpe^H MHorHxi ;^py^Hx^ HHiepec- 
fluxi BUBOAOBi Mu HMieiTB MBTupe cooTHomeHifl, HaasaHHyfl MaE- 
CBeMeML TepMOAHHamuqecKHMH, 

\dtj- \dp)i' Kd^JjT \dpJ^'\dt) - 

\dvJt'\d'fJ^ \dv)^ 

ynpaoicnenie 2. JI,0Ka3aTK qio Ha Hepieac* 55 
m^mm ABCI) = AE.AF, = AU.AJ=Aa.AM=AQ.AR, 
H noKaaaTi*, hto aio cooTB-feTCiByerB HeTupcMi BMraeyKaaaHHUMX co- 
OTHomeHiaMi. 

ynpaowneuie 3. IloJibayacb (23'> BM-feci* ci (7), (8), (11) h (14), 
noKaaaTb, ^to ^na BcaKaro BemecTBa 

Z=-,(*),.. = i--.(*)(|),r=r(|).P=.(|), 

E MTO (20) npHHHMaOT'b BHfll 

TaKT. MTO k — k^-^-tj dv^ 

Tfl!t ko ecTb ({)yHKmH xojtbKo TeainepaTypw. 

JiMa dH= K.dt-\- L .dp eh t e BuacHHB'b, ito 3to ecTb noji- 
HHii ;^H(j[)({)epeHaiajii, noKasaxb, ^to mosrho BUBecTH ypaBHeme 



Kq ecTb ^yHKuifl TOJibKO TeMnepaiypu. 

Cmpau. 177. Jpyroft cnocoSi saKiioiaeTca npocio bi paacMO- 
TpteiH ypaBHOHia (8), Koiopoe paBHOCHJibHO ypaBHedio. 

m = k U+Lhv, 

rjcfe l=t(^y, KOTji^B, oAHHt (fyHTb BemecTBa oSieMa Si nojyiaeTb 

— L npH nocToaHHofi lewnepaTypt (ht = 0), npHqeMTi 06101111 spa- 

pacTasTb AO % 

V, Mbl HM^OMt 



paCTaSTb AO % (tSK^ ^TO oyrrSg— Si), TO,Taifb KaK^ ^ He aaBHCHTb OTb 
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Cmpau. 218. CHHycoH;(aj!bHUfl (})yHKiiiii epeMeHH, bslai kotopumr 
npoH3BeAeHU ;^'feficTBia Bpo^'fe laKHXi: a+feO + ^^^ + i^T. j^.,-|-eO~^4- 

/^"^^H T. r^i 03Ha»iaeTt Moryrt 6uti> npeACTaBJieHU h xpairry- 

eMU, Kaia BeKiopu, no cnoco6y 3Atci> onncaHHOMy. EpeAcraBJiaa laKHM'b 
cnoco6oMi> ajieKTpoABB2RyuiyH) cmiy h cejiy TOKa, mu bii npoHSBe^^eaiH 
CyACML nojiynaTL anepriio. jl,-P'i> CyMDHepi noicaaajii iPi'Oc. Roy.Soc.y 
Matt 1897), HTO bo MHornxi BaacHuxi npaKTHqecKHXi> aa^anaxi ca- 
Mue cJioscHBie bh;^u nepioj^HMecKHxi) ({)yHKAi& Moryrb 6biT}> npaKTHRy- 
eMM no MeioAy seKTopa. 

Cmpau. 220. Chmbo.ii> arctg osHa^aerL «yrojii, Koioparo lan- 
reHCT> paBeai*. 

Cmpau, 226. ^to6u noHflTb, KaKHMi o6pa30Mi AaHnyio ^ynKniio 
Moano pasjioatHTL bi pfl;^'b Oypbe, HeoGxonHMO oCparaib BHEMaHie na 
H^KOTopue BecbMa Ba»Hbie bubo^u n. 109; aTU bubo;^u flBJiaiOTca js^jlsi 

HHSeHepOBl dlCKTpHKOB'b BCOMOryniBMH. 

Cmpau. 226. U. 126 CJIt;^OBaJIo 6m nociaBHTb na APyroe M-fecro^ 
HMOHHO, HenocpeACTBGHHo nepe^i n. 141. 

Cmpau. 234. 3;^4cb npoflOJiaKeHa 3a;^aHa n. 125. 

Cmpau. 241. HaHHflaiomiB j^ojiffieH-b HMtib bt> BH^y, hto E oana- 
Haeii «cyMMy Bcfexi xaKHXi MjienoBij, KOTopue mo»ho noJiy^HTb, no;^- 
CTaBJiaa 1 bm^cto 5, 2 bm^cto 5, 3 n t. 

Cmpau. 241. Cm. ynpaan. 23 crp. 214. 

Cmpau. 246. CTyAeHTb j^ojiaeni sawtHHTb Hepeai C hih ^ 
btj (9), Bi BH;^t ynpaaHeaia. 
Cmpau, 246. Cm. n. 152. 

Cmpau. 277. BcnoMHHM-b, hto dtbucmeyumoji BeiH'iHHa a sin 
(wf + e) paBHa a :\/^2' 

Cmpau. 290. S^itcb onaib CTy^eHTy CJIt;^yeT^ Bsaib qacjieHHui 
npHMipt. 

Cmpau. 297. Tor^a 
e. -{-62 = E [sin {7it -|- «) + sin {nt— a) 1= 2E cos a sin nt 

(Cm. n. 109). 

Cmpau. 306. Bet Apyria noacHenia, Kacaiomiaca 8Toro npe^Mexa^ 
KOTopua mhI^ npaxDj^HJocL BCTpt^aib, oxjiHMaioTca ;^'feTCKOtt npocxoxoft, 
HO coBepmeHHO jioanu. 

Cmpau. 818. Ttwh »e cnocoGoM-b ;^0Ka3aTL, qxo 

Cmpau. 322. Cm. BocbMofi ocHOBHOtt cjiy^afi n. 215. 

Cmpau. 341. Cm. (i; npHMiHaaia ki n. 21. 

Cmpau. 343. II. 225 cji'fe;;oBajio 6bi nocxaBHXb Bnepe;^H n. 222. 

Cmpau. 347. Cm. ynpaaa. 8, n. 99. 

Cmpau. 352. Hjih (3). 

Cmpau. 353. II. 225 CJtflOBajo 6u nocxanaxb Bnepe;^H n. 222. 
Cmpau. 376. )1 npHnajii. npn6jiH3BTejibHufi saKOHL ;^JIa Ah, dia- 
ro;^apa axoMy, paCoxa 3HaqHTejibHo coKpaxHJiacb. 
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Cmpau. 406. BaaKocTb. nojioacHM-b, 'ito HiKOTopwfi niocKifl cjioii mnjir 
KOCTH ABHraeica co CKopocTbio v] CJlt;^yIOI^ifi napajiJiejibHHfi eMy cjioft 
-}KH;^KOCTH, HaxoAamifica ot^ Hero Ha paacToaHiH ox, J^BHaceTca co cko- 
pocTbH) v-\-riV Bi TOMi> ae HanpaBJieHiH, Tor;;a laflreHuiaabHoe ycHJiie 
Ha eAHHHay nonepeHHaro ctieHia, KOTopoe neoCxoAHMo npHJioacHTb, 

^To6bi BocnpenaiCTBOBaTb ;^BH)KeHiH) aioro cjioa, 6y;^eTi {x^HjiHji.^, 

TJlfk [J.— BaaKOCTb aH^tJCOCTM. 

Jlpu^mp^ 1. Ho TpyGitt Kpyrjaro ctneHia j^BHateica aii^KOCTb, 
npH Hewh CKopocTb ea napajutejibnaa och Tpy6KH, pasHa v bi TcqKaxi, 
oTCToamHX'b OTb OCH Ha paacToaHiH r. BbiacHHib ycaoBia paBHOBtcia 
UHJiBHApHHecKaro cjioa, aaKJiioqaioniaroca MeacJ^y pa;^iycaMH r h r+Br, 
Ha eAHHHuy j^jihhu, cHHTaa no och. TanreHuiajbHoe ycHJiie na Bnyi- 

peHHefi noBcpxHOCTH cjioa Cy^eT-b 2Trr[i. ~, a na BHimHeft noBopxHO- 

<5TH, cooTBticTBeHHo pa^^iycy r + 6r, 6yAeTb ^tth^ o^'; pasHOCib 

^aBJienift MeacAY AByMa KOHuawH cjioa, c^Hiaa x no och, ;^aeTb CHjiy— 
— 27rr ^ or. Macca cjioa 6y;^e'^b 2T:r.or.7n, ecjiH hr onenh Maao, h 

-ecjin m ecTb Macca c^^hhhuu o6ieMa; ycKopenie ea oy^erb r^'fe 

t 03HaHaeTb Bpewa; 0TCK);^a, npHpaBHHBaa CHJiy Macct, yaiHOHceHHoft 
Hii ycKopenie h na 27:jj.Br, mm nojiyqawi 



V drJ [X dx ~" dt ' 



IIpuM1bp^ 2. IlycTb ^ ~ nocToaHHo; nojoatHMb, qxo Ha ^umi, I 
AaBjieHie M-fenaeTca na BOJiHMHHy P, laKi mto ^ = j. HojioaHMi, hto 
j^BHaeme ycTanoBBBraeeca, laKi hto j^ = 0, Tor;ta 



dr 

EcjH r Ha30BeMT> u, a ^ HaaoBCM^ 2o, lor^a ^ -f 2ar =0, TaKt 

MTo d?^-f"2ar.6?r = 0, a OTCiofla «t + ar^ = nocToaHHOwy e, 

dv , ^ dv , c ... 
r :5r- 4- ar^ = c, hjh -^-\-ar— — (1), 
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OTCIo;^a dv + ^ar — = 0, 

HJiH i^ + V2«r^ + V2^=^'^.. . . • (2). 

O^eBHAHo, ^TO, jaKi KaKi npH r = TaHreHi^iajkHaa CHjia pasHa 

do 

0, T. e. ^ = 0, TO c AOJiaHO 6uTb pasHO 0. OTCiOAa 

v + y^ar^=C (2). 

Ho t; = npH r = ro, — BHtmHOMy pa^iycy • i^HMH^pa sharocth, 
OTCiOAa (2) npHHHMaeTB bhat> v = ^/2a (Tq^ — r^), 

06ieMi> SBAROCTH, npoTBKaioiAefi Bi> ceKjHAy repeal) KaRoe 11160 
ctHeaie, 6yAeTL 

3tO Aa-BTb HaMl B03M0SH0CTB BUqaCJIHTb KOa(]^(]^HaieHTB BflSROCTa SHA* 

KOCTH, npoxoAamefi qepea-b i^BjiBHApH^iecRyH) Tpy6Ry, ecjH BSBicTHa 
GRopocTb npoTeKaaifl b aah^. pasHOCib AaBJiesifl. 
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